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Pricing Power Options under the Heston Dynamics using the FFT
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Abstract: Numerous studies have presented evidence that certain financial assets may exhibit stochastic volatility or jumps, which
cannot be captured within the Black-Scholes environment. This work investigates the valuation of power options when the variance
follows the Heston model of stochastic volatility. A closed form representation of the characteristic function of the process is derived
from the partial differential equation (PDE) of the replicating portfolio. The characteristic function is essential for the computation of
the European power option prices via the Fast Fourier Transform (FFT) technique. Numerical results are presented.
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1. Introduction

Since Black & Scholes (1973) introduced the Black-Scholes model for option pricing, many scholars have tried to
relax the assumptions made used in accordance to the model. This is because many studies have shown that in reality,
certain financial assets may exhibit stochastic volatility or jumps. The evidence of this in option pricing has become an
important issue because it gives possibility to model option pricing more accurately. One of the most accepted
stochastic volatility models is due to Heston (1993). Such a model relaxes the constant volatility assumption made in
the Black-Scholes approach. In this work, the asset price is assumed to follow the log-normal process governed by a
single Brownian motion, with the volatility process driven by a second Brownian motion process. Both the asset price
process and the volatility process are correlated by a constant correlation coefficient. With the assumption that the
market is complete, a replicating portfolio technique is used in obtaining a partial differential equation (PDE).
Consequently, using the PDE, the characteristic function of the logarithm of the underlying asset price is derived, which
enables the application of the Fast Fourier Transform (FFT) for the computation of the power option prices. The FFT
method has been used increasingly since it was first introduced in option pricing by Carr & Madan (1999). It is flexible
approach in that it can encapsulate properties such as stochastic volatility, and still maintain its computational efficiency
(see Pillay & O'Hara, 2011). Nevertheless, comparison between the FFT approach and Monte Carlo simulation (see
Boyle, 1977) is demonstrated numerically to highlight the efficiency of the FFT technique.

2. The Model

Let (Q, F, Q) be a probability space on which two Brownian motions, Wt and W2 for t > 0, are given. F,, 0 <t <
T is the filtration generated by the Brownian motions and suppose @ is a risk-neutral probability. Given the underlying

asset price S, risk-free rate r and a constant factor g, 1to6's Lemma implies that Sf is also a geometric Brownian motion
following

1
dsf = (ﬁr +5 /320—2) sPat + posPaw,, (2.1)
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We introduce an artificial asset Z = Sf . Then Equation (2.1) becomes

Z = (Br+ 4 2% — 2 Bo?) Zdt + BoZdW,,,
= (r—q)Zdt + foZdW,,,

(22)

where g = (1 - B) (r + %ﬁaz). From Equation (2.2), we observe the volatility is affected by a factor 8. Hence, within
the Heston environment, we propose the following model that governs the asset price process:

= (Br +3p%0* — 5 o?) Zdt + BaZdW, ,,

(2.3)
dv = k(6 — Y)dt + o,VYdW, 5,
where the variance, Y = p%v. Thus we can represent Equation (2.3) as follows:
1 1
= (ﬁr + Eﬁzv — E'Bv> Zdt + BNvZadw, 4, (2.4)
dv = k(0 — B*v)dt + oy fVvdW,,, (2.5)
<th.1th.2> = pdt, (2.6)

where v follows a square-root mean reverting process, k is the speed of the mean reversion, 8 is the average level of the
volatility, and p is the correlation coefficient between the two Brownian motions.

3. The Heston PDE for Power Options

Following Gatheral (2006), for a risk-neutral portfolio, we need to hedge the artificial asset and the random changes
in the volatility. Assuming the market is complete (Esser, 2003), we consider a portfolio [] of an option with value f,
—A units of Z and - ¢ units of another option with value g, to make the net amount equal to zero, which relies on the
volatility,

[[=r-22-9g=0 (3.1)
Employing the two-dimensional extension of It6's Lemma yields
af of of 1092 10%f
df=[ (ﬁ += Bzv——ﬁv)Z+—K(9 B*v )+2622+‘82 +5502 o¢B*v
aZf ) (32)
+ o7 ——po,f vZ] dt+—,8\/_ ZdW,, + aoﬁ\/Eth,z
This is the same for dg that is:
dg dg dg 19%g 19%g
dg:[at (,8 += Bzv——ﬂv)Z+—K(6 B*v )+Zazz+,82 ZZ+5670§[>’2U .
3.3
2
+o agu pao,Bsz] dt + a—Z,B\/EZdWM + a—vaoﬁﬁdwt_z

The change in the portfolio [] in time dt is given by d [] = df — AdZ — ¢dg. It follows that by replacing the actual
parameters yields,
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1 62f

of
—_ 2 e 9]
29200 P 0F ”Z] dt + == pVvZdW,, +2 = aob’«/Eth,z
1 1
—A [(ﬁr +5 8%~ —ﬁv) Zdt + ﬁx/EZth,l]

2

_¢[Z€+a—<ﬁ += ﬁzv— ﬁv>Z+a_gK(9_ﬁz )_l_%%ﬁzvzz

1092 62
4228 ot + L oozt — o [0 pwzaw,, + 3 %9 oW,
of 0 4] 10
= [a—}; f([)’ + = [)’217——,817>Z+—fk(9 B*v )+§ﬁﬁ2v22
2 2
+%g—f alB?v + 3af pcro,Bsz—A<[>’r+—[32v——,8v> ]
- ¢[Z‘Z+—(ﬁ += Bzv——ﬁv>Z+a—K(9 E2v)+la—/32 z?

19%g 02
+Eﬁa§ﬁ2v égpaoﬁsz]dt[ B\vZ — ABVVZ — ¢ ﬁ\/_Z]thl

a
+ [%%.3\/; - ¢%00.3\/;] dWy,

(3.4)

Knowing that [] = 0, we have f = AZ + ¢g. In order to cancel out the randomness terms dW; ; and dW, ,, we use
the following:

of g
az=2 %z &9)
of _  dg

= %% (3.6)

For that reason,

9 9 1 1 9 10°
a| | =[a—’:+ (A+ ¢—g) (ﬁr+zﬁ2v —E,BU>Z+¢6—‘ZK(9 ~ B70) + 55 V7

92 02 1 1
+5o 7 g7 az; poof*vZ — A(fr +5 67— pv) 2| d 7|t
—¢a—g+—(,8 +2 Bzv——ﬁv> +6—K(9 p20) + 209 g2y
at 2022
109%g 52870 d%g 5
+Ea— ﬁ azavpao[)’ UZ] dt

dg 3.7)
+|a+e 0 gz — apZ — = pvz| dw,,
a d
+ [0 52 00V - &5 o] dw,
_|of 19°f 2,72 lﬁ 22 9*f
_[EJ’Eﬁﬁ v 252 %P Y gaw

paoﬁsz] dt

162 19%g d%g
- 2p7% + ——=g2R2 2
¢)[ 27 ZB vZ 61]200'8 v+a avpaoﬁ vZ]dt.

In order to avoid arbitrage opportunities, the portfolio should earn a risk-free rate r. Mathematically, this means

dl_[=r1_[dt=r(f—AZ—¢g)dt.

Since [] =0, then d [] = 0. On that account, using the respective Equation (3.5), Equation (3.6) and Equation (3.7)
renders



2 2
o . 107 fﬁz Z* + 6—12002[321]+ 9f po*o,b’sz—rf+rZ%

ot 2622 2817 0Z0v A
of
o (3.8)
ag 102 19%g 92 ) '
| GL oo BV 4 553 08Bt + g7 pooVI —Tg + 125
B 99
ov

Following Heston (1993), both sides of Equation (3.8) are equal to some function, say h such that h(Z,v) =
—k(8 — B?v) + A(Z,v), where A(Z,v) = AB%v is the volatility risk premium. Thence,

of 10°f 2f ogay . Of of of

2, 2.7 _ _ — B2 2 3.9
s 26Z2 cB*v 626 pooBivZ rf+rZaZ av[ k(0 — B*v) + AB%v]. (3.9)

BZ‘UZZ
Suppose we have the risk-neutral measures be k* =k + 4,and 6" = :—i. This cancels out the volatility risk premium.
Consequently, the stochastic process followed by the variance is now
dv = k* (8" — p*v)dt + aofNvdW, ,. (3.10)
It follows that Equation (3.9) becomes

6f 102 2, 2f 2, aZf , of , of
! — —rf = 3.11
ot T2a72P 7 ospv + 79y POB VLIt 5 10— BTv) +rZ o —1f =0, (3.11)

which has a similar form to the Heston PDE. Assume that X = InZ. Solving for its partial derivatives, and then
substituting the results into Equation (3.9) returns

of (__Bz)af 192 162_f L 0

- 2
=75 ax T 2ax2 P VT 35,2908 T 5xa,

p02ﬁ2v+g—£1c*(9* — B%v) —rf. (3.12)

4. Deriving the Characteristic Function

So as to solve for the characteristic function, we conjecture that the solution for the PDE (3.12) has the following
form:

1
f=2eB 03 p _ gerp,

1 (4.1)
— eX+(B_1)(r+7Bv)TP1 _ Ke_rrpz.
It follows that by replacing the form (4.1) into the PDE (3.12) yields
X+(B—1)(r+l,8v)r 1
0=e 2 —(B—l)(r+EBv)P1
1 1 1 1 1
+ (E,BZT - Eﬂ‘[) [paoﬁzv + k*(0* — B*v) + (—,82‘[ - E[y"r) 5002,8217] P
1 o 1 a2p,
+ [r+—,82v+p0032 ( ,821'——,81'> + 537 B*v
1 oP, 109%P
+ ooty + k(6" ~ p20) + a3p2v (3 5% — 2 )| G+ 5 S r 3B 42)
N %P, 5 apl}
axav” 7PV " 5 i ;
1 oP, 19%P, aP, 192P,
_ =rT  _ _ 2 _ L * 2 - 2p2
Ke [(r Bv)ax+zaxzﬁv+avk(6 ﬁv)+zavzao[>’v
62P . 0P
T oxavP PV T o

1
This can be represented as eX*#~DT )T £(p )] — Ke "*[f(P,)] = 0, where one possible solution is f(P,) =
f(P,) = 0. Alternatively, this implies that P, and P, must satisfy the PDEs



1 1 ap
0= [—(ﬁ -1) (r + E,Bv) k; + —002,6’2176-2 + (a - bjﬂzv)cj] P + (r +Lp%v + paoﬁzvcj)—J
10%P; 19%P; 0P,  9%P

- 2 _ 2 2 2y (4.3)
26X2ﬁv+28 v+[(a bﬁv)+00[>’ UC]]BU X070 pao,b’
_95
ot’
forj = 1,2, where k; = 1,k, =0,¢; = é[)’zr—é[s"r,cz =01, = %, I, = —%,bl =k* — poy, b, = k*, and a = k*6”.

We now investigate the characteristic function within the Heston framework for power options. We suggest that the
characteristic function has the following form:

@;(X,v,t;u) = exp(C; + D;B%v + iuX). (4.49)
Accordingly, we substitute the characteristic function (4.4) into PDE (4.3),
1 1 2n2 2 2 2 2 7
0= [—(ﬁ -1) (r + Eﬁv) k; + EO'O,B vei + (a—biB v)c]-] @+ (r+ LiB*v + poyf vc]-)lutp]-

1 1
+ 5 (—uztpj)ﬁzv + 5 (,B“D]-Z(pj)aoﬁzv +[(a- bjﬁzv) + JOZ,BZUCJ-]BZDJ-(/J]-

ac; aD;
+prfoﬁ2v(/32Djiu<pj) — 520~ B =g (4.5)
— 2 1 1 4n2 2 2 2
= f“v croc bC]+llu+pO'0C]lu—§u += 00,8 Di — bj°D; + o5c;B°D;
aC;
+ poyiuB®D; — E] [ B-1) (r + = Bv) k;j + ac; + riu + ap?D; — E

subject to the following boundary conditions: C;(0) =0, and D;(0) = 0. This reduces to solving two ordinary
differential equations (ODE),

daD; 1 1 1

a—TJ = (EO'OZCJ-Z — bjc; + ljiu + poycjiu — Euz) + (0dc;B? + poyiup? — Bb;)D; + 596 2B*D?, (4.6)
oG _ -B-1) (T + l,Bv) k; + ac; + riu + ap?D; 4.7)
ot 2 j T ag j+

Equation (4.6) is nonlinear and is of the form of a Riccati equation. Any equation of the Riccati type can always be
transformed to the following second order linear homogeneous ordinary differential equation (Bastami et al., 2010)

using a substitution D; = —Y%:

- (Q + %) Y'+ PRY =0, (4.8)

where P = —00 — bjc; + Liiu + poycjiu — —uZ,Q = 05 ¢;B* + popiuf® — p*b; and R = %002,84. Making further
substitutions, a = 1,b = —(Q + E) and ¢ = PR, the ODE (4.8) is now,

%Y
6rz+b6 +cY =0, (4.9)

aY"+bY' +cY =0.

Besides, the characteristic equation of the ODE (4.9) is ar? + br + ¢ = 0 which is a quadratic equation with roots,

B?(odc; + pagiu — b;) + ﬁz\/(a()zcj + pogiu — b]-)2 - O’OZ(O’OZCJ-Z — 2b;c; + 2ljiu + 2pacjiu — u?) (4.10)
o, = .
’ 2

Suppose that r; and r, are distinct real numbers, then the general solution is of the form, Y = A,e™* 4+ A,e™", where

Y = g_Y =1 A;e™" +r,A,e™". Replacing this back into D; = —:—Ryields,



—T‘lAlerlr - rzAZ erz‘r

D: = . 4.11
7 R(A,e™7 + Aje™T) (41
Recall the terminal condition D(0) = 0. It follows that
n A
2 B Ay
Carrying on with the calculation,
s e’
D - - {erlr [r1C1 + (= T) erl‘r]} _ _l r —11(e™2%) (e 7) _ _r_l 1 — e(2-T)rT (4.12)
] 2T T Ty ' '
R {em [q + (- %) Zm]} Rl1-5 e R|1—fretemror
We now define the following,
d=r-1,= Bz\/(aozcj + pagiu — b))% — of (a§c} — 2bjc; + 2Ljiu + 2pagcjiu — u?),
_n_ B*(agc + pogiu—b;) +d
T B?(oéc; + pogiu—b;) —d’
Thus, continuing to solve (4.12),
B?(b; — pogiu —odc;)) —d [ 1—e "
D; = o — | (4.13)
o B 1—ge

Given the solution in (4.13), we can now solve the ODE (4.7) by first integrating both sides of the ODE.

a

ag B

G = [—(,8 -1) (r +%,8v) kj + ac; +riu]‘[+

. 1—ge ™
[8%(bj — poyiu — a¢c;) — d|t — 2In -5 | (4.14)
We have now obtained solutions for the ODE as given by (4.6) and (4.7), which are shown in (4.13) and (4.14),
respectively. Choosing j = 2, and replacing the solutions into Equation (4.4) results to the following,
@f = exp (iuX)

* ) *

' K 0 0 s ) d 21 1- ge—d‘[
X exp rlu‘r+00252 (B2 (k™ — pogiu) — d]t — n(ﬁ) (4.15)

v s ) 1—e @
X exp {002,82 [,8 (k" — pogiu) — d <—1 — ge“’”)]}'

where

d= ,b’z\/(paoiu — k)% + o2 (iu + u?),

_ B*(popiu—x*) +d
9= B%(poyiu —k*) +d

Using the result in (4.15), we can now apply the Fast Fourier Transform technique to price the power option when the
volatility is stochastic.

