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Abstract: In this study, solitary wave solutions were obtained by using polynomial function method for some cases in the 6th order
nonlinear modified Boussinesq equation. The difference of this study from the other studies in the literature is that the Boussinesq
equation and its analogues, which had been studied so far, had non-linearity in the terms having derivatives with respect to the space
variables. However, in this study, the non-linearity is found in the time-derivative terms of the analogues of the Boussinesq equation.
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1 Introduction
The Boussinesq equation was first described by Joseph Boussinesq in the 1870s as follows:

λ 2 ∆ utt − utt + σ 2 ∆ u = 0

(1)

Here, ∆ is the Laplace operator, λ and σ are real numbers.
The equation modeling the shallow water waves is the non-linear Boussinesq equation.
Christov and Christou [8] studied the following 2-dimensional Boussinesq equation:
utt = ∆ [u − u2 − ∆ u]

(2)

Weakly time-dependent, nonlinear Boussinesq-type equations which include dispersion have become the most popular
equation for predicting wave transformations in coastal regions. For the modeling of the waves in deeper waters and for
the development of standard equations, several modified form Boussinesq equations have been studied.
Bingham et al. recreated the Boussinesq type models which were studied by Madsen et al. [7]. Liu et al. [14] developed a
higher-order Boussinesq equation for the wave model of tsunami wave propagation. They proposed and applied a
simplified model of a mobile base and simulated the effects of earthquakes of several kinds. The finite element method
was used by Zhao et al. [26] to solve the generalized Boussinesq equations [27]. The travelling wave solutions for the
Boussinesq equation with dimension (2+1) was examined by Senthilvelan [15] using the method of homogeneous
balance. Similar type of equation was also examined by Chen et al. [9] using a new generalized transformation in the
method of homogenous balance, where they obtained some new solutions for solitons and periodic waves. Again, the
solutions for the Boussinesq equation of dimension (2+1) was studied by Abdel Rady et al. [4] using the method of
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repeated homogeneous balance and achieved new exact solutions for travelling waves.
A weak nonlinear Hamiltonian model had been developed by Zufiria for 2-dimensional water waves with a specific depth
[28]. In his study, he obtained an equation of Boussinesq type by using various differential equation solution methods.
Seadawy et al. found the solitary wave solutions of the Boussinesq equation, obtained by Zufiria, through a series
expansion method [24]. This method was shown by Seadawy et al. [6,6,10,12,13,16,17,18,19,20,21,22,23,24] to give
practical results for the solutions of several types of partial differential equations.
In this article, we study the analogue of the Boussinesq equation given below, which is used in the modelling of
propagation of electrical signal in the communication lines, travelling waves in non-linear elastic bars [25], plasma
waves [11] and heat transfer in spongy medium [11]:

µ uxxxxxx + uttxx + α 2 uxx − β 2 (q(u))tt = f (x,t).

(3)

The main purpose of this article is to investigate solitary wave solutions of such equations. In the analogues of the
Boussinesq equation, which has been researched and whose examples are given above, nonlinearity is found in the terms
having derivatives with respect to the space variables. On the other hand, Boussinesq equations which contain
nonlinearity in time-derivative terms, also appear. The following can be given as an example to these equations:
uttxx + α 2 uxx − β 2 (q(u))tt = f (x,t).

(4)

Here, q(ξ ) is a continuous function. For such an equation, the solvability of different boundary-value problems has been
proven by imposing certain conditions into the function q(ξ ) [1]. As a continuation of this study, the boundary-value
problem was solved to find approximate solutions and the stability of the solution under certain conditions were
investigated [2]. In addition, solitary wave solutions were obtained by using polynomial function and tanh function
methods in the case of q(ξ ) = ξ 3 for the same type of equation [3].
In this study, the the analogue of the Boussinesq equation, of which we will find the solitary wave solutions in particular,
is the following equation:
(q(u))tt − uxx − uxxtt − µ uxxxxxx = 0.

(5)

Here, q(ξ ) is a continuous function. The solitary wave solutions of equation (5) corresponding to the µ = 0 ve µ = 1
cases for q(ξ ) = ξ 2 will be investigated using the polynomial function method.

2 Method: polynomial function method
Step 1: x and t are independent variables. Let us look at the following nonlinear partial differential equation, where u is
the dependent variable.
P(u, ut , ux , utt , uxx , . . . ) = 0.