5. Power Option Pricing using the Fast Fourier Transform

The essence behind the FFT approach is the characteristic function of the stochastic process. Provided that this is
obtained analytically, we can use this approach to price the options. The characteristic function is defined as follows:



Definition 5.1: (Characteristic Function). For a one-dimensional stochastic process X;,0 <t < T, the characteristic
function is the Fourier transform of the probability density function q,(X;) given as follows:

o) = Eg(e™T) = f €T g (X )d Xy (5.1)

Let K be the strike price and T the maturity of a power option with terminal asset price sB. which is governed by the
dynamics (2.1). The price of a power call option is computed as the discounted risk-neutral conditional expectation of

the terminal payoff (Sf -K)t = max(Sf —K,0):

PC(S) = e TR [(sF - K)'IF, (5.2)
InK

where r is a constant interest rate. We define X, = [nS; and k = E Moreover, we express the option pricing function
(5.2) as a function of the log strike k instead of the terminal log asset price X,

Pe00e [ T — eV (X)X, (5.3)
k

where fr(X;) is the density function of the process X;. Following Carr & Madan (1999), for « > 0, we define a
modified power call price,

PCr(k) = e PCr(k), (5.4)

where the Fourier Transform (FT) of PCr(k) is given by:

Fy(v) = f " kB, (k) dk. (5.5)

—00

Applying the inverse FT to (5.5), then substituting (5.4) with (5.3) into (5.5), and also by the definition of the
characteristic function (5.1), we obtain the price of a power call option as follows:

—ak © i
PC (k) =& . U pivigrr_Pplv—i@t DI (5.6)

2 (a+iv)(@a+iv+1) |
where

plv —i(a+1)]

(a+iv)(a+iv+1) 6.7)

Fe(v) =e™™"

Thus for an efficient implementation of the FFT, a closed-form representation of the characteristic function ¢g(v) is
needed, which we have shown earlier, has the form of (4.15). Given the pricing function (5.6), we can price the power
call option as follows:

N
2T, . . .
Z e—Lw(}‘l)(u—l)elej Tﬁ(vj) g [3 + (_1)] — 6]._1]’ (58)

=

—aky

PCT(ku) =

where v; =n(j — 1),ky, = —b+w(u—1),b = NT“’ wn = %" and §,, is the Kronecker delta function which is unity for

n = 0 and zero otherwise. The choice of w and 7 is essential because it governs this approach. A small w gives us a
range of prices across a wide range of strike prices; while a large value of n can give inaccurate prices. Moreover, the
FFT is an algorithm that evaluate the summations of the following form efficiently:

N
2T, .
X(k) = Z e WUDED () k=1,..,N (5.9)
=1

with x(j) = e™®?i :Fﬁ(vj)g[3 + (—1)/ — &;_4]. Hence, the presentation of the power call price in the form (5.8) is a
special case of (5.9) which enables the use of the FFT.



6. Power Option Pricing using Monte Carlo Simulation

Consider the problem of pricing a power call option of the form (5.2), as exhibited in Section 5. For application of the
Monte Carlo simulation, we apply the fully truncated Euler scheme by Lord et al. (2010).

Let (Q,F,Q) be a probability space on which is defined two standard Wiener processes W,° with respect to the
underlying, and W7, with respect to the volatility. Let F,0 <t < T, be the filtration generated by these Brownian
motion. Suppose Q is a risk-neutral probability under which the asset price process S;,0 <t < T is governed by

dynamics given in (2.4) and (2.5). To facilitate the discretization, we consider the log-asset price X, = lnsf. Applying
It6's Lemma to this function yields the following log-asset price Dynamics

dX, = B (r - %v) dt + BVvdWS. (6.1)

Suppose we approximate the paths of the log asset price process (6.1) and the stochastic volatility process (2.5), on a
discrete time grid via Euler discretization. Let [t = t, < t; < -+ < t;, = T] be a partition of the time interval [t, T] into

M equal segments of length At; thatis t; = % foreachi = 0,1, ..., M. The fully truncated Euler discretization of the
log asset price process is

o 1
R,=R_, +B (r - zﬁ;) At + B |9 0676, (6.2)
D; = D", +1(8 — B0 )At; + Bo /ﬁ;’_lAtiZ,,, (6.3)

where 9" = max(9;,0),Z,~N(0,1) and Zs = pZ, + /1 — p2Z, where Z~N(0,1). Using the Milstein scheme, the
discretization of the volatility process (6.3) is:

, 1
i}i = ﬁl+—1 + K'(H - ﬁzﬁi_l)Ati + ,80' ﬁ;_lAtin + ZO'ZAtL(Zg - 1) (64)

We simulate the diffusion part of the log asset price by drawing a random sample from a normal distribution with
mean 0 and standard deviation 1 for both Zs and Z,, for each i = 0,1, ..., M, and obtain a log asset price for the maturity
date of the option, X,, = X;. By repeating this procedure, many paths can be generated. The price of a power call
option (5.2) can be estimated by Monte Carlo simulation using

n

z max (e’?% - K,0), (6.5)
i=1

e—r(T—t)

PC(t,Xr) = —

where n is the number of sample paths used in simulation and X, denotes the simulated value of X, over each sample
path using M time steps. This Monte Carlo estimator converges to the correct price PC(t,Sy) as the number of time
steps M and the number of samples n become large.

7. Numerical Results

In this section, we present a numerical comparison between the Fast Fourier Transform (FFT) approach and the
Monte Carlo simulation technique. We apply the two approaches for the pricing of a power call option with stochastic
volatility with a view to comparing the performance of the two techniques.*

We employed the FFT scheme with N = 21°,§ = 1.25, and « between [0.28, 0.32] to minimize the relative error
between the results obtained from both techniques. Linear interpolation is applied to obtain a single option price
corresponding to the respective strike price. For the Monte Carlo simulation, we employed the Milstein scheme because
this produce better result than the Euler discretization. We take N = 500, 000 sample paths, and partition the time
interval [0,T] into m = 200 equal segments. Since we are only considering the comparison of the accuracy and
efficiency of the models, we do not calibrate the model parameters, and rather we use the following hypothetical
parameters of S = 2,7 = 0.08,T = 1,k = 2,0 = 0.04,0, = 0.1,p = —0.5 and v, = 0.05.

' The codes were written in MATLAB, and the computations were conducted on an Intel Core 2 Duo processor P8400 @2.26 GHz machine running
under Windows Vista Service Pack 2 with 2 GB RAM.
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Table 1 compares the pricing accuracy between the two techniques across a range of strike prices, as well as the
relative error (in percentage) between the two prices. Using the Monte Carlo simulation as the benchmark, it
demonstrates the efficiency of the FFT technique over the Monte Carlo simulation technique.

Strike, K FFT Computation Time (seconds) Monte Carlo Computation Time (seconds) % Difference
0.5 3.9480 0.003092 3.9346 26.196885 0.340568292
1.0 3.4626 0.003568 3.4742 27.867434 0.333889816
15 3.0064 0.003087 3.0130 28.040573 0.219050780
2.0 2.5508 0.003033 2.5526 24.529332 0.070516336
2.5 2.1001 0.003479 2.0904 30.537946 0.464026024
3.0 1.6456 0.003223 1.6427 24.736727 0.176538625
35 1.2163 0.003309 1.2196 24.399634 0.270580518
4.0 0.8450 0.003407 0.8476 24.733935 0.306748466

Tablel: Comparison of prices for the power call option with stochastic volatility computed by FFT and Monte Carlo

simulation

8. Conclusion

In this paper, we provide a valuation of power options under the Heston dynamics using the fast Fourier transform
(FFT) technique. We present an analytical form of the characteristic function which is derived from the partial
differential equation (PDE) of the replicating portfolio. The numerical results show that the FFT technique is more
efficient than the Monte Carlo simulation.
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Abstract: The images are very largely used in our daily life; the security of their transfer became necessary. In this work a novel
image encryption scheme using stream cipher algorithm based on nonlinear combination generator is developed. The main
contribution of this work is to enhance the security of encrypted image. The proposed scheme is based on the use the several linear
feedback shifts registers whose feedback polynomials are primitive and of degrees are all pairwise coprimes combined by resilient
function whose resiliency order, algebraic degree and nonlinearity attain Siegenthaler’s and Sarkar, al.’s bounds. This proposed
scheme is simple and highly efficient. In order to evaluate performance, the proposed algorithm was measured through a series of
tests. These tests included visual test and histogram analysis, key space analysis, correlation coefficient analysis, image entropy, key
sensitivity analysis, noise analysis, Berlekamp-Massey attack, correlation attack and algebraic attack. Experimental results
demonstrate the proposed system is highly key sensitive, highly resistance to the noises and shows a good resistance against brute-
force, statistical attacks, Berlekamp-Massey attack, correlation attack, algebraic attack and a robust system which makes it a potential
candidate for encryption of image.
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1. Introduction

The numerical networks knew a strong growth in the last few years. The majority of these networks are inter-
connected and connected to Internet which is considered today as a motorway where circulates freely a quantity of
information increasingly important. The transmitted information is not exclusively in the form of textual but also audio
data, digital images and other multi-media. The circulation of the images on these networks is very largely used in our
daily life, and more their use is increasing, more their safety is vital. For example, the images to be transmitted can be
collected and copied during their course without losses of quality. The intercepted images can be thereafter the subject
of an exchange of information and illegal numerical storage. It is thus necessary to make incomprehensible of the
transferred files and to protect them from any undesirable interception. The modern cipher of the data is very often the
only effective means to answer these requirements.

In this paper, we are interested in the security of the data images, which are regarded as particular data because of
their sizes and their information which is two-dimensional and redundant natures. These characteristics of the data make
the classical cryptographic algorithms such as DES, RSA, and ... are inefficient for image encryption due to image
inherent features, especially high volume image data. Many researchers proposed different image encryption schemes to
overcome image encryption problems [1, 2, 3, 4]. In this approach we have tried to find a simple, fast and secure
algorithm for image encryption using a stream cipher algorithm based on the combination of several linear feedback
shift registers (LFSRs) by a Boolean function satisfying all the criteria cryptographic necessary to carry out a maximum
safety. Finally, this algorithm is robust and very sensitive to small changes in key so even with the knowledge of the
key approximate values; there is no possibility for the attacker to break the cipher.
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2. Stream Cipher Based on Nonlinear combination Generator

Most practical stream ciphers are based on linear feedback shift registers (LFSRs). An LFSR of length L isa L
stage register with a linear feedback function. During its operation contents of each storage unit are shifted to the next
unit and the output of the feedback function is fed to the last storage unit. If the feedback function of the LFSR is
primitive and its initial state is a non-zero state, then the output sequence produced by the LFSR has the maximum
period of 2" —1.

A system of stream cipher based on nonlinear combination generator generally breaks up into three parts: An engine,
primarily made up of linear feedback shift register with maximum period, the goal of this engine is to provide one or
more continuations, having good statistical properties already; generally, registers (LFSRs) are used whose feedback
polynomials are primitives and of degrees are all pairwise coprimes.

The outputs of the (LFSRs), having more or less strong properties of linearity, it is essential to make disappear to the
maximum these properties of linearity. The second part is thus a module whose role is to break this linearity by
combining the outputs to (LFSRSs) by a nonlinear Boolean function having the best possible cryptographic properties.
These a nonlinear Boolean function must be selected very carefully to offer a resistance to the attacks.

A module of combination the key stream with the plaintext, most common is reduced to a modulo2 addition (XOR).
The key stream (z,),., is generated as a nonlinear function f of the outputs of the component LFSRs. Such key stream

generator is called nonlinear combination generator, and f is called the combining function. The outputs of f is
bitwise XORed with the plaintext (m,),., to produce the cipher text (c,),., , this construction is illustrated in figure 1.

The combining function must have high algebraic degree, high nonlinearity and good correlation immunity to
prevent correlation and linear attacks [5, 6, 7, 8]. It must also have high algebraic immunity to provide resistance
against the algebraic attacks. [9, 10, 11, 12, 13, 14].

X1 =

LFSR > m;
X2

LFSR, > Ct

Zi
: f

Xn

LFSR. >

Fig. 1. System of Stream Cipher Based on Nonlinear Combination Generator;

3. Proposed Approach

We used stream ciphers algorithm based on nonlinear combination generator for constructing our new approach. The
layout of our method is presented in Figure 2. Let 13 LFSRs denotedR,R,,...,R, whose respectively length

L.L,,.., L, are pairwise distinct greater than 2, are combined by a nonlinear function f as in figure 1 which is

expressed in algebraic normal form. Denote the output of R. attime t bys, (t) . Then the key stream z(t) is given as

2(t) = (5, (), 5, (1), S5 (1)) (1)
The linear complexity of the key stream is A(s) = f (L, L,,..., L; ) is evaluated over the integers rather than over Z, .

Let Y an original image (plain-image) of nxm pixels. First, sender transforms the plain image Y into binary array
(plain image digit). Let y(t),c(t) and z(t) be the plain image digit, cipher image digit and key stream digit at timet .
Then the encryption process can be described by the equation

ct) =y(t)®z(t) )
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where @ is the function XOR (Or exclusive).

The cipher image digit c(t) is sent to the receiver over an unsecure channel and is decrypted a bitwise XOR operation
the key stream digit and the plaint image digit can be described as

y(t) =ct)®z(t) 3)

The cipher image digit at the receiver is decrypted by producing the same key stream. The receiver transforms the
decrypt image digit in to plain image y of nxm pixels.

Their main advantages are their extreme speeds and their capacity to change every symbol of the plaintext. Besides,
they are thus used in a privileged way in the case of communications likely to be strongly disturbed because they have
the advantage of not propagating the errors [15].

3.1. Key K

The secret key K of the cryptosystem is then either made up of the initialization of only one register but of 13
registers is a chain of bits length 534594+ 61+ 67+ 71+73+79+83+89+91+95+101+102 =1024 bits. This chain of bits must

be sufficiently large in order to guarantee a maximum security and also to avoid, at the present time and with reasonable
means, any attempt at against brute-force attack.

3.2. LFSRs

We considered thirteen maximum-length LFSRs whose lengths L, , ie[L...,lB] are all pairwise coprimes which

feedback polynomials are respectively p,,..., p,;. We chose the following feedback polynomials:
P () = X% +X° +x* +x+1, p,(X) =X +xZ +x* +x+1,

P, (X) =X +x° +x* +x+1, p,(X) =x" +x° +x* +x+1,

P (X) =X +x° +x° +x+1, p,(X) =x" +x* +x> +x° +1,

P, () =x"° +x* +x° +x* +1, py(X) = xB +x" +x* + x> +1,

Pe(X) = X* +x° +%° +x° +1, p () =X + X" +x° +x° + x> +x° +1,

Py (X) =x® +x% +x% +x* + X2 +x+1, p,(x) =x" +x" +x° +x+1

P (X) =X +%x° +x° +x° +1.
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Key stream Z(t)

Image

Coding

Image

;m » Clpher
> Ll
\U image digit

Encryption
Decryption

m‘ Cipher

- image digit

Key stream Z1)

Fig. 2. Block Diagram of the Proposed Approach;

3.3. Nonlinear Combining Function

The combining function used for generating the key stream is a Boolean function f from F,* intoF,. At each time

t, thirteen sequences bits s, (t), s, (t), ..., S5 (t) are inputs to the Boolean function f to calculate the key stream z(t) as

show equation (1).

The combining function f used in our approach is presented in [16]. This function is 5-resilient function, of

algebraic degree 7 and nonlinearity Nf =3969 with algebraic immunity 6, satisfies all the cryptographic criteria

necessary carrying out the best possible compromises.

3.4. Algorithml: Encryption and Decryption Image Algorithm

Encryption

Load the plain-imageY (i.e. Original image);
Transform the plain-image into column digit (i.e. plain image digit) and to store themin vy ;

N «the length of y ;
for t=1to N tomake ;

End to make ;
for t=1to N to make

Calculate the cipher image digit using relation c(t) = XOR(y(t), z(t)) ;

End to make ;
0. Sent the cipher image digit.

Decryption

Load the cipher-image digit c

1.

2. N « thelength of C;
3. fori=1to N tomake;
4,

1
2
3
4,
5. To generate the key-stream z(t) = f (s, (t),s, (t), ..., s, (t)) as show the algorithm 2 ;
6
7
8
9
1

To generate the key stream z(t) = f (sl(t), S, (1), ..., Sis (t)) as show the algorithm 2;
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End to make ;
for t=1to N to make;

Calculate the decipher image digit using relation y(t) = xor (c(t), z(t)) ;

End to make ;
To put the decipher image digit y in the form of an image of nxm pixels and to store itinyY ;

©® N oo

3.5. Algorithm2: Key stream

Toread N, length of y ;

To introduce the secret key, the value of initialization of 13 registers ;
for t=1to N to make;
To generate the output of s, (t), s, (t), ..., S;3(t) ;

End to make ;
for t=1to N to make;

To generate the key stream z(t) = f (sl(t), S, (t),.... Si3 (t)) ;
End to make.

© N o ~wh -

4. Test Results

In this section, the performance of the proposed image encryption scheme is analyzed in detail. We discuss the
security analysis of the proposed image encryption scheme including some important ones like statistical sensitivity,
key sensitivity analysis, key space analysis etc. to prove the proposed cryptosystem is secure against the most common
attacks.

4.1. Visual Testing

A number of images are encrypted and decrypted by the proposed method, and visual test is performed. Two
examples are shown in Fig. 3 (a) and Fig. 3 (d), with respectively 128 x 128 and 256x256 pixels. By comparing the
original and the encrypted images in Fig. 3, there is no visual information observed in the encrypted image.

d e f

Fig. 3. Frame (a) and (d) Gray image show the original image of Lena and IRM, frame (b) and (e) respectively show the encrypted
image, frame (c) and (f) respectively show the decrypted image.
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a b
Fig. 4, Frame (a) show the difference between original image figure 3(a) and decrypted image figure 3(c). Frame (b) show the
difference between original image figure 3(d) and decrypted image figure 3(f).

Difference between original images and their decrypted images shown in figure 3, are illustrated in figure 4(a), 4(b),
are prove that, there is no loss of information, the difference is always 0.

5. Security Analysis
5.1. Key Space Analysis

The key space should be large enough to make the exhaustive search attack infeasible. Since the algorithm has a chain
1024bits is the initialization of 13 registers, the intruder needs 2'°** tests by exhaustive search. An image cipher with
such as a long key space is sufficient for reliable practical use.

5.2. Histogram Analysis

In the experiments, the original images and its corresponding encrypted images are shown in figure 3, and their
histograms are shown in figure 5. It is clear that the histogram of the encrypted image is nearly uniformly distributed,
and significantly different from the histogram of the original image. So, the encrypted image does not provide any clue
to employ any statistical attack on the proposed encryption of an image procedure, which makes statistical attacks
difficult.

These properties tell that the proposed image encryption has high security against statistical attacks. In the original
image (i.e. plain image), some gray-scale values in the range [0, 255] are still not existed, but every gray-scale values in
the range [0, 255] are existed and uniformly distributed in the encrypted image. Some gray-scale values are still not
existed in the encrypted image although the existed gray-scale values are uniformly distributed. Different images have
been tested by the proposed image encryption procedure.

Fig. 5, Histogram analysis: Frame (a) and (c) respectively, show the histogram of the plain images shown in figure 3(a) and 3(d).
Frame (b) and (d) respectively; show the histogram of the encrypted images shown in figure 3(b) and 3(f).
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5.3. Correlation Coefficient Analysis

Correlation is a measure of the relationship between two variables if the two variables are the original image and their
encryptions then they are in prefect in correlation. In this case the encrypted image is the same as the original image and
the encryption process failed in hiding the details of the original image. If the correlation coefficient equals zero, then
the original image and its encryption are totally different i.e. the encryption image has no features and highly
independent on the original image. If the correlation coefficient equal -1, this means encrypted image is a negative of
the original image.

Table 1 gives the corresponding correlation coefficient between plain-images (i.e. original image) shown in figure
3(a), 3(d) and 6(a) and their encrypted images. It is observed that the correlation coefficient is a small correlation
between plain-images and encrypted image.

Table 1. Correlation Coefficients analysis

Cases Correlation coefficient
Image 3.a -0.0086
Image 3.d -0.0068
Image 6.a -0,0055

5.4. Image Entropy

A secure cryptosystem should fulfill a condition on the information entropy that is the ciphered image should not
provide any information about the plain image. It is well known that the entropy E(m) of a message source m can be

calculated as:
G-1 1
E = ) log, —— 4
(m) ;p(m.) 0g, o) (4)

where G Gray value of an input image (0-255), p(m,) represents the probability of symbol m, and the entropy is
expressed in bits. Let us suppose that the source emits 2° symbols with equal probability, i.e., m ={ml,m2,..., ng}

Truly random source entropy is equal to 8. Actually, given that a practical information source seldom generates random
messages, in general its entropy value is smaller than the ideal one. However, when the messages are encrypted, their
entropy should ideally be 8. If the output of such a cipher emits symbols with entropy less than 8, there exists certain
degree of predictability, which threatens its security.

Table 2 gives the entropy values of plain images and of their encryptions images shown in figure 3 and 6. The values
obtained are very close to the theoretical value of 8. This means that information leakage in the encryption process is
negligible and the encryption system is secure upon the entropy attack.

Table 2. Image Entropy

Plain-lmage Entropy Encrypted Entropy
Image

Image 3.a 7.4697 Image 3.b 7.9870

Image 3.d 5.4753 Image 3.e 7.9971

Image 6.a 2.8284 Image 6.c 7.9889
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5.5. Key sensitivity analysis

An ideal image encryption procedure should be sensitive with respect to secret key. The change of a single bit in the
secret key should produce a completely different encrypted image. To prove the robustness of the proposed scheme,
sensitivity analysis with respect to key is performed. High key sensitivity is required by secure image cryptosystems,
which means the cipher image cannot be decrypted correctly even if there is only a small difference between the
encryption and decryption keys. In the key sensitivity tests, we change one bit of the key. Figure 6 show key sensitivity
test result. It can be observed that the decryption with a slightly different key (different secret key or initial values) fails
completely. Therefore, the proposed image encryption scheme is highly key sensitive.

Fig. 6, Sensitivity analysis: (a) original mage of mri, (b) histogram of mri (c) encrypted image by a 1024 bits key, (d) histogram of encrypted image
by a 1024 bits key, (e) decrypted image by key in (b) with a bit changed, (f) histogram of decrypted image by key in (b) with a bit changed.

5.6. Noise analysis

We also tested the resistance our cryptosystem to the noise by adding to the cipher-images a noise. From the cipher-
images illustrated in the figures 3.b, and 3.e we added a noise of the same size of plain-images. The results are given in
the figure 7a and 7.c. From the images 7a and 7.c, we apply the decryption algorithm presented in section 3.4; we have
the results illustrated in figure 7b and 7.d. The noise added to ciphers-images 3.b, and 3.e is a matrix containing pseudo-
random values drawn from a normal distribution with mean zero and standard deviation one, generates with function
“randn”. In this case examined, we can note that the decrypted images presented in figures 7b and 7.d are identical to
the original images (see 3.a, 3.d), there is no difference pixel with pixel has indeed between the decrypted images and
plain-images because of reversibility of our technique of encryption.
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c d

Fig. 7, Noise Analysis: Frame (a) show cipher image shown in figure 3 (b) with noise added , Frame (b) show deciphered image, Frame (c) show
cipher image shown in figure 3 (e) with noise added , Frame (d) show deciphered image.

5.7. Berlekamps-Massey

The Berlekamps-Massey attack [17] requires 21(s) data successive. In order to mount a Berlekamp-Massey attack,

the key stream generator must produces a key stream with linear complexity highest possible. This linear complexity
depends entirely on the combining function. Linear complexity A(s) = f (53,59, ...,101,102) used in our cryptosystem is

between 2% and 2%, it is sufficiently large. This complexity completely excludes to use the Berlekamp-Massey attack.

5.8. Correlation Attack

The combining function f used in our system is correlation immune of order 5. In order to mount a correlation attack

of Sigenthaler [18], the attacker must consider at least six shift registers simultaneously. The sum of the lengths of the
shortest six LFSRs of the keystream generator is 53+59+61+67+71+73=384. Therefore, the complexity of

Siegenthaler's correlation attack against our approach is at least 0(2384 ) . This is out of reach this type of attack.

5.9. Algebraic Attack

In the algebraic attacks, the system is rewritten in the form of a nonlinear system of equations between the output of
the filtering function f and its inputs in the following way:

z, = f(K);
z, = f (h(K)) ;
z, = £ (W (K)),

Here h denotes the linear update function to the next state of the LFSR’s involved, K the total key of the system.
Complexity to solve this system of equations strongly depends on the degree of these equations. The complexity
C(L,d) of the algebraic attack on the stream cipher system with a key of size L bits and equations of d degree is

d L\
given byC(L,d)= Z[ j =", where W corresponds to the coefficient of the method of the solution most

i=0

effective by the linear system and d is equal to algebraic immunity of the function of combination. We employ here
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the expression of Strassen [19] which isw=1log, (7) ~ 2.807 . In our cryptosystem the secret key is 1024 bits and the
algebraic immunity of the nonlinear filter function is equal to 6. This leads to an algebraic attack with a complexity

which is between 2'® and 2'*°, which is sufficiently large. It is not easy to make a linear approximation of the nonlinear
filter function within the framework of an algebraic attack.

6. Conclusion

In this paper, an encryption scheme using stream cipher based on nonlinear combination generator presented. The
proposed encryption system included two major parts, 13 LFSRS with maximum period whose length are all pairwise
comprimes, the goal of this engine is to provide one or more continuations, having good statistical properties already
and nonlinear Boolean function satisfying all the cryptographic criteria necessary carrying out the best possible
compromises. Simulations were carried out different images. The encrypted images obtained for these input images and
the corresponding histograms are discussed. It is seen that encrypted images does not have residuals information and the
corresponding histograms are almost flat offering good security for images. The proposed schemes key space is large
enough to resist all kinds of brute-force attack. In addition, this method is very simple to implement, the encryption and
decryption of image. Here the security aspects like key space, statistical and sensitivity with respect to key are discussed
with examples. It is seen that the present cryptosystem is secure against the statistical, brute force and cryptanalytic
attacks.

References

[1] M. Sharma and M.K. Kowar. Image Encryption Techniques Using Chaotic Schemes: a Review, International Journal of Engineering Science
and Technology, vol. 2, no. 6, 2010, pp. 2359-2363.

[2] A. Jolfaei and A. Mirghadri. An Applied Imagery Encryption Algorithm Based on Shuffling and Baker's Map,” Proceedings of the 2010
International Conference on Atrtificial Intelligence and Pattern Recognition (AIPR-10), Florida, USA, 2010, pp. 279-285.

[3] A. Jolfaei and A. Mirghadri. A Novel Image Encryption Scheme Using Pixel Shuffler and A5/1,” Proceedings of The 2010 International
Conference on Atrtificial Intelligence and Computational Intelligence (AICI10), Sanya, China, 2010.

[4] L Xiangdong, Z. Junxing, Z. Jinhai, and H. Xigin. Image Scrambling Algorithm Based on Chaos Theory and Sorting
Transformation,”IJCSNS International Journal of Computer Science and Network Security, vol. 8, no. 1, 2008, pp. 64—68.

[5] T. Siegenthaler. Decrypting a class of stream ciphers using cipher text only, IEEE Transactions on Computers, C-34(1):81-85, January 1985.

[6] A. Canteaut and M. Trabbia. Improved fast correlation attacks using parity-check equations of weight 4 and 5, Advanced in Cryptology-
EUROCRYPT 2000. Lecture notes in computer science 1807 (2000), pp. 573-588.

[7] T. Johansson and F. Jonsson. Improved fast correlation attack on stream ciphers via convolutional codes, Advances in Cryptology -
EUROCRYPT’99, number 1592 in Lecture Notes in Computer Science (1999), pp. 347-362.

[8] T. Johansson and F. Jonsson. Fast correlation attacks based on turbo code techniques, Advances in Cryptology - CRYPTO’99, number 1666
in Lecture Notes in Computer Science (1999), pp. 181-197.

[9] N. Courtois and J. Pieprzyk. Cryptanalysis of block ciphers with overde-fined systems of equations, In Advances in Cryptology —
ASIACRYPT 2002, number 2501 in Lecture Notes in Computer Science, pages 267—-287. Springer Verlag, 2002.

[10] N. Courtois and W. Meier. Algebraic Attacks on Stream Ciphers with Linear Feedback, Advances in cryptology— EUROCRYPT 2003,
Lecture Notes in Computer Science 2656, pp. 345-359, Springer, 2003.

[11] N. Courtois. Fast Algebraic Attacks on Stream Ciphers with Linear Feedback, advances in cryptology-CRYPTO 2003, Lecture Notes in
Computer Science 2729, pp. 177-194, Springer, 2003.

[12] D. H. Lee et al. Algebraic Attacks on Summation Generators, In FSE 2004, number 3017 in Lecture Notes in Computer Science, pages 34—
48. Springer Verlag, 2004.

[13] W. Meier, E. Pasalic and C. Carlet. Algebraic attacks and decomposition of Boolean functions, In Advances in Cryptology - EUROCRYPT
2004, number 3027 in Lecture Notes in Computer Science, pages 474—491. Springer Verlag, 2004.

[14] F. Armknecht. Improving Fast algebraic Attacks, In FSE 2004, number 3017 in lecture Notes in computer Science, pages 65-82. Springer
Verlag, 2004.

[15] C. Carlet. On the cost weight divisibility and non linearity of resilient and correlation immune functions, Proceeding of SETA’01 (Sequences
and their applications 2001), Discrete Mathematics, Theoretical Computer Science, Springer p 131-144, 2001.

[16] A. Belmeguenai, N. Derouiche and M. Redjimi. Image Encryption Using Stream Cipher Algorithm with nonlinear filtering function,
Proceedings of The 2011 International Conference on High Performance Computing & Simulation, HPCS 2011), July 4 — 8, 2011, P 830-835
JIstanbul, Turkey.

[17] E.R Berlekamp. Algebraic Coding Theory, Mc Grow- Hill, New- York, 1968.

[18] T. Siegenthaler. Correlation-immunity of nonlinear combining functions for cryptographic applications, IEEE Trans. Inform. Theory IT-30,
776-780(1984).

[19] V. Strassen. Gaussian elimination is not optimal, Numerische Mathematik, 13:354-356, 1969.



NEW TRENDS IN MATHEMATICAL SCIENCES
Vol. 1, No. 1, 2013, p.20-23
ISSN 2147-5520 - www.ntmsci.com

The Relationship Between Some Kinds of Ideal in The Order
Amir Kamal Amir

Department of Mathematics, Faculty of Mathematics and Natural Sciences, Hasanuddin University, Makassar, Indonesia

Abstract: This work will discuss one of the structures in Mathematics Algebra, namely Order. Simply put, order is a ring that
certain criteria. For R is a ring which is of order, defining the R-ideal is difference with defining ideal (regular) in R as it is known in
general. An R-ideal in R is certainly an ideal (regular) in R. However, in general, an ideal (regular) in R is not an R-ideal in R.
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1. Introduction

This paper will discuss one of the structures in Mathematics Algebra, that is Order. Further, some kind of ideal that is
closely associated with the order and types of linkages between these ideals will be the focus of study. Simply put, the
order is a ring that meets certain criteria. For defining the order necessary for the understanding of the quotient ring and
some other sense. Moreover, the definition of the quotient ring requires understanding of regular elements. Therefore,
the order begins with understanding the definition of a regular element in a ring.

In the ring R which is an order known some ideal sense, such as R-ideal, fractional R-ideal, reflexive ideal, invertible
ideal, and v-ideal. Furthermore, for R is a ring which is an order, the definition of R-ideal in R different from the
defining ideal (regular) in R as it is known in general. An R-ideal in R is a ideal (regular) in R. However, in general, an
ideal (regular) in R is not a R-ideal in R.

This paper will describe the notion of ideal types referred to in paragraph above. Apart from presenting the ideal type,
is presented as well as some theory that links between the order and these ideals.

2. Definition, symbol, and Basic Theory

This study is a literature review of studies that use methods of adaptation and exploitation. Therefore, in this section
are presented some sense, the basic theories, and the results of studies of several researchers who will adapted and
exploited.

Definition. 2.1 [Zariski dan Samuel, 1958]

Let R be aring. An element 0 = x € R is called right regular if xr = 0 implies r = 0. While the left regular element
is defined similar. If x € R is a right and left regular element, then x € R is called reguler.

The set of all regular elements in a ring form a set which is closed under multiplication and this set contains the
identity element of R. The set is called multiplicative set. In general, a subset of a ring which is closed under
multiplication, contains the identity element, and does not contain zero element is called multiplicative set.

Reguler elements in a ring does not necessarily have an inverse in the ring. This encourages the undefined quotient
ring, which ring contains elements that revert all regular elements with specific propries.
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Let Q be a ring that contains the ring R and the inverse of all regular elements in R. The ring Q is called the right
quotient ring of R, if every ¢ € Q can be written g = rs™! for an r € R and s is a regular element in R. The right
quotient ring of R is defined similar. A ring Q arena called the quotient ring of R if Q is a right and left quotient ring of
R.

Furthermore, the ring which is the quotient ring of the ring itself is called the quotient ring. Thus, it can be concluded
that a ring Q is called the quotient ring, if every regular element is a unit element.