(6)

Here, P(u) is a polynomial function. To obtain the solitary wave solutions of the equation (6) which includes partial
derivatives, the following change of variables

ξ = x − ct

(7)
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is performed such that the equation is transformed into an ordinary differenaital equation. Therefore, u(x,t) = u(ξ ).
Step 2: The partial differential equation in the form of (6) is converted into the below ordinary differential equation after
performing the change of variables (7):
p(u, −cu′ , u′ , c2 u′′ , u′′ , . . . ) = 0

(8)

Step 3: Equation (8) is integrated in sufficient amount where the integration constants are taken as zero.
Step 4: For obtaining m (to be described in step 6), the degree of the highest order term in Equation (8) is taken equal to
the highest degree of the nonlinear terms, such that the equation is homogenized. For this purpose, the degree of the
nonlinear term will be calculated as follows:
" 
s #
r
q d u
deg u
= mq + s(m + r)
dξ r

(9)

Step 5: The function φ is taken as the solution to the ordinary differential equation given below:
(φ ′ (ξ ))2 = αφ 2 (ξ ) + β φ 3(ξ ) + γφ 4 (ξ ).

(10)

Here, α , β , γ are unknown constants.
Step 6: The solution of the equation (8) is searched in the following form:
m

u(x,t) = ∑ ai φ i

(11)

i=0

Here, ai coefficients are unknowns in the beginning.
Step 7: By placing the function (11) in the equation (11), we have a polynomial in the powers of the function φ . After
the polynomial coefficients are set as zero, an overdetermined algebraic equation system that is dependent on ai , α , β , γ
is obtained.
Step 8: This algebraic equation system is solved using Mathematica and unknown constants ai , α , β , γ are obtained.
Step 9: The coefficients that we found are put into the equation (11). Changing the variables as given in (7), a solitan
solution of the equation (6) is obtained.
After step 3 of the polynomial method, the equation (5) takes the form below.
c2 u 2 − u − c2 u ξ ξ − µ u ξ ξ ξ ξ = 0

(12)

3 Results and discussion
Case i. First, for µ = 0, equation (12) becomes
c2 u2 − u − c2uξ ξ = 0.
After the homogenization of equation (13) as explained in step 4, the number m is obtained as follows:

2m = m + 2
m=2
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Then, according to step 6 of the polynomial method, we will search for the solution of equation (10) as follows:
u(ξ ) = a0 + a1φ (ξ ) + a2φ 2 (ξ ).

(14)

Here, φ (ξ ) is the solution to the ordinary differential equation (10) given in step (5) for the case γ = 0.
By substituting the function (14) in the equation (13), we will obtain a polynomial in powers of φ (ξ ), with coefficients
depending on the constants a0 , a1 , a2 , α , β and c. If we equate those polynomial coefficients to zero, we obtain an
overdetermined algebraic equation system with respect to the unknown constants a0 , a1 , a2 , α , β and c as given below:



1
− a1
2

−a1 − (1 + α c2) = 0,


 2
2
= 0,
− 2a1 + 3β c − a2 2 + 8α c

(15)


a2 2a1 − 5β c2 = 0,
a22 c2 = 0

Solving this equation system in Mathematica, we find the following:
1
2a1
, β=
(16)
c2
3
As seen from this solution the coefficients c and a1 are arbitrary constants different than zero. For simplicity, if we equate
c = 1, a1 = 1, the constants in (16) takes the values below:
a0 = 0,

a1 6= 0,

a2 = 0,

c 6= 0,

α =−

2
3
According to these values, the ordinary differential equation (10) has the following solution:
a0 = 0,

a1 = 1,

c = 1,

α = −1,

β=


 !
√  2
1
3
1 + tan
φ (ξ ) =
ξ+ 3
2
2

(17)

 !

√  2
3
1
u(x,t) =
1 + tan
x−t + 3
2
2

(18)

In this regard, the solution of the partial differential equation for µ = 0 is found as given below after considering the
change of variables ξ = x − ct:

The following graph of the solution can be plotted using Mathematica:
Case ii. Now, let us consider equation (12) for µ = 1 which becomes:

c2 u 2 − u − c2 u ξ ξ − u ξ ξ ξ ξ = 0

(19)

Homogenizing the equation (19) as described in step 4, we find the value of m as follows:

2m = m + 4
m=4
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Fig. 1: The behavior of the solution of equation (5) for µ = 0

In this case, we search for the solution of the equation as given below according to the step 6:
u(ξ ) = a0 + a1φ (ξ ) + a2 φ 2 (ξ ) + a3φ 3 (ξ ) + a4φ 4 (ξ )

(20)