Observing the process of defining the quotient ring of a ring, it appears that not every ring has a quotient ring.
Associated with the existence of the quotient ring, there are necessary and sufficient condition of a ring which has a
quotient ring. Terms are granted by understanding the conditions Ore.

Let S be a subset of the ring R which is closed under multiplication. The set S is said to satisfy the right Ore condition
if, foreach r € R and s € S there existr; € R and s; € S such that rs; = sr;. Left Ore condition is defined similar.
Furthermore, the ring R which satisfy the right (left) Ore condition for S = R is called right (left) Ore ring.

Using the Ore condition above, the following necessary and sufficient conditions are presented ring that has a
quotient ring.

Lemma 2.1 [McConnell and Robson, 1987]

1. Arring with identity element which does not contain divisor of zero element has a right quotient ring if and
only if it is a right Ore domain.

2. Aright Noetherian ring with identity element which does not contain divisor of zero element is a right Ore
domain.

Using Lemma 2.1 we can conclude that the right Noetherian ring with identity element which is not contain divisor of
zero elements has a quotient ring.

Furthermore, relooking at the quotient ring, it was found that two different ring may have the same quotient ring. For
example, the ring k[x] and k[x, x~*]. This phenomenon inspired the definition of order.

Let Q be the quotient ring. Subring R € Q s called the right order in Q if every g e Q in the form g = rs~1 for
some r,s € R. So also for the order left, subring R € Q s called the left order in Q if every g e Q in the form
q = s~ r forsomer,s € R. If Ris aright order once the left order, then R is called an order.

In the quotient ring, order is not unique. This encourages defines the maximum order.
Definition 2.2 [McConnell dan Robson, 1987]

Let Q be a quotient ring and R,,R, < Q are right orders in Q. Relation ~ is defined with R, ~ R, if there exist
a;,a;, by, b, €Q unitin Q suchthat a,R,b; S R, and a,R,b, S R;.

It is clear that the relation ~ in Definition 2.2 is an equivalence relation. These relationships will form the equivalent
classes. Order right order R is called right-maximal if R maximum in the equivalent class. Similar maximal left order
defined. While R is called maximal order if R is a maximal order right and left.

Several types of order are defined in the order or closely related to the order presented in this section. ldeal types of
order in question, among others, fractional ideal, invertible ideal, and v-ideal. Apart from presenting the ideal type, is
presented also some theories that found links between the order and these ideals.
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Definition 2.3

Let R be an order in the quotient ring Q. Right submodule I of Qg that meet al < R and bR < I for some unit
a,b < Q is called fractional right R-ideal. Fractional left R-ideal is defined similar. If | is a left and right R-ideal
fractional, then | called a fractional R-ideal. Furthermore, if | is an R-fractional ideal right and al < R, then I called
right R-ideal. The same is true for left R-ideal. R-ideal that once left and right R-ideal is called R-ideal.

Using Definition of R-ideal above is not the same as the defining ideal (regular) in R as it is known in general. An
ideal (regular) 1 in R is not necessarily a R-ideal in R, because the unit element b € Q that satisfy bR < I do not
necessarily exist. However, in certain circumstances, the ideal (regular) in R is also an R-ideal.

Here, some definitions and notations used in the theory of order. Suppose that R is order in the ring Q. For the sets of
Xand Y of Q, is defined (Marubayashi, Miyamoto, and Ueda, 1997),

X, V), ={q €QlYq < X}
X, Y) ={q €Qlq¥y € X}
X 1={q €Q|XqX c X}.
For right fractional R-ideal I of Q, denoted
0-()=U:D,={q €Qllqg & 1I}.
For left fractional R-ideal I of Q, denoted
0D =(U:1),={q €Qlql < I}
They are called right order and left order of | respectively.

Using the above definitions and notation, the relationship between the maximum order, fractional ideal, and R-ideal is
given in the following theorem.

Theorem 2.2 [McConnell dan Robson (1987)]
If Risarightorderin Q then the following conditions are equvqlent:

a. R isamaximal right order
b. 0,.(I) = 0,(I) = R for all fractional R-ideal I.
c. 0.(I)=0,(I) =R forall R-ideal 1.

Fractional ideal, as defined in Definition 2.3, was further developed into an invertible ideal and v-ideal.
Definition 2.4 [Marubayashi, Miyamoto, dan Ueda, 1997]

A fractional R-ideal | is called right v-ideal if I, =1 where I, = (R:(R:I),);. Similarly, fractional R-ideal J is
called left v-ideal if ,J =] where ,J = (R:(R:I),),. A fractional R-ideal I is called v-ideal, if I, =1 = ,I.
Meanwhile, a fractional R-ideal | is called invertible if (R: 1)l = R = I(R:]),.

Apart from the invertible ideal and v-ideal, fractional ideal can also be developed into a reflexive ideal. To define the
following notation is required reflexive ideal. Suppose R is a right order in the quotient ring Q and I is a fractional right
R-ideal, denoted

I'=(R:1), ={q €Qlql <R}.

Apart from the notations, the following theorem is needed to clarify the definition of reflexive ideal.



23
Theorem 2.3 [McConnell and Robson, 1987]
If R and R are maximal orders in quotient ring Q and I is a fractional R-ideal, then (R:1), = (R":I),-.
Using Theorem 2.3 and the notation I*, the reflexive ideal is expressed as follows.
Definition 2.4 [McConnell and Robson, 1987]
Let R be an order in the quotient ring Q@ and I be a fractional R-ideal. If [ = I*", then I is said reflexive.

Observing the sense of reflexive ideal and v-ideal, the relationship between them is obtained as shown the following
lemma.

Lemma 2.4
R be an order in the quotient ring Q and I be a fractional R-ideal. Then I reflexive if and only if lisa v -ideal.
Proof:
Using Theorem 2.2, we obtain
(R:(R:D), =1= (R:(R:D),),.

On the other hand, Theorem 2.3 stats that (R:1); = (R:I),.. Therefore we obtain the following:

(R:(R: D)), =1 ifandonly if (R:(R:))),=1= (R:(R:D,);.

This completes the proof. m

Lemma 2.4 has presented the link between v-ideal with a reflexive ideal. In addition to the reflexive ideal, it turns out,
v-ideal is also associated with invertible ideal. To prove the links between them, the following lemma is required.

Lemma 2.5 [Marubayashi, Miyamoto, dan Ueda, 1997]
If I isan invertible ideal, then (R:1); =171 = (R:1),..

Furthermore, the linkage between the invertible ideal with v-ideal is given in the following lemma and it can be
proved using Lemma 2.5.

Lemma 2.6
Let R be a ring with identity element and | is an ideal in R. If [ is an invertible ideal, then I is a v-ideal.
Proof:

Let I be an invertible ideal, then (R:I), =1~ = (R:I),. For q €I, (R:);q=1"1q S R. Thismeans q €1, =
(R:R:1)}),. Sol < I,. Conversely,let q €I, then qel. So I, <. Therefore we get I, = I. with similar way,
we can show that I = I. This implies JI=1=1, or [ isav-ideal. m
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Abstract: Rootfinding is a classical problem that still remains an interest to many researchers. A series of hybrid methods called
Higher Order Homotopy Taylor-perturbation method via start-system functions (HTTPss) are implemented to give approximate
solutions for nonlinear equations, f(x) = 0. The techniques serve as alternative methods for obtaining approximate solutions for
different types of nonlinear equations. Thus, this paper presents an analysis on numerical comparison between the classical Newton
Raphson (CNR), Homotopy Perturbation method (HTPss) and Higher Order Homotopy Taylor-perturbation via start-system
(HHTPss). A computational system Maplel4 is used for this paper. Numerical and Illustrative results reveal that HHTPss methods
are acceptably accurate and applicable.
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1. Introduction

Numerical method provides as an alternative way to solve nonlinear problems in many areas of science and
technology. Among the numerical methods known for its efficiency and effectiveness is the Newton-Raphson method
which is proven for its second order convergence. However there are problems in this method because its effectiveness
lies in the accuracy and closeness of the initial value picked at the beginning of the iteration process.

There are also modified Newton methods for problem such as multiroots where a multiplier ‘m’ representing the
highest power of higher order polynomial functions, is added into the original Newton-Raphson iterative method (S.G.
Li etal, 2010; Rafiq & Awais, 2008). However, it is effective only for simple nonlinear multiroots problems, but
ineffective for more complex equations and higher order homotopy Taylor-perturbation. Besides the easiness of
Newton-homotopy, it does not guarantee to converge. Other new and surprising methods also offer solutions to
problems such as the perturbation technique that is based on an assumption that a small parameter must exist in the
equation, the homotopy method (He, 1999, 2009), the hybrids such as homotopy perturbation (hpm), higher order hpm
and hpm and with startsystem, as well as the robust approaches of these methods (Saeed et.al., 2011; Nor Hanim et.al,
2011a-d; Palancz, 2010; Saeed & Khthr, 2010; Pakdemirli & Boyaci, 2007). The applications of the start-system
functions helps to accelerate the rate of convergence of the functions, because of the closeness of the start-system values
suggested (Nor Hanim et.al, 2011 1-c). Their approaches are iterative, and in many cases appears to be considerably
more computational oriented. The ideas of these new approaches are somehow simple and proven effective
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This paper presents hybrid methods of higher order Taylor’s series, perturbation techniques, homotopy continuation
method and the start-system concepts in order to generate faster and more effective ways to solve multiroots of
nonlinear problems for f(x) = 0.

2. Methodology

Higher-order homotopy Taylor-perturbation method involves the substitution of the perturbation techniques into the
Taylors series up to the value of ‘n’ required, and the conversion of the original functions into homotopy functions (Nor
Hanim et.al, 2011a-d, 2010). Furthermore, the convex homotopy for the function is defined as H(x,1): R x [0,1] » R
as, H(x,A) = (1 — )p(x) + Ag(x) = 0; where, A is an embedded parameter, 1 € [0,1] ; p(x) as the start system
function where p(x) = x™ — C, and n is preferably the highest power of x of a nonlinear function f(x); q(x) as the
target system function; C is any real number in f(x); and H(x,0) = p(x) & H(x,1) = q(x) = f(x). Here, the step
size is set to 0.2 and the stop-criteria are set to |x;,; — x;| < 1075,

To determine the initial value x,, only equate p(x) to zero. The selection of p(x) only requires a part of the original
equation f(x), which is known to have at least one trivial solution. There are also several other ways to identify a start-
system of a linear homotopy as mentioned by Nor Hanim et.al. (2011 a-d) and Palancz et.al. (2010).

2.1. First Order Taylor-perturbation

The formulation of the first order Taylor-perturbation is illustrated. For a nonlinear equation, let f(x) = 0. Assume a
perturbation expansion with only one correction term x = x, + £x;. By using algebraic manipulation x — x, = €x;,
insert into Taylor Series expansion of order 1,

Py (x) = f(x = x0) = f(xo) + f'(x0) (x — x0). 1)
Substitute ex; = x — x, into (1)

Py (x) = f(ex1) = f(xo) + f'(x0) (ex1). )
Assuming the RHS equals to 0 then becomes, and solve for ex,, and we get

f(xo) + f'(x0)(ex,) = 0

£xy = _f(xo)/f'(xo) - X=Xy~ f(xo)/f’(xo)- (3)

Add an iteration feature such as follow (equivalent to the classical Newton-Raphson),
Xpe1 = Xn — f(x)/f ' (xn) n=0,123.. (4)
2.2. Second Order Taylor-perturbation (HTP)

The formulation second order Taylor-perturbation is illustrated. For a nonlinear equation, let f(x) = 0. Assume a
perturbation expansion with two correction term x = x, + ex; + £2x,, thus using algebraic manipulation we get,

X —Xxg = &x, + £2x,. (5)
Inserting (5) into Taylor Series expansion of order 2,
P,(x) = f(x = x0) = fxo) + f'(x0)(x — x0) + f"" (%) (x — x0)?/ 2. (6)
Substitute ex; + £%x, = x — x, into (6),
Similarly, expand and ignore the last 2 terms and factorize, we get
fxo) + f (xp)exy + f'(xg)e?x, + [ (x9)e%x2/2 = 0, (7

f o) + exyf' (xo) + &2 (xz f'(x0) + xEf""(%0)/2) = 0. (8)



The sum of first 2 terms and the sum of last 2 terms of equation (8) be equal to O,

fxo) +ex.f'(xg) =0,
e2(xof " (x0) + x7f"(x0)/2) = 0.

From equation 9, solve ex; and £%x,. Hence we get,

exyf'(xo) = —f(x0)
wexy = —f(x)/f'(x0);
e2x,f"(xo) + €2x7 " (x0)/2 = 0

22, (x0) = —(=f (o) /f'(x0)) " F " (x0) /2
s e2x, = —(F(x0)) F () /2(F (x0)) s

Then, substitute equation (10) and (11) into equation (8),

x = xo = o) /f (o) = F () (f x0)) /2(F ' ()

Add an iteration feature such as follow, (The iteration scheme of HTP)

X1 = %o — FCa)/ /G = £ o) (F ) /2(f ()5 = 0,1,2,3 ..

Finally, convert equation (13) to homotopy equation,

Xpa1 = Xn — HCt) /H () — H' Ge) (H () /2(H (20)) s = 0,1,23 ..
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©)

(10)

(11)

(12)

(13)

(14)

The same steps of calculations were done for order-3, order-4, order-5 and order-6. The equations were summarized
as in Table 1. Hereafter, our discussion will only proceed with the above schemes. The derivations were first done

manually. Then, countercheck using the mathematical software, Maplel4.

Tablel. The iteration scheme of the higher order correctional terms of homotopy Taylor-perturbation (HHTP)

methods with start-system (ss).

Correctional Higher Order Homotopy Taylor-Perturbation Method (HHTP-iterative form,
Terms X = X(i+1))

1% order x; — H(x;, A)/H' (x;, 1)

2" order x; — [H(x, ) /H' (e, D] = [H" (xy, 2). H? (2, ) /2H" (3, )]

3" order x; — [H(x;, D) /H (x;, D] — [H"(xi,/l).Hz (xi'l)/ZH'g(xi'l)]

+ H3(x, 2). [H' Gep, DH" (2, ) — 3. H"* (x;, ) J6H"® (x;, 1)

4% order x; = [H(xy ) /H (i, D] = [H" (i, 2). H(x;, ) /2H" (x,, D)
+ H3(x, 2). [H' Cep, DH" (2, ) — 3. H"* (x;, ) J6H"® (x;, 1)
+ [H"2 ey, ). H* (i, ) /4. H'® (xc;, D)

5% order x; — [H(x;, ) /H (x, D] — [H"(xi, ). H? (xi'l)/ZHﬂ(xi'l)]

+ H3(x, 2). [H' Cep, DH" (2, ) — 3. H"* (x;, 1) J6H"® (x;, 1)
+ [H'"2 ey, ). H* (i, ) /4. H'® (xc;, D)
— [H""? (o, 1) H® (o, A). [H" (x3, ) — 3. H' (x5, )1/2. H'® (x;, D)
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6% order x; — [H(x, D) /H' (e, D] = [H (e, ). H? (i, ) /2H" (23, )

+ H3(x, ). [H' Gey, DH" (i, A) — 3. H"? (2, 1) /6H"° (a1, 1) |

+ [H"? (x;, ). H* (x;, 1) /4. H'® (2, )|

— [H"? (i, ). H® (i, ). [H" (e, A) — 3. H' (e, D1/2.H'® (x, )]
+ H?(x;). H" (x;)

/6.H' Ge) . {[(H" (). H” () *H (x)*/2)

+ ((H ) /2H2(x)?) % (H' (). " (x) — 3H' (x)D)°]
+[(G/0f ") Fa))]}

Sources:(Nor Hanim et.al, 2011a-d)
3. Numerical Analysis

The list of the higher order iterative schemes of Homotopy Taylor-perturbation by using start-system (HHTPss) can
be referred at Table 1. While, Table 2 shows the selected nonlinear equations, start-system functions, p(x), and the
selected initial value, x,. The efficiency of the iterative hybrid methods from 1* order to the 5™ order homotopy Taylor-
perturbation method using start-system (HHTPss) is also given in Table 2, which gives equal or better results in terms
of convergence rate as compared to the classical Newton-Raphson. The given test function (i)-(xii) are used and the
results of the approximated zeros is given in 10™ error accuracy. Furthermore, the choice of a suitable p(x) is not
unique and different choices of p(x) work better for different types of equations.

Table 2: The approximated zeros using Classical Newton-Raphson (CNR) and higher order Homotopy Taylor-
Perturbation (HHTP) via start-system: startsystem function, initial value and number of iterations needed to converge.

NL Functions CNR 1% 2 3" 4t 5™
q(x) = f(x);
p(x);
p(x) = 0=x,

[ sin(3x) + 4(e?) — e + In(2x) — 3 5 2 2 1 4 5
(e™ +-3)
1098612289

" 1+lx2 — sinx — cos(2x) 3 1 2 ! ! !
2 4
(x?)
05

i x?—4tan(2x) — tanh(x) 4 1 1 1 1 1
(tanh(x)); 0.0

v (eX 4+ x2—2)* 37 34 24 20 20 20
(x'% - 16)
-1.189207115,1.189207115

v (2x2—9)3.(In(x)) 27 21 15 13 11 11
(x*-9)
-3.0,3.0

Vi (tan(x) — tanh(x))® 118 39 28 24 24 23
tan(x)
0.0,-2.514866859, 2.514866859*

Vi (x5 —x® —2)3 21 19 14 12 12 12
(x®=2)
1.148698355

viii  (e* —sin(x))? 14 12 9 8 8 8
(sin(x)); 0.0,-3.0*

ix (xe* + 27 + 2 cos(x) — 6)? 3 1 1 1 1 1
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Xi

Xii

(cos(x))

1.570796327

(x = 2)2. (x* + 6x — 40) 6 5 3 3 3 3
(x* - 40);

2.514866859,2.514866859

(x — 2)%(sin(x)) 4 2 2 2 2 2
(x® —2);

1.259921050

(x? —e* —3x + 2). (cos(x)) 3 2 1 1 1 1
(x? — 3x);0.0, 3.0

4. Conclusions

It is concluded that the method of higher-order homotopy Taylor-perturbation is an effective alternative method in
accelerating the converge rate in solving nonlinear functions. Combined with the method of start-system, it facilitates
the way to determine the initial value for the iteration. Thus, the computing time is reduced.
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Abstract: Blob shape recognition is used in various application fields such as industrial vision systems, parts recognition,
positioning, inspection, etc. This is based on numerical signature which is an effective image processing technique for shape
recognition.

This paper describe a new fast algorithm for pattern recognition, shapes are being coded by using two vectors, the first one is contour
distances and the second one is of the surface histogram, these are working in relative manner. The principle coding is reduced to a
product between the mask and the binary image of the shape.

The first merit of this algorithm is the high-speed image processing, instead of using images it does operate on vectors. The second
merit is the precise recognition of known geometries shapes even for arbitrary or complexes ones.

Keywords: Distance mask, Histogram equality, Numerical signature, linear approximation, Stationary series, Pattern recognition

1. Introduction

The pattern recognition technique is a very important task and very required in various industrials systems and in
vision systems; such as in positioning, automated visual inspection and many other applications.

In these applications the processing time is very important and high speeds are much sought for the industrial
requirements. But the image has a large numerical data which means a conventional basic processing is too slow. In
order to speed up the processing there are two types of solutions. The first type consists of subdividing the processing
into tasks which will be given to parallel processors [1]. Other solution consist of reducing the quantity of information
and instead of working on the whole data of the image; we use a compressed or reduced quantity [2].

Our work is based on the second type of solution, because the image immediately coded in two vectors, the first
vector having the dimension of the contour pixels number of the object in question, the second vector having the
dimension of the circle radius generating this object, then all the operations are deduced from the manipulations of the
two vectors. In addition, the operation of information compression is very fast as we are going to present, this has been
leading to inexpensive method in time and very reliable. Thus, this will find implementation in visual recognition real
time process.

In this paper, we will present first the theoretical tools used. Then, we will use these tools to present the information
compression principal and the image coding. Later this presentation will be used in detailed manner to expand our steps
of recognition. Finally we will present the obtained experimental results over several samples of images.
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2. Theoretical Tools

From the viewpoint of shape recognition, the shape plane, this can be described by the couple of information; its
surface S and its contour C. This information can be given by the Cartesian coordinate as follows:

1. Aset of Cartesian coordinate point (x,y) such that (x,y) € S.
2. An analytical function f describing C such that y = f(x).
withx € D
D: The definition domain of the shape,
x: The departure set of points of D,
y: The arrival set of points.

The original image data is two dimensional matrix therefore this shape will be presented by a set of finite couple. If
the contour C is constituted of n pixels the a couple vector of (x;,y;) with i = 1..n of dimension n sufficient to

represent it C = {(x1, y1), (%2, ¥2), -\ (X5, Vi), s o, ) -

Or in the coordinate system (d,8), C = {(d4, 8,), (d,,8,), ...,(d;, 8,), ..., (d,,8,,)}. Thus, C is represented by two
sets:

1. The set of distances
V={d,d,,..d;..d,} 1)
2. The set of angles {64, 0,, ... 8;, ... 6,,} which will be replaced by a set pixels forming C.

This representation of shapes offers two possibilities of exploitation. Handling these distances to sort an analytical
expression y = f(x) modeling the contour C, which is valid for known geometries shapes. But for arbitrary or
complexes shapes the modeling becomes difficult, thus we were interested to working directly from this numerical
representation of shapes without going through the analytical expression.

A planer shape can undergo translations, rotations and homothety zoom. If we denote by Sy.fores Cperore the surface
and the contour before transformation and S, ¢¢er, Cafeer after then,

Safter = kz-Sbefore <-and - Cafter =k. Cbefore (2)
with k = 1 for translations and rotations and # 1 for homothety.

We start by coding the contour by the distances vector (1) Cperore DY V and Cgrrer by W, therefore for the
translations and rotations we have

V=Ww=|V|=|w| @)
Whereas for homothety of k ratio:

IVII= k=W (4)
For k < 1,V and W are of the type:

V={dy,dy ..d;cdp} . W = {dyg, .. dijor dogy oo Ajer crs oo o Ay e e} (5)
Such as,

dlzk*dll,dzzk*d21, ...... dnzk*dnl (6)
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Inversely if k > 1.
At this stage, we must point out the following problems:

1. The ratio k is not always an integer which gives a number of pixels d;;d;, ... d;; not necessarily an integer and
which should be an integer due to the digital mesh?

2. The pixels d;; d;, ... d;, of W have only one image which is d; in V that we have associated d;;, then how about
the other points d;, ... d,?

For the first problem when we are on the element d; of rank i in V/, we take the rounded product j = round(k = i) to
determine its counterpart for d; in W. This allow us some stationary, hence a frequency of repetition more or less
regularly. Concerning the second problem, this consists of giving estimation of missing distances d;, ...d;, that have
not images in V, we have opted for a linear approximation of first order, for example having;

dlzk*dll/\dzzk*d21 (7)

We estimate d,, ... d,, data distances by the right segment linking the points d,; and d,;. Finally, to check (4)...(7) it
is necessary to find particulars pixels that can serve as reference and as departure points in and , while working as
relative manner.

For the surfaces, the pixels forming Sy.zo, and S ¢, are coded in distances to give images of gray level, if we denote
by Hyeror and Hypeer their histograms [3], then for the translations and the rotations we have;

Sbefor = Safter = Hbefor = Hafter (8)
Whereas, for homothety of k ratio S, rrer = k2. Spefore-

Having the level i in S o, it will be affected by the level k. i and which repeat Hy s, (k. i) so that
Hafter(k- ) =k= Hbefore(i) 9

Let Hyefore = (A(1), h(2), .., h(D), ., h(1)} and Hopeer = {F (1), F(2), oo, fC. 1), oo, f (. 2), oo, (. ), oo, f (o)),

The two histograms must verify (10) and (11) first their sum;

DM =k RO (10)

j=1.kn i=1.n
And their compounds are related by:
f(k.i) = k% h(i) (11)

Practically, (11) means that the transition from the histogram Hyf,r. to the histogram Heg, is performed by a
simple linear transformation.

Now, we go to the information reduction step of the image, by doing its code by two vectors, the first is of contour
distances and the second is of the surface histograms.

3. Procedure of representations
3.1. Principle of coding

This representation is very delicate if we proceed with theoretical coding of distances as the ultimate erode [4],
furthermore it is very computationally prohibitive task. To remedy to these problems we have develop a simple, fast and
effective; it consists of creating a mask image M, of gray level formed by concentric circles, where the pixel take as
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gray level the distances which does separate them from the center as it shown by figure 1 [5] [6]. Later, this mask image
is used in the representation as follow:

1. From the binary image that represent the shape, its gravity center is calculated then its contour of thickness 1
pixel.

— =121 pixels
— =80 pixels

— (=4 prels

Figure 1 M: Distance mask

2. By simple translation of the mask, we coincide the mask center M with the gravity center of C the shape, the
product point by point is done to give two images of gray level, the first contain the contour C where the pixels
have as level the distance which separate them from the gravity center of the shape and the second image is of the
shape where each pixel is coded in distance.

3.2. Departure pixel choice

For each shape, we have to do a particular and wise choice of the followed departure pixel. For example, for this
shape we have chosen the most far pixel regarding the gravity center; which correspond to the maximum of distances.
Let E be the set of pixels:

E ={(i,j)/C(,j) = Max(C)} (12)

If |[E] > 1, which means several pixels verify this condition, we will see later that we have to pass them one after the
other so that we converge to the one which will verify our recognition criteria.

3.3. Loading of representation vectors
According to what is presented in 3.1 and 3.2; for each shape and in relative manner we determine;
1. The reference pixels, which is its gravity center and departure pixel.

2. Using this data and by basic operation of the contour tracking C, the distances met are loaded systematically to
the vector distance V defined by (1)(5).

3. Finally the image distances gives the histogram vector H.

4. Recognition Algorithm

Having an object beside the camera, its image is taken then we apply the representation procedure given in paragraph
3. There are two pairs of representation vectors, (Vpoger, Hmoaer) for the model and (V,pjece, Hopjece) for the object
candidate. The recognition procedure uses the following steps:

Step 1: Calculation of the two forms ratio: A global ratio between the two forms is calculated based on the dimension
ratio of the two vectors

k= ”Vobject”/”Vmodel”

or reverse so to have k > 1. In the same time, ratio between the two surfaces is been calculated according to (9) (10)
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k* = object/Smodel = Z Hobject (l)/z Hpoder ()
i Jj

these two ratios should coincide. We have to point out that the surface ratio is more precise than the contour one
because this latter is not always smoothed.

Step 2: Histograms Comparison: According to (11) the histograms are related and we can switch from one to the other
by simple linear transformation. Knowing that the ratio k is calculated form step 1, if k > 1 we transform H,, ;.. if not
we transform H,,,4.; according to (11). The histogram obtained by transformation s compared to the non transformed
one. For example for k > 1 H,p e, is transformed onto Hgbject this latter is been compared to H,,,40;- Thus, the two
histograms have to be equal. If so we follow the process to step 3, if not we stop the comparison and the samples are
different.

Step 3: Contours Comparison: This step is divided into three elementary stages these are as follow:

3.1: Determinations of departure point and the tracking contour direction in each contour: With respect to the
application, a particular point such the most far one or the nearest of the gravity center, is chosen as departure point for
the two contours. If Vo jece CONtains n pixels and Vo4, CONtains m pixels checking this particularity then we combine
n and m pixels, and for each pair of pixel, we try to maximize a topologic similarity function furthermore by combining
the incremental angle between positive and negative in each contour, all the possibilities of tracking direction are taken
into account. The conditions allowing this maximization are retained. These conditions correspond to departure pixels
and the tracking direction in each distance contour.

3.2: Synchronous reading and partial ratios calculation: Two reading operations are simultaneously triggered in Copject
and Cpnoqer, their distances are loaded respectively in Vopjece and Vypqe. With an increment i = i + 1 for the small
vector and k for the great vector j = round (k = i) the ratios of these distances V,,ect (), Vinoae (i) is calculated then
stored in R (i) with R the partial ratios vector.

3.3: Evolution analysis of the partial ratios: Following the loading of vector R, for two identical shapes, the partial ratios
have to be close to the global ratio k[7]; then a second decision is taken;

If (the series R is stationary with mean value k) Then
Follow the process to step 4,

Else stop the comparison and
Shapes are different.

EndIf

Step 4: Refine the comparison: This step is necessary only for ratios k > 1 or k «< 1. It consists of doing a linear
approximation of the first order to estimate the points V... that have not an image in V,,,4¢;(11). Then, calculate the
error as a gap between the reel distances and their estimated counterparts by approximation, these gaps are stored in the
vector e.

If (mean(e) and variance (&) are weak) Then
the shapes are similar
of proportionality factor equal to k.

Else shapes are different.

EndIf
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5. Experimental results
5.1. The algorithm illustration:

In what follows, we will present the algorithm progress upon two objects showing the obtained results in each step.
The two objects are presented by distances as it is shown by figure 2.

Step 1: Ratios Calculation between the two shapes The Vector V,pjecr and Vioqe; are calculated ||V,pjec|| = 330 and
Vinoaet | = 249, hence the global ratio from the contours is k = 1.3253. And from histograms the surfaces are
Sobject = 7986 and Spoqe; = 4721. Using (9) k? = 1.6916 where the calculated ratio from the surfaces is Vk? =
1.3006. the ratios are close then we go to step 2.

Step 2: Histograms comparison The images histograms coded in distances are presented in figure 3.a, as we can notice

these histograms are different. By using (11), we have kept the model histogram (H,,,4¢; blue) not changed but the

object one (H,pjec: red) we apply upon it the transformation H(fbject(i) = ﬁHobject(l.SO% *1). In the figure 3.b

we have presented the histogram unchanged of the model (H,,,,4.; blue) and the transformed histogram of the object
(1T, jece T€d). As we can notice the two histograms coincide perfectly, and to quantify the degree of similarity, we have
used the

Object: Contour Model: Contour

Object: Contour coded Model Contour coded

Object: Surtace coded Modet Surface coded

'y ]

Figure 2 a-object, b-model

criteria of Swain [8]:

Lzzsf min (Hz;bject (i), Hmodel(i))

DistTin. = - (13)
Swain 12:55 Hmodel(l)
. . max 12=sg max (Hgbject(i)l Hmodel(i))
DLStSwain = 256 i (14)
Zi:1 Hmodel(l)

These distances are close to unity for identical histograms, whereas for different histograms Dist™", is weak and

Swain
DistT% is great. In our publication, Dist7%* = 1.048 and Dist™". = 0.9506, which show effectively that the two
histograms coincide perfectly because the two criteria are =~ 1 and we go to step 3.
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Step 3: Contour comparison

1. The departure pixel as well the direction tracking contour are calculated for the object and for the model they are
presented in figure 4.

Pre-Histograms Hiztograms after
200 150 T

i
“ 1 w

— ChEct

—— Mokl

41

' 0 s L
0 100 , 200 3m a 100, 200 300

Figure 3 a-pre-histograms, b-histograms after

Qb ject marsd rac onis Mool warked ren poirts

Figure 4 Left: object, Right: model

2. The synchronous reading of the two shapes has allowed the marked red points in figure 4, and the partial ratios
vector R is loaded. We notice that still there are white points in V., that not images in Vy,54¢;-

3. The variation of partial ratios stored in R, its average Rgperqge = 1.3018 its standard deviation o = 0.0932 and

|Raverage—k| _

the accuracy — = 0.0009 = 0.09% this confirm that the shapes are related and that one is the image of
the other by simple homothety.

Finale decision: The two shapes are identical and they have a ratio of proportionality of k = 1.3006.
5.2. Recognition of random shapes:

We have constituted two lots of images, the first contains images presenting the same object, only the acquisition
conditions are different (camera setting, camera distance, object orientation), and the second constituted of images of
different object. Its on these two lots that we have developed a comparative study of the following parameters:

5.2.1. Variations of the three ratios

For the same test, we have calculated three ratios, the one of contour or global k, the one of surfaces and finally the
average of partial ratios, obtained in the following of R,,erqg.; results of first lot are presented in figure 5.a and the
those of the second lot in figure 5.b.
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Figure 5 Variations of the three Ratios a-lot1 b-lot2
5.2.2. The accuracy variations

|Rauerage_k|

We have marked the accuracy evolution , the results of the first lot in figure 6.a, the accuracy is less that

5% whereas in the second lot of figure 6.b the accuracy is greater than 27%.
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Figure 6 Accuracy variations a:lotl b:lot2
5.2.3. Histograms equality

The figure 7.a summarizes the variation of DistZ%", (13), and the DistZ%% (14) during the different tests of the first
lot, and figure 7.b those of the second lot.
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Figure 7 Histograms equality a-lotl b-lot2
5.3. Summary

According to our comparative study, the following table summarizes the different parameters.