Here, φ (ξ ) is the solution of the ordinary differential equation (10) given in step (5) for the case β . Substituting the
function (20) in the equation (19), we will have a polynomial in powers of φ (ξ ), with coefficients depending on the
constants a0 , a1 , a2 , a3 , a4 , α , γ and c. Similarly, when we set those polynomial coefficients to zero, an overdetermined
algebraic equation system is obtained with respect to the unknown constants a0 , a1 , a2 , a3 , a4 , α , γ and c as given below:

a0 (−1 + a0c2 ) = 0,
−a1 (1 + α 2 − 2a0c2 + ac2) = 0,

a21 c2 − a2(1 + 16α 2 − 2a0c2 + 4α c2) = 0,

−a3 (1 + 81α 2 − 2a0c2 + 9α c2) − 2a1[−a2 c2 + (10α + c2 )γ ] = 0,

a22 c2 + 2a1a3 c2 − a4(1 + 256α 2 − 2a0c2 + 16α c2) − 6a2(20α + c2 )γ = 0,

(21)

2[a2 a3 c2 − 6a3(34α + c2 )γ + a1(a4 c2 − 12γ 2)] = 0,

a23 c2 + 2[−10a4(52α + c2 )γ + a2(a4 c2 − 60γ 2)] = 0,
2a3 (a4 c2 − 180γ 2) = 0,
a4 (a4 c2 − 840γ 2) = 0.

Solving this equation system in Mathematica, we find the following:

a0 = 0,
© 2019 BISKA Bilisim Technology

a1 = 0,

a2 = 0,

a3 = 0,

a4 6= 0,

c=

r

13
,
6

c2
α =− ,
52

√
a4 c
γ= √
2 210

(22)

369

S. Amirov and S. Bostanci: Soliton solutions for the Boussinesq equation with nonlinearity...

Since the coefficients c and a4 are arbitrary numbers different than zero, we can take a4 = 1, c =
in (22) becomes as seen below:

a0 = 0,

a1 = 0,

a2 = 0,

a3 = 0,

a4 = 1,

c=

r

13
,
6

1
α =− ,
24

r

13
. Then, the constants
6

√
13
γ= √
12 35

According to these values, the ordinary differential equation (10) has the following solution:
 

#s

√
√
√
√  2
√
√
1
1
455 + 455 tan
cot
− 2 2730 − 6ξ
− 2 2730 − 6ξ
12
12
√
φ (ξ ) =
26
"

(23)

Accordingly, the solution of the partial differential equation (5) for can be written as below:
" 
#4
 !2
 
√
√
√
√  2
√
√
1
1
1
u(ξ ) =
455 + 455 tan
− 2 2730 − 6ξ
− 2 2730 − 6ξ
cot
676
12
12

(24)

The solution of the partial differential equation for µ = 1 is found as given below after considering the change of variables
ξ = x − ct:

" 
r
r
 
#4
 !2
√
√
√
√
√
√
1
1
1
13
13  2
u(x,t) =
455 + 455 tan
− 2 2730 − 6x −
− 2 2730 − 6x −
cot
t
t
(25)
676
12
6
12
6
We obtain the following graph of the solution by the help of Mathematica:

Fig. 2: The behavior of the solution of equation (5) for µ = 1
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4 Conclusion
In this paper, the soliton solutions of the nonlinear analogues of the Boussinesq Equation (5) were found using the
polynomial function method at Mathematica software for the cases µ = 0 and µ = 1 by. The behaviors of the solitary
wave solutions are shown in the plotted graphs.
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KBÜ-BAP-18-YL-073

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors have contributed to all parts of the article. All authors read and approved the final manuscript.

References
[1] Sh Amirov and Aleksandr Ivanovich Kozhanov. Global solvability of initial boundary-value problems for nonlinear analogs of the
boussinesq equation. Mathematical Notes, 99(1-2):183–191, 2016.
[2] Sherif Amirov and Mustafa Anutgan. Boundary value problem for the nonlinear analogues of the boussinesq equation: Numerical
solution and its stability. New Trends in Mathematical Sciences, 5(3):245–252, 2017.
[3] Sherif Amirov and Mustafa Anutgan. Analytical solitary wave solutions for the nonlinear analogues of the boussinesq and sixthorder modified boussinesq equations. JOURNAL OF APPLIED ANALYSIS, 7(4):1613–1623, 2017.
[4] AS Abdel Rady, ES Osman, and Mohammed Khalfallah. On soliton solutions of the (2+ 1) dimensional boussinesq equation.
Applied Mathematics and Computation, 219(8):3414–3419, 2012.
[5] Maryam Arshad, AR Seadawy, Dianchen Lu, and Jun Wang. Travelling wave solutions of drinfel’d–sokolov–wilson, whitham–
broer–kaup and (2+ 1)-dimensional broer–kaup–kupershmit equations and their applications. Chinese Journal of Physics,
55(3):780–797, 2017.
[6] M Arshad, Aly R Seadawy, and Dianchen Lu. Exact bright–dark solitary wave solutions of the higher-order cubic–quintic nonlinear
schrödinger equation and its stability. Optik, 138:40–49, 2017.
[7] Harry B Bingham, Per A Madsen, and David R Fuhrman. Velocity potential formulations of highly accurate boussinesq-type
models. Coastal Engineering, 56(4):467–478, 2009.
[8] MA Christou and CI Christov. Fourier–galerkin method for 2d solitons of boussinesq equation. Mathematics and Computers in
Simulation, 74(2-3):82–92, 2007.
[9] Yong Chen, Zhenya Yan, and Honging Zhang. New explicit solitary wave solutions for (2+ 1)-dimensional boussinesq equation
and (3+ 1)-dimensional kp equation. Physics Letters A, 307(2-3):107–113, 2003.
[10] MA Helal and AR Seadawy. Variational method for the derivative nonlinear schrödinger equation with computational applications.
Physica Scripta, 80(3):035004, 2009.
[11] Vladimir Iosifovich Karpman. Non-Linear Waves in Dispersive Media: International Series of Monographs in Natural Philosophy,
volume 71. Elsevier, 2016.
[12] AH Khater, DK Callebaut, and AR Seadawy. General soliton solutions of an n-dimensional complex ginzburg–landau equation.
Physica Scripta, 62(5):353, 2000.
© 2019 BISKA Bilisim Technology