The parameter  Identical samples Different samples
Contour ratios,

Surface, Equals Different
Average
Partial ratios Weak Great
Variations Stationary Not stationary
Accuracy <5% >5%
Histograms Equals Different
DistTun ~1 &1

Distlax ~1 > 1
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Conclusion

We have presented here, a novel and very simple technique of shapes representation as two vectors, the first is of
contour distances and the second is the distances histogram of its surface. The boring step of calculus is accelerated
enormously by the use of image mask of distances; which is generated previously outside the recognition procedure.

Thus, the coding is reduced to a product point by point between the mask and the binary image of the shape, and the
shape itself becomes a vector of weak dimension, so less memory used, and simple to use, for this reason it is called
numerical signature.

As we can notice, our method has two strengths. The first is its simplicity of manipulation, instead of using images it
does operate on vectors, so it does manipulate shapes quickly. The second is its working in relative manner; it does
manipulate random shapes and without previous setting of the acquisition chain neither for precise positioning.

This last strong point has permitted a great request in industry. In addition with its linear approximation, this
technique could compare shapes with different scales, this is very promising as a recognition operations in uncontrolled
conditions.

Finally, with determined parameters of recognition, the obtained results are very promising and testify its
effectiveness.
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Abstract: Let x = (xq, x, ..., X,,) be a vector in the space Z™ with Z ring of integers and ¢ be a positive integer, f a polynomial in
27if (x)
x with coefficient in Z. The exponential sum associated with f is defined as S(f; q) = X, xmodqge 4 , where the sum is taken over

a complete set of residues modulo g. The value of S(f;q) depend on the estimate of cardinality |V|, the number of elements

contained in the set V = {gmodq|f_x = gmodq} where f, is the partial derivatives of f with respect to x. To determine the

cardinality of 7, the p-adic sizes of common zeros of the partial derivative polynomials need to be obtained. In this paper we estimate
the p-adic sizes of common zeros of partial derivative polynomials of f(x, y) in Z,[x, y] of degree nine by using Newton polyhedron
technique. The degree nine polynomial is of the form f(x,y) = ax® + bx8y + cx’y? + sx + ty + k.

Keywords: Exponential sums; cardinality; p-adic sizes; Newton polyhedron.

1. Introduction

In our discussion, we use notations the ring of p-adic integers Z,, the completion of algebraic closure of @, the field
of rational p-adic numbers Q, and ord,,x is the highest power of p dividing x. It follows that for rational number x and
y, ord,x = oo ifand only if x = 0, ord,(xy = ord,x + ord,y and ord,(x +y) = min{ordpx, ordpy} with equality
if ord,x # ord,y.

Loxton and Vaughan (1985) are the researches who investigate the exponential sums S(f; q) = X xmoaqexp(2miq)

where f is a nonlinear polynomial in Z[g]. They showed that the number of common zeros of the partial derivative
polynomials of f with respect to x modulo g gives the estimation of S(f; q).

From the works of Loxton and Smith (1982), they found that the p-adic sizes of common zeros to partial derivative
polynomials associated with f in the neighbourhood of points in the product space Qp,n > 0, can estimate the

cardinality of V. Their result is the estimation of ord,, (5 - fi) that will lead to a derivation of estimate of N (Lpa).

The estimations for lower degree two-variable polynomials by using Newton polyhedron technique are found by
many researchers such as Mohd. Atan (1986), Chan and Mohd. Atan (1997) who estimates the cardinality N(f; p®) of
the set of solutions to congruence equations modulo a prime power and also Heng and Mohd. Atan (1999). However,
results for the polynomials of higher degrees are less complete.

Our approach entails the work developed by Mohd. Atan and Loxton (1986) who presented the p-adic Newton
polyhedral method of finding the p-adic order of polynomials in Q,[x,y] which is an analogue of Newton polygon
defined by Koblitz (1977). Sapar and Mohd. Atan (2002) improved the result and then Yap, Sapar and Mohd. Atan
(2011) showed that the p-adic sizes of common zeros of partial derivative polynomials associated with a cubic form can
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be found explicitly on the overlapping segment of the indicator diagrams associated with the polynomials by using
Newton polyhedron technique.

Our work involves application of the Newton polyhedron technique at the point of intersection in the combination of
indicator diagrams to determine explicitly the p-adic sizes of the component (¢,7) a common root of partial derivative
polynomials of f(x,y) in Z,[x, y] of degree nine.

2. p-ADIC Orders of Zeros of A Polynomial

Sapar and Mohd Atan (2002) proved that for every point of intersection of the indicator diagrams, there exist
common zeros of both polynomials in Z,[x, y] whose p-adic orders correspond to point (i, A) as mention in Theorem
2.1 below:

Theorem 2.1. Let p be a prime. Suppose f and g are polynomials in Z,[x, y]. Let (4, 1) be a point of intersection of the
indicator diagrams associated with f and g at the vertices or simple points of intersections. Then there are ¢ and n in Q,

satisfying f (£,m7) = g (§,n) = 0and ord,§ = u, ord,n = A.

Our investigation concentrates on the p-adic sizes of common zeros of partial derivative associated with a polynomial
f(x,y) = ax® + bx®y + cx”y? + sx + ty + k. First we prove the following lemma.

Lemma 2.1. Letp > 7 beaprime, a, b and ¢ in Z, and 1;, 4, zeros of k(1) = ¢4 + bcA + 16b* — 63ac. Let

_4b+ Ay p _4b+ Ayc
“9a+ 4,0 2 T 901 b

a
If ord,b? > ord,ac, then ord,a; = ord,(a; — a;) = %ordp 2, fori =1,2and ord,(a; + a;) = ord, Z.

Proof. The zeros of k(1) = ¢2A% + bcA + 16b? — 63ac are given by

—b ++V252ac — 63b2
2

Ac= ,fori=1,2.

Since ordpb2 > ord,ac and p > 7, we have ordyAic = %ordpac,i =1,2.

Hence, ordyA;c = lordpac < ord,b. Therefore,
2

1

ord,(4b + Ac) = ord,Ac = Eordpac. (2.1)
It can be shown that ord,A > ord,a. 55
It follows that, ord,,(9a + Ab) = ord,a. (2:2)
From (2.1) and (2.2), since p > 7, we have

4p + AiC 1 i
ordpai = ordp m = Eordpac — ordpa, i=1,2.
. 1 .

Thatis ord,a; = Eordpg,for i=1,2. (2.3)

Clearly,

(A, — 2,)(9ac — 4b?)
P (9a + A,b)(9a + A,b)

ord,(a; —az) = ord
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V252ac—63b2

where A, — 1, = ;

Thus,
ord,(a; — ay) = ord, 252ac — 63b% — ord,c + ord,(9ac — 4b*) — ord,(9a + A,b) — ord,(9a + A,b).

Since p > 7,0rd,b* > ordy,ac and by (2.1), (2.2) and (2.3) we have

1 c
ord,(a; —a;) = Eordpa,fori =1,2.

It can be shown that

72ab + 2bcA; A, + (9ac — 4b?) (A, + 1)

= 2.4
ordp (@ +ay) = ord, (9a + 1,b)(9a + 1,b) 24)
where 1,1, = @ and A, + 4, = —S.
Since p > 7,0rd,b* > ord,ac and ord,(9a + A;b) = ordya,i = 1,2 and simplifying (2.4) we have
ord,(a; + a;) = ord, 2
as asserted.
Throughout the following discussion,
_4b+ Ay p 4b + A,c 25)
YT 9+ 4,0 M T 9q 1+ 1,0 '

with A4, A, zeros of k(1) = ¢24? + bcA + 16b? — 63ac.a; # a, since 1, # A,.

Lemma 2.2. Suppose (U,V) in Qf,. Let p > 7 be a prime, a,b and c coefficient of a;and a, as in (2.5) Z,. If
ordpb2 > ordyac, then ord,(a,V — a,U) = ordp[7b(U — V) ++v252ac — 63b%(U + V)] —ordya.

Proof.

_ 4b + A;c 4b + A,c
ordy(arV — a;U) = ordy (g 1.6V ~9a+1,b )

= ord,[(4b + 2,¢)(9a + A,b)V — (4b + A,¢)(9a + A, b)U] — ord,(9a + A,b) — ord,(9a + A,b).

(2.6)

Now, let A; and A, be the zeros of k(1) = c?A% + bcA + 16b? — 63ac are of the form

—b —V252ac — 63b?

—b ++V252ac — 63b?
A =
2c

1 2c

and 4, =
From (2.6), we have
(4b + A,0)(9a + A,b)V — (4b + A,¢)(9a + A b)U = (W) [7b(U — V) + V252ac — 6362(U + V)].

Therefore, from (2.6) we have

9ac — 4b?

ord,(a,V — a,U) = ord, < e

) [7b(U — V) ++/252ac — 63b2(U + V)] — ord,(9a + 4,b) — ord,(9a + A,b)

Since ord,b* > ordy,ac, and by proof of Lemma 2.1, ord, (9a + A;b) = ord,a for i = 1,2, we obtain
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ord,(a,V — a,U) = ord, [7b(U —V)++/252ac — 63b%2(U + V)] —ordya
as asserted.

From the above result, it is clear that to ascertain the p-adic sizes of ord,,(a;V — a,U) we need to examine the p-adic
size of [7b(U — V) ++v252ac — 63b%(U + V)]. To do this, the sizes of each quantity in the expression should be

considered. This is done in the proof of the following assertion.
Lemma 2.3. Suppose(x, y) in Q3 and U = x* + ayx%y,V = x* + a,x3y where a; and a;, as in (2.5). Letp > 7 be a
prime, a,b and c coefficient of ayand @, Zyand ord,b? > ordyac. Then ord,x > %W and ord,y = i[W -

120rdpcb6a’ or ordpy>14W— 120rdpcb6a7— 3¢ in an exceptional case with W=minordpV,ordpl/ and some £0
which can be specified explicitly.

Proof. From U = x* + a;x3y and V = x* + a,x3y, we have

1

_ (alV—azU)Z dv= u-v
o a —a mey= (a; — ap)x®
Thus,ord,x = iordp(alV —a,U) — iordp(oc1 —ay) (2.7
and ordy,y = ord,(U — V) — ord,(a; — a;) — ord,x>. (2.8)

By (2.7), Lemmas 2.1 and 2.2, we have

ord,x = iordp [7b(U -+ m(U + V)] — %ordpac.
Now, we have to consider two cases.
Case 1: {ord,7b(U — V) # ord,V252ac — 63b%(U + V)}
(i) Suppose min{ord, 7b(U — V), ord,V252ac — 63b2(U + V)} = ord,V252ac — 63b%(U + V)
It follow that, ord,x = iordpm(U +V) - %ordpac.

Since p > 7 and ord,b* > ord,ac, we have
1
ord,x = Zordp(U +7) (2.9

It follow that, ord,x = iW.

From the definition of U and V,

ord,(U +V) = ord,(2x* + (a; + ay)x>y).
From (2.9),

ord,x* = ord,(U + V).
Thus,

ord,x < ord,(a; + ay)y.
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Hence from (2.8), we have
ord,y = ord,(U = V) — ord,(a, — a,) — ord,(a;, + a;)* — 3ord,y
and from the proof of Lemma 2.1 and simplify it, we have
ord,y = ord,(U—-V) — z [ordp Eordp b—s]
2 a a3

by Lemma 2.1, we have

1 1 ch®
ordy,y = Z W — Eord,,? .

Hence, in this case,

1 1 1 ch®
ordp,x = ZW and ord,y = 7 W — Eordp? .
(ii) Suppose min{ord,7b(U — V), ord,V252ac — 63b2(U + V)} = ord,7b(U — V) (2.10)
We have
1 1 1 1 ) 9
ord,x = Zordﬂb(U -V) - gordpac = Zordp(U -+ g(ordpb — ord,ac). (2.11)

Since ord,b* > ord,ac, we have
ord,x* = ord,(U —V).
That is, ord,x = w.
4

By (2.10) and (2.11),
1 > 1 1 1 1
ord,x < Zordp\/ZSZac —63b2(U+V) — gordpac = gordpac + Zordp w+v)- —gordpac.

Thatis, ord,x < ord,(U + V).
Now (U + V) = 2x* + (a; + a,)x3y. Thus,
ord,x < ord,(2x + (a; + ay)y).
It follows that,
ord,x < ord,(a; + ay)y.

By (2.8), and the same argument as in (i) we have,

Case2: {ordp7b(U —V) = ord,v252ac — 63b*(U + V)}.

We have
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ord,x = %[ordﬂb(U -+ ordp\/m(U + V)] - %ordpac
> %min {ordp7b(U -V), ordp\/M(U + V)} - %ordpac.
Since ord,7b(U — V) = ord,V252ac — 63b2(U + V) and p > 7,
1 1
ord,x = ZOpo\/m(U +V) - gordpac.
Since p > 7 and ord,b* > ord,ac, we have
1 1
ord,x = Zordp(U +V)+ 3 (ordpac — ordpac).
Therefore, ord,x > iordp(U +V).

It follows that, ord,,x = %W.

From (2.7) and (2.8), we obtain
1 1
ord,y = ord,(U —V) —ord,(a; — a;) — 3 [Zordp(alV —ayU) — Zordp(al — aZ)].

By Lemmas 2.1 and 2.2, we obtain

1 c 3 > 219
ord,y = ord,(U—V) — gordp? - Zordp [7b(U —V) ++/252ac — 63b2(U + V)]. (2.12)
Let, B = ord,7b(U — V) = ord,V252ac — 63b2(U + V). (2.13)

Then, there exist k and [ such that,
7b(U — V) = pPk with ord,k = 0 and V252ac — 63b2 = pfl with ord,,l = 0.

From (2.13), ord,(U — V) = B — ord,b. Hence from (2.12), we have
1 1 c 3
ord,y = Z‘B —ordyb — gord][J 7 Zord,,(k +1).

Lete = ord,(k + 1), then

1 1 ch® 3
ord,y = Zordp(U -V - gordpﬁ - ZS'

It follows that,

1 1 cb® 3
ordy,y = ZW—gordPF—Ze.

Hence, we have

b6

1 1 c
ordy,y = Z w —Eordpy— 3¢

with W = {orde, orde} and sord, (k + 1).



44
6 6
Therefore, ord,x > iW and ord,y = %[W - %ordp %] orord,y = %[W - %ordp % - 38]

with W = {ord,V,ord,U} and € > 0 as asserted.

The following lemma gives explicit estimates of the components x,y in U and V in terms of p-adic sizes of integers in
Z, where U and V as in Lemma 2.3. the proof utilizes the result obtained above.

Lemma 2.4. Suppose(x, y) in Q3 and U = x* + ayx3y,V = x* + a,x*y where a; and a, as in (2.5). Letp > 7 be a

. . 2 B B
prime, a,b,c,s and t in Z, ord,b* > ord,ac,6 = max{ordpa, ordyb, ordpc} and ordy,s,ord,t = 6. If ord,U =
1 s+t _1 s+t
5 ord, sarii and ord,V = > ord, Sari,h

for some € = 0.

then ord,x = %(a —6) and ord,y = %(a — &) orord,y = %(a —-6—¢)

Proof. Since U = x* + ayx3y,V = x* + a,x3y and ord, b > ord,ac, we have from Lemma 2.3
! 2.14
ord,x = ZW (2.14)

where W = min{orde, orde}.
Now,

s+ At 1 s+ At

1
OT‘de = EOT'dp m and O‘l"de = EOpo m

It follows from (2.14) that

S+ Alt
ordpx > —ord

— T i=1or2
87 %ogyap T

By proof of Lemma 2.1, ord,(9a + A;b) = ord,a for i = 1,2. As such
1
ord,x = 3 [ordp(s + A;t) — ordpa] (2.15)
If min{ordps, ordp/lit} =ord,s,i = 1,2 then
1
ordyx = 3 (ord,s — ord,a).
By the hypothesis, we obtain
1
ord,x = 3 (a —6).
Now, if min{ordps, ordpll-t} = ord,A;t,i = 1,2 then
1
ordy,x = 3 [ordp/lit - ordpa].
Since ord,a < ordyA;b,i = 1,2 it follows that
1
ord,x = 3 [ordpt - ordpb].

By the hypothesis, we obtain
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ord,x = g(a - 8).

By Lemma 2.3, we have

1 ch® 1

7 4
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6

1 1 cb
ord,y = 7 [W — Eordp a—] orordy,y = — [W — Eordp v 3¢ (2.16)

for some & > 0 where W = minf{ord, U, ord,V}.
For the first inequality we have from (2.16),

1[1 s+ At 1 ch®
orp( >—

dyy == |=ord, (—2—) - ~ord, —|,i = 1,2.
Or"y—4[2 9a + A;b zor”a7]l

Since ord,(9a + A;b) = ordya fori =1,2,
1
ord,y = 8 [ord, (s + 4;t) + ord,a® — ord,bc|
Since ord,b* > ord,ac, we have
1
ordy,y = 3 [ordp(s + A;t) + ordpa].
By using the same method as equation (2.15), we have
1
ord,y = g(a —0).

Now, we consider the second inequality,

1 1 ch®
ordyy = —|W — —ordp?

4 2 - 380

with W = min{ord,,U, ord,V'} and for some &, > 0.

2.17)

By the same argument for the first inequality not involving &,, we let € = 3¢, and we will arrive at

1
ord,y = g(a -6 —¢).

Therefore, ord,x > %(0{ — &) and ord,y = %(a —d8)orord,y = é(a —-6—¢)

as asserted.

The next theorem will gives the p-adic sizes of common zeros of partial derivative polynomials associated with a
polynomial f(x,y) in Z,[x,y], in terms of the coefficients of its dominant terms.

Theorem 2.2. Let f(x,y) = ax® + bx®y + cx”y* + sx + ty + k be a polynomial in Z,[x,y] with p > 7. Let a >
0,6 = max{ordpa, ordy,b, ordpc} and ord,b* > ord,ac. If ord,f,(0,0), ord,f,(0,0) = a > & then there exists
(&,m) such that £.(§,n) =0, f,(&,n) =0 and ord,§ = g(a —08), ordyn 2%((1 — &) or in an exceptional case

ordyn = %(a — & — &) with a certain € = 0.

Proof. Let g = f, and h = f, and 1 be a constant where, g = f, = 9ax® + 8bx”y + 7cx®y* + s and h = f,, = bx® +

2cx’y + t.
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Then,

(g + 2h)(x,y) = (9a + Ab)x® + (8b + 2Ac)x”y + 7cx®y? + s + At. That is

(g + ) (x,y) g (8D +24c\ 6., ST
= - . 2.18
9a + Ab (9a+lb)xy+(9a+/1b>xy " 9a+ b (2.18)
By completing the square in (2.18), we have
(g + 10)(x,y) . A+ 2 s+at
M M - 2.19
9a + Ab <x +9a+/1bxy) T oat b (219)
with
2
7c (4b + /16) _ (2.20)
9a + b 9a + Ab

That is, c?2A4? + bcd + 16b? — 63ac = 0.

From the equation (2.20) above, we have

1 = —b +V252ac — 63b2

1 2c

—b —+V252ac — 63b2
2c ’

and 1, =

Let the above A;, 1, be the zeros of the equation (2.20) whose expressions are given in Lemma 2.1. A, # A,, since
ord,b* > ord,ac implies b? # 4ac.

Now let
4b + A4c
— o4 3 221
U=t e ” (221)
V= 4+4b+/120 3 299
= T9arpt Y (2.22)
F(U,V) = (g + 1) (x,y) (2.23)
and
F(U,V) = (g +2;0)(x,y) (2.24)

Substitution of U and V in (2.19), for i = 1, 2, we have polynomials in (U, V),

F(U,V)=(9a + A,b)U? +s + At (2.25)
F(U,V) = (9a + 2,b)U? + s + Ayt (2.26)

The combination of the indicator diagrams associated with the Newton polyhedron of (2.25) and (2.26) is shown in
figure below
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1 s+AL
v ord, U= Z grg — 2
B 2 " oasip
(1. )
i1
-—— ____‘_4 _______ orde V=" —ord_ A

Figure 2.2.1. The indicator diagrams of F(U,V) = (9a + 1,b)U? + s + At (bold line) and F(U,V) = (9a + A,b)U? + s + A,t (broken line)

From Figure 2.2.1 and by Theorem 2.1, there exists (U, V) in Q3 such that F(T,7) = 0, F(U,7) = 0 and ord, U = p,,
s+A4t s+4zt
9a+1.b P 9a+i,b’

ord,V = p, with g, = %ordp and p, = %ord

Suppose U = U and V = ¥ in (2.21) and (2.22). Thus, there exists (x,, ¥,) in Q2 such that

U =x§+ a,xdy, (2.27)
V =x¢ + a,xdy, (2.28)
with o, 24 and @, = 22+72C A4, A, the zeros k(1) = c?2% + bcA + 16b% — 63ac. a; # a, since 1 = 1.

- 9a+A1b 2= 9(1'{')&21)7

By solving (2.27) and (2.28) simultaneously, we have

1 . . 1
ord,x, = Zordp(alV — aZU) - Zordp(oc1 —ay) 2.7)

and
ordyy, = ord,(V — U) — ord,(a; — a;) — ord,x§.

From Lemma 2.4, we have
1 1 1
ordyxy = 3 (a = 8),0ordyy, = g(a — &) orord,y, = g(a — 68 —¢)forsomee = 0.

Letx, = & and y, = 7. Since F(U,V) = 0and G(U,V) = 0, by back substitution in (2.23) and (2.24) we would have
9Em =£EM =0 and h(En) = f,(¢,n) =0. Thus, ordy ==(a—3), ordyn=z(a—8) or ordyn =

g(a — & — &) where (¢,7) is acommon zero of £, and f,, § = max{ord,a, ord,b, ord,c}, for some & > 0.

3. Conclusion

From this project, we found that if p is a prime, p > 7, f(x,y) = ax® + bx8y + cx”y? + sx + ty + k with all
coefficients in Z, such that for a > 0,48 =max{ordpa, ord,b, ordpc} and ordpb2 > ordyac if ord,f,(0,0),
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ord,f,(0,0) = a > § then there exists (§,n) such that £.(§,n) =0, f,(&,n) =0 and ord,¢ = %(a —6), ord,n =

é(a — &) or in an exceptional case ord,n = %(a — 6 — &) with a certain € = 0.

The p-adic sizes of common zeros that we obtained in this project can be used to find the cardinality |V | and through
that we can solve the exponential sums S(f; q) = ), xmodqexp(2mi/q) that depended from estimate of cardinality.
Therefore, we also suggest that by using the same technique as in this project, the p-adic sizes of common zeros of
partial derivative polynomials associated with much higher degree two-variable polynomials also can be found.
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Abstract: In this paper we recall some results of matrix functions with eal cofficients. The aim of this paper is to provide some
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1. Introduction and mativation

Over the last two hundred years, the theory of continued fractions has been a topic of extensive study. The basic idea
of this theory over real numbers is to give an approximation of various real numbers by the rational ones. One of the
main reasons why continued fractions are so useful in computation is that they often provide representation for
transcendental functions that are much more generally valid than the classical representation by, say, the power series.
Further; in the convergent case, the continued fractions expansions have the advantage that they converge more rapidly
than other numerical algorithms.

Recently, the extension of continued fractions theory from real numbers to the matrix case has seen several
developments and interesting applications (see [5],[7], [11]). The real case is relatively well studied in the literature.
However, in contrast to the theoretical importance, one can find in mathematical literature only a few results on the
continued fractions with matrices arguments. The main difficulty arises from the fact that the algebra of square matrices
is not commutative.

For simplicity and clearness, we restrict ourselves to positive definite matrices, but our results can be, without special
difficulties, projected to the case of positive definite operators from an infinite dimensional Hilbert space into itself.

2. Preleminary and notations

Matrix functions play a widespreased role in science and engineering, with applications areas ranging from nuclear
magnetic resonance [2]. So for any scalar polynomial p(z) = ¥, a;z" gives rise to a matrix polynomial with scalar
coefficients by simply substituting A! ve z‘:

k

P(4) = Z ;A

i=0

More generally, for function f with a series representation on an open disk containing the eigenvalues of A, we are
able to define the matrix function f(A) via the Taylor series for f [4].

Alternatively, given a function f(z) that is analytic inside on a closed contour I' which encircles the eigenvalues of
A, f(A) can be defined, by analogy with Cauchy's integral theorem, by
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1
fA) = %ff(z)(zl —A)ldz
r

The definition is known as the matrix version of Cauchy's integral theorem. We now mention an important result of
matrix functions.

Lemma 2.1 (i) If two matrices A € M,,, and B € M,, are similar, with
A=XBXx1!
Then the matrices f(A) and f(B) are also similar, with
fA) =XxfB)x™*
(ii) If B € M,,, is a block diagonal matrix
f(B) = diag(f(B1), f(B2), ..., f(B,))
Proof. For A = XBX~* we have A¥ = ZB¥Z~1. Hence for every polynomial p it follow that
p(4) = Xp(B)X™!

Therefore if either one of p(A) or p(B) equals zero then so does the other, implying that A and B share the same
minimal polynomial. From definition there exists an interpolating polynomial r(Z) such that

fA) =r(4), f(B) =r(B)
and since for every polynomial we have p(4) = Zp(B)Z™1, the result follows.
(ii) We deduce it from (i).
Let A € M,,, A is said to be positive semidefinite (resp. positive definite) if A is symmetric and
Vx ER™, < Ax,x > =0 (resp.Vx € R™, x # 0 < Ax,x > > 0)
where <.,.> denotes the standard scalar product of R™.

We observe that positive semidefiniteness induces a partial ordering on the space of symmetric matrices: if A and B
are two symmetric matrices, we write A < B if B — A is positive semidefinite.

Henceforth, whenever we say that A € M,,, is positive semidefinite (or positive definite), it will be assumed that A is
symmetric.

For any matrices 4, B € M,,, with B invertible, we write g = B7'A. Itis easy to verify that for any invertible matrix

X we have
A XA;tAX
B~ XB~ BX

Definition 2.2 Let (4,) n = 0 and (B,) n = 0 be two sequences of matrices in M,,,. We define the sequences (B,) n >
—1 and (Q,)n = —1hy

{P_]_:I, P0=A0

B, =A,P,_1 + B,P,_
Q_1=O Q0=I n nin-1 nin-2 n>1 (21)

and {Qn = AnQn—l + BnQn—Z -

The matrix P,/Q,, is called the n** convergent of K (B, /A,), the fraction j—” is called its nt" partial quotient. The

proof of the next proposition is elementary and we left it to the reader.
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Propotion 2.3. For any two matrices C and D with C invertible, we have

n

o= lean B,D B,C™' B,|"
T ACTY A A,

B,
cft
k

Definition 2.4. Let (4,), (B,),(C,) and (D,) be four sequences of matrices. We say that the continued fractions
K(B,/A,) and K(D, /C,) are equivalent if we have E, = G, for all n > 1, where E, and G, are the n** convergents of
K(B,/A,) and K(D,,/C,,) respectively.

k=1

In order to simplify the statements on some partial quotients of continued fractions with matrices arguments, we need
the following proposition which is an example of equivalent continued fractions.

+oo
Proposition 2.5. (see [10]) Let [AO;?] be a given continued fraction.
k=1

Then

B, [ 4 Bk]” [ p XkBkX;_lz]"
- = |40 5 = A0 o1 ,
Qn Ak k=1 XkAka—l2 k=1

where X_; = X, =1 and Xi,X,, ..., X, are arbitrary invertible matrices.
We also recall the following proposition in real cace.

Proposition 2.6. Let (r;,) be a non-zero sequence of real numbers. The following continued fractions

r1by 11 by T37,bs
and |ay; —,——,———,

are equivalent.

We end this section by introducing some topological notions of continued fractions with matrix arguments. We
provide M,, with the topology induced by the following classical norm:
_ llAxIl _
VA € My, ||A|l = SUPx=0 " = SUP|jxp=1 1 Ax|
Definition 2.7. Let {A,,} be a sequence of matrices in M,,,. We say that {A,,} converges in M,, if there exists a matrix
A € M,, such that ||4,, — A|| tends to 0 when n tens to +oo. In this case we write ,lim,,_,, 4,, = A.

+o0
The continued fraction [AO; j—"] is said to be convergent in M,, if the sequence {P,/Q,}, = {Q;;*P,},, converges in
kdgk=1

M, in the sense that there exists a matrix F € M,,, such that lim,,_,,||F,, — F|| = 0
3. Man Result

Let A € M,, be a positive definite matrix. Our aim in this section is to give a continued fraction expansion of arcsin,
arcsh(A), arccos(A) and arcch(A). For simplicity, we start with the real case and we begin by recalling Laguerre's
continued fraction in the following lemma.

Lemma 3.11 (see [3]) Let x be a real number such that 0 < x < 1. Then there holds

27t®

arcsin (x) [ x —(2k —2)(2k)x? —(2k — 2)(2k)x
A-x)2" |71 —(4k-1) ' —(4k + 1)

(3.1)

k=1
Now we establish a main theorem which, is a matrix version of the previous lemma.

Theorem 3.2. Let A € M,,, be a positive definite matrix such that ||A|| < 1. Then a continued fraction expansion of
arcsin(A) is
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Al — ADY2 2k — 1)(2k)A% (2k — 1)(2k)A%]""
arcsin (4) = |0; ( ) ’( )(2k) ,( )(2k) (3.2)
i —(4k — 1)I —(4k+ DI | _
Since arcsh(A) = —iarcsin(A), by vertu of proposition 2.6 and the previous theorem, we have the next result.
Corollary 3.3. A continued fraction expansion of arcsh(A) is given by
Al — ADV? (2k — 1)(2k) A 2k — 1)(2k)42]""
arcsh (4) = |0; ( ) '( )(2k) , ( )(2k) (33)
I —(4k — DI —(4k+DI | _

Proof. Let A € M,, be a positive definite matrix Then there exists an invertible matrix X such that A = XDX ™1, where
D =diag(A4,4;, ..., A4y) and 4; > 0.

As the function z — arcsin (z) is analytic in the open halfplane {z € C/Re(z) > 0}, then
arcsin(4) = X(arcsin(D))X™! = X diag(arcsin(4,),arcsin(4,), ..., arcsin(4,,))X L.
Let us define the sequences {PB,} and {Q,,} by:

{P_:L:I,P(J:O,PlzD
Q—1=01Q0=1'Ql=1

and fork > 1,

{sz = —(4k — DPy_; + (2k — 1)(2k)D?Pyy_,,
Qzi = —(4k — 1)Qzp—1 + 2k — 1)(2k)D?Qyp—2,

{P2k+1 = —(4k — P,y + (2k — 1)(2k)D*Pyj_4,
Qzi+1 = —(4k — 1)Qqp + (2k — 1)(2k)D?Qyp—1,

We see that P, and Q,, are diagonal matrices, by setting p,, = diag(p}, p, ...,p™) and q,, = diag(ql,q2, ..., ™), we
obtain foreachi,1 <i<m

pli=1py=0pi =4
91 =0,q0=1,q1 =1

and fork > 1,

{Pék = —(4k — Dby + 2k — D (2K) APl _,
@ = —(4k — Dq3—y + Ck — 1)(2k) A @3-,

{p§k+1 = —(4k — Dpdy + 2k — D (2K)AZpsi4
Toier1 = —(4k — 1)l + (2k — 1)(2K) 2 G54

By lemma 3.1, the convergent p /g converges to (1 — A?)~*/2arcsin4;. It follows that P, /Q,, converges to (I —
D2)—1/2arcsin/, so that

D 2D? 2D —(2k —2)(2k)D? —(2k — 2)(2k)D? e

"1'=31'=51"" —(4k-1DI ' —(4k+ DI

arcsin (D) [

— D2)1/2
(1 D)/ k=2

arcsin (D)
(I—Dz)1/2

Then, we multiply the continued fraction by (I — D?)/? in the left to obtain
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arcsin (D) = |0; D 2D%(1 — D*)'/* 2D* (2k —1)(2k)D* —(2k — 1)(2k)D? e
I ) e 3] TS —@k-DI ' —@k+DI |,
by proposition 2.3, we get
X in(D)X~* = |0; DX~ 2D%(I — D?)Y/2x~1 2D? (2k —1)(2k)D? —(2k — 1)(2k)D?|""
(aresin DA = |0 G =Dy -3I ‘=5 —(4k-DI T —(4k+DI ], _,

Let us define the sequence (X;,),>_1 by

{ X_1 = XO = [
X, =X —D*»Y?, forn=>1.