371

S. Amirov and S. Bostanci: Soliton solutions for the Boussinesq equation with nonlinearity...

[13] AH Khater, DK Callebaut, MA Helal, and AR Seadawy. Variational method for the nonlinear dynamics of an elliptic magnetic
stagnation line. The European Physical Journal D-Atomic, Molecular, Optical and Plasma Physics, 39(2):237–245, 2006.
[14] Hua Liu, Xi Zhao, and Ben-long Wang. Development and application of high order boussinesq model in tsunami studies. Journal
of Hydrodynamics, Ser. B, 22(5):993–998, 2010.
[15] M Senthilvelan. On the extended applications of homogenous balance method. Applied Mathematics and Computation,
123(3):381–388, 2001.
[16] AR Seadawy. The solutions of the boussinesq and generalized fifth-order kdv equations by using the direct algebraic method.
Applied Mathematical Sciences, 6(82):4081–4090, 2012.
[17] Aly R Seadawy. Approximation solutions of derivative nonlinear schrödinger equation with computational applications by
variational method. The European Physical Journal Plus, 130(9):182, 2015.
[18] Aly R Seadawy and Dianchen Lu. Ion acoustic solitary wave solutions of three-dimensional nonlinear extended zakharov–
kuznetsov dynamical equation in a magnetized two-ion-temperature dusty plasma. Results in physics, 6:590–593, 2016.
[19] AR Seadawy. Stability analysis of traveling wave solutions for generalized coupled nonlinear kdv equations. Appl. Math. Inf. Sci,
10(1):209–214, 2016.
[20] Aly R Seadawy, OH El-Kalaawy, and RB Aldenari. Water wave solutions of zufiria’s higher-order boussinesq type equations and
its stability. Applied Mathematics and Computation, 280:57–71, 2016.
[21] Aly R Seadawy. Two-dimensional interaction of a shear flow with a free surface in a stratified fluid and its solitary-wave solutions
via mathematical methods. The European Physical Journal Plus, 132(12):518, 2017.
[22] Aly R Seadawy. Ion acoustic solitary wave solutions of two-dimensional nonlinear kadomtsev–petviashvili–burgers equation in
quantum plasma. Mathematical Methods in the Applied Sciences, 40(5):1598–1607, 2017.
[23] Aly R Seadawy, M Arshad, and Dianchen Lu. Stability analysis of new exact traveling-wave solutions of new coupled kdv and
new coupled zakharov-kuznetsov systems. The European Physical Journal Plus, 132(4):162, 2017.
[24] Aly R Seadawy. Three-dimensional weakly nonlinear shallow water waves regime and its traveling wave solutions. International
Journal of Computational Methods, 15(03):1850017, 2018.
[25] Mads Peter Sørensen, Peter Leth Christiansen, and PS Lomdahl. Solitary waves on nonlinear elastic rods. i. The Journal of the
Acoustical Society of America, 76(3):871–879, 1984.
[26] M Zhao, B Teng, and L Cheng. A new form of generalized boussinesq equations for varying water depth. Ocean Engineering,
31(16):2047–2072, 2004.
[27] Ming Zhao, Liang Cheng, and Bin Teng. Numerical simulation of solitary wave scattering by a circular cylinder array. Ocean
engineering, 34(3-4):489–499, 2007.
[28] JA Zufiria. Weakly nonlinear non-symmetric gravity waves on water of finite depth. Journal of Fluid Mechanics, 180:371–385,
1987.

© 2019 BISKA Bilisim Technology