Then

( X(DX™HXZE AU —AD)V?
i

1
X1(U-D?)2X~1)X;*

1
| X,(2D*(I —D)2X"MX;' 24
X,(=3D X1 - =3I

For k > 3, we have

X2k — 1)(2K)D2X; 2, (2k — 1)(2k)A?
X (4k — DXL, —(4k—1I

By applying the result of proposition 2.5 to the sequence (X,,),,=—1, We finish the proof of theorem 3.2.

Before giving continued fraction expansions of arccos(A) and arcch(A), we begin with the real case in the following
lemma

Lemma 3.4. (see [7]) Let x be a real number such that 0 < x < 1, Then there holds

27t®

arccos (x) [ x (2k — 1D(2k)x? 2k — 1)(2k)x
(I—x»)2 " |71 —(4k—1) ' —(4k+1)

(3.4)
k=1
Now we establish a main theorem which, is a matrix version of the lemma 4.

Theorem 3.5. Let A € M,,, be a positive definite matrix such that ||A|| < 1. Then a continued fraction expansion of
arcsin(A) is

AU - A2 (2k - 1)(2k)A (2k — 1)(2k)A%]""

= 35
arccos (4) = |0; I T-Gk-DI T —@k+ DI | (35)
since arcch(A) = iarccos(A), by vertu of proposition 2.6 and theorem 3.5, we have:
Corollary 3.6. A continued fraction expansion of arcch(A) is given by
A(A% —DV2 (2k — 1)(2k)A% (2k — 1)(2k)A%]""
arcch (4) = |0; ( ) ( )(2k)A* ( )(2k) (36)

i T (k-1 T (4k+ DI

k=1

With a similar method as in theorem 3.2, we prove the result of this theorem.
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A Remark on A Fundamental System of Units of
Numbers Fields of degree 2, 3, 4 and 6
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Abstract: Let M,, = (D,)" £+ D, > 1 where D,, =tv"*+1+0,t,v € N* and n € {4,6}. The integer M,, is always written as
M, = v™m,, where m, is a non-zero positive integer; assuming m,, square-free, we exhibit a fundamental system of units for

families of pure fields K, = Q(%/M,,), including a family already given by H.-J. Stender.

Keywords: Fundamental system of units (FSU), Parametrization, the integral basis.

1. Introduction

There is a closed link between a fundamental system of units of some number fields, the resolution of some
Diophantine equations, the cycle of continued fractions, and certain protocols in cryptography, see J. Buchmann [2].
Also, the regulator of a number field K, based on knowledge of a system fundamental of units, is essential to compute
the class number of K, and therefore the Hilbert class towers and the construction of a codes on this number field (see
V. Guruswami [5]. This, in addition to many other applications, justifies the study of such a system.

If K is an algebraic extension of degree n = r + 2s on Q, the field of rational numbers, where r is the number of real
embeddings and 2s is the number of complex embeddings of K, Dirichlet (1840) established that the unit group U, of
K is generated by r 4+ s — 1 units. The group Uy is said to be of rank r + s — 1. The set S = {e;, &, ..., &45_1} Of all
generators, form what is called a fundamental system of units of the field K. However, the explicit determination of
such a system is very limited.

The methods for determining a fundamental system of units of a number field K are very varied. However, regardless
to the method adopted, the way followed by several mathematicians is to find in the field K
(1) Units,
(2) an independent system of units
(3) a maximal independent system of units,
(4) a fundamental system of units.

Such a program can be illustrated as follows: L. Bernstein and H. Hasse [1] considered the field K = Q(w), where
w = /D™ + d, with d|D and they gave a system of units. The result was generalized by F. Halter-Koch and H.-J.
Stender [6] for d|D™. Based on a work of G. Frei and C. Levesque [4] that ensures the maximality of this system for
n € {2,3,4,6}, H-J Stender studied:

(1) In[11] (page 211), the case n = 4, where he assumes that D* + d is squarefree.
(2) In [13], the case n = 4 where he assumes that D* + d is free of power fourth.
(3) In[12] (page 87), the case n = 6, where he assumes that D¢ + d is squarefree.

L E. Mail: ziane12001@yahoo.fr
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These assumptions allow him to use directly the Bernstein and H. Hasse units [1] to determine a fundamental unit of
the quadratic fields K, , = Q(/M,) and K, = Q(/Ms) and a fundamental unit of the pur cubic field K3 = Q(3/M,)
hence the author determines then a fundamental system of units of the fields K, = Q($/M,) and K, = Q(/M,).

Question: What happens if M,, contains one nth power?

To partially answer to this question, (based on an idea of C. Levesque, laval University, Quebec- Canada), we
introduce the parameterizations:

M, = (D))" +D, > 1 with D, = tv" +1 # 0;¢,v € N*

Here the plus sign commutes with the minus sign in the expression of M,, and D,, , that is to say:

{Case "-" M, =D,)"—D,and D, =tv" + 1,
Case "+" : M, = (D))" +D,and D, =tv" -1
Let
mg=ab>1
where
(@ b) = {(th +1,t5v%* + 5t*v1® + 10¢3v'? + 10t%v° + 5t) in Case " —"
’ (t5v?* — 5¢t*v18 + 10 t3v?% — 10t%v® + 5t,tv® — 1) in Case " +"
And let
my,=cd>1
where

(tv* + 1,t3v® + 3t2v* + 3t) in Case " — "
(t3v® — 3t%v* + 3t,tv* — 1) in Case " + "

(c.d) =

In both cases, we have the form M,, = m,,v™, (n € {4,6}). In the following, we assume that m,, is square-free, but the
M,, always, contains an nth power, (n € {4,6}), unless v = 1, (the case v = 1 coincides with the case of Stender. In the

following we always assume v > 2). Obviously, K, = Q(Y/M,) = Q(%/m,) but m, no longer admits a

parametrization similar to that of M,,, therefore the Bernstein units [1] are no longer valid. In this paper, we determine a
fundamental systems of units of the number fields

Kn = Q(n\/ Mn)l ne {416} and K3 = Q(3\/ MG)
and obviously those of quadratic sub-fields K, , = Q(/M,) and K, s = Q(y/ Mp).

In T. Nagell [7], T. Nagell [8] and H.-J. Stender [15] we find a full theory dealing with the Diophantine equations of
the form S.: AX? — BY? = C, (C € {1,2,4}), in connection with the fundamental unit of a quadratic field; for C = 1, we
summarize (see [15], theorem 3, page 295):

Theorem 1.1 Given a solution (x,y) of the Diophantine equation S;: AX? — BY? = 1,A,B € N,(4,B) = 1 and AB is
square-free, such that

<1(A+B) ! <1(A+B)+1
X% 2"V Sy 2
then

n = (xVA + yVB)?
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is a fundamental unit>1 of positive norm of the field K = Q(v/AB).

Now we give the main results of this section.

Theorem 1.2 Let t; v be two nonzero positive integers, D, = tv® + 1 = 0. Let
Msg= (D) £Dg =mev®>1,  w=3mg

Suppose that mg is square-free. Then

720 T W = D)

is a fundamental unit of
Ky = Q(\/ﬁs)
Proof: Consider the equation
S;:aX?—bY2=1
First of all (a,b) = 1, indeed:

Case “-: Let d an integer such that d|a and d|b =t[(tv® + D*+ (tv® + 13 + (tv® + D2 + (tv® + 1) + 1] =
t(a*+a*+a*+a+1).Thend|(b—t(a*+a®*+a*+a)=t.

anthen d|(a — tv®) = 1. Thus (a, b) = 1.

Case “+“: Let d an integer such that d|b and d|a = t[(tv® — D* — (tv® —1)3 + (tv® — 12— (tv® - 1) +1] =
t(b* — b3 + b2 — b+ 1). Then d|(a — t(b* — b3 —a? + b) = t.

d|(b — tv®) = 1. Thus (a, b) = 1. In addition the equation (S;) has the solution,

( ((tv® + 1)2,v3) in (Case" -"), with:

1 1 1
Z(a +b) — 2 > 1(10t3v12 +10t2v® +5t—1) > (tve + 1)?2 = x

xy) = J or
[ w3, (tv® — 1)?) in (Case "+"), with:

1 1 1 1
lZ (a+b)— 5= Z(tsv“ — 5t*v'® + 103012 — 10t2v8 + tv® + 5t — 1) — 5> v =1x.

So in both cases, and by theorem 1.1,

Ds
126 = (3w — (Dg)?)?

is the fundamental unit of the quadratic field K, = Q(\/E).

Theorem 1.3 Let t; v be two nonzero positive integers, D, = tv* + 1 # 0. Let
My = (D)*F D, = myv* > 1, w=m,

Suppose that m, is square-free.Then

(?*w? — (Dy)*)?

N2a = D,

is a fundamental unit of



58

Ky 4 = Q(M)-
Proof: Consider the equation

S;icX?—dy?=1
First of all (c,d) = 1, indeed:
Case “-: Let [ an integer such that l|c and [|d = ta? + ta + t; then l|(b — ta® — ta) = t.
But l|a, Then l|(a — tv?) = 1.
Case "+": is such. In addition the equation (S;) has the solution,

(tv* + 1,v?) in (Case "-"), with:

2(a+b)—1=2t3v3+ (6t2+2t)v*+6t+1>tv°+1=x,
(x,y) = or
(v?,tv* — 1) in (Case "+"), with:
2(a+b) —1=2t3v® + (2t — 6t*)v* — 6t — 3 > v? = x,.
So in both cases, and by theorem 1.1,

w? = (D)
N24 = D—4

is the fundamental unit of K, = Q(\/M,).
2. A Fundamental System of Units of K3 = Q(3/M)
Let the Diophantine equation

(G)=Ax®—-By® =1

with A, BeN, square-free, AB > 1. According to Stender [14], we have two possibilities for the fundamental unit of

Q(VAB?):
Theorem 2.4 LetA > 1 and B > 1. Let (x, y) be a solution of the equation (G). Then
n = (VA -yVB)?
is either a fundamental unit, or the square of the fundamental unit of the field K = Q(YAB2).
Now we give the main results of this section.
Theorem 2.5 Let ¢, v be two nonzero positive integers Dy = tv® + 1 # 0. Let
My = (D6)® F Dg = mev® > 1,and w = /mg.
Suppose that mg is square-free. Then

((Dg)*—v*w?)?
Ny == — .
6
is either a fundamental unit, or the square of the fundamental unit of the field K; = Q(3,/M6).
Proof: Case “-*“: Let the equation

(G):a%x3 —by? =1,
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which has the solution

(x,y) = (tv® + 1,v?),
Case "+": Let the equation

(6):ax® —b%y% =1,
which has the solution

(x,y) = (W3, tv® — 1).
In both cases and bay theorem 2.4,

- W*w? = (D6)?*)°

N3 = Dq

is the fundamental unit, or the square of the fundamental unit of the field K.
Let M be a positive integer cube free, then we set M = fg?, with (f,g) =1, M = f29,Q0 = YM,et 0 = i
We say that
(1) K = Q(¥YM) isof firstkind if
fg? # £1(mod 9)
(2) K = Q(3/M) is of second kind if
fg? = +1(mod 9)
and by Dedekind [3], we have
Proposition 2.6 (i) If K is of first kind, then {1, Q, Q} is an integral basis of K = Q(Q).

(i) If K is of second kind, then {§ (1+ fQ+ gQ),Q,0} is an integral basis of K = Q(Q). Moreover each algebraic
integer of K = Q(Q)can be written in the form § (x+yQ+2z0), x,y,z€ L.

Now, and more precisely, the fundamental unit of the field K5 = Q(3/Ms) is given by
Theorem 2.7 Let t; v be two nonzero positive integers, Dy = tv® + 1 # 0. Let

My = (D6)® £ Dg = mev® > 1,and w = /ms.
Suppose that mg is square-free. Then

— 4 ((DG)Z_vzwz)s
N3 =T Dq
is a fundamental unit of the field K; = Q(3/M,) = Q(w?).

Proof: As mg is square free, according to the proposition 2.6, {1, w?, w*} is an integral basis of K; = Q(w?) if K3 IS
of first kind; and {§ (1 +fw? + w*), w?, w*} is an integral basis of K; = Q(w?) if K is of second kind. In addition,
according to the proposition 2.6, each algebraic integer of K; = Q(w?) can be written in the form

1
§(x +yw? + zw*), with x,y,z€ L



(1) Case"-": mg = Dg(t5v?** + 5t*v1® + 10t3v!2 + 10t2v° + 5t) et

N3 =1 — (3(Dg)3v?)w? + (3DgvH)w*

Suppose that n; = ¢2, where { is a unit of K.
(@) Let K5 is of first kind. Then
{=x+yw?+zo*, with x,v,z € Z
asn; = {2, we have

x% + 2yzmg =1
2xy + z?mg = —3(Dg)3v?
2xz + y? = 3Dgv*

Let’s show that

*) xy >0 and y #0.
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(2.1)

22
(2.3)
(2.4)

According to (2.3), x # 0 and y # 0 In addition z # 0; Indeed, suppose z = 0; then according to (2.2), x = +1;
according to (2.3), 2y = +3(D¢)3v?, i.e. 4y? = 9(D,)%v*; but according to (2.4), 4y? = 12D,v*; then we have
12Dgv* = 9(D,)%v*, i.e. 3|4, a contradiction. According to (2.3), xy < 0, and according to (2.2), yz < 0. Then x and z

have the same sign, i.e. xz > 0.
According to (2.2), we have

(+%) (x,mg) = 1.

Then (x, Dg) = 1. According to (2.3), Dg|2xy, i.e. Dg|2y. Then (2.4) becomes

8xz + (2y)? = 12Dgv*

Then (Dg)?|(822). And (2.3) becomes

2(8)*xy + (82)*mg = —3(8)* (Do) *v?

Then (Dg)3|2(8)2y, since Dg|mq. And (2.4) becomes

(25)(8M)2xz + (2(8*)y)* = (2*)(8")3Dsv*

But D¢ |8z; then, (seeing that xz > 0),
(2%)(8*)2xz = (8%)xz,Dg > 0
But (Dg)®](2(8%)y)?; then
(2(8%)y)* = (11)*(De)® > 0
But
(2%)(8M)3Dgv* < (2%)(8")3(De)*
Then (2.7) implies

(8")xz,Ds + (¥1)*(Ds)® < (22)(8*)3Ds)?

(2.5)

(2.6)

(2.7)

(2.8)
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which is impossible for Dg > 16; but v > 2, whereby that Dy = tv® + 1 > 2° = 64.

(b) Let K5 of the second kind. Then

1
(=§(x+ya)2+zw4), with x,y,z€ Z

As 73 = {2, we have

x% 4+ 2yzmg =9 (2.9)
2xy + z2mg = —27(Dg)3v?, (2.10)
2xz + y? = 27Dgv*, (2.11)

Then (x,mg) =1,30u9. The 9 is excluded because mg is square free. whether (x,mg) =1 We have then the
propriete (**) of first case, and get the equivalent of (2.8), namely

(8M)x21D6 + (¥1)*(D6)® < (2%)(8*)27(De)*
which is impossible for Dg > 27, i.e. for all v > 2.

Whether (x,mg) = 3 according to (2.9), 3|y or 3|z. If 3]y, then according to (2.10), 3|z. If 3|z, then according to
(2.11), 3]|y. Brief, 3|y and 3|z. Let

4= n=0) « =0

Then
x2 + 2y,zymg = 1. (2.12)
2x,y1 + zime = —3(Dg)*v? (2.13)
2x12; +y§ = 3(De)v* (2.14)

Which brings us back again to the same contradiction above.

(2) Case “+”: As

vomg = (Dg)® + Dy (2.15)
We derive
(De)®
Furthermore,
N3 =1+ (3(De)*v?)w? — (3Dsv*)w* (2.17)

Suppose that n; = ¢2, We distinguish two cases.
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(@) Let K5 be of the first kind. Then

{=x+yw?+zw* with x,y,z€T

Then
x2 + 2yzmg =1 (2.18)
2xy + z*mg = 3(Dg)3v? (2.19)
2xz + y* = —=3Dgv* (2.20)

Let’s show that
(") (x,mg) =1 et Dyl4z

According to (2.18), (x,mg) = 1. According to (2.19), Dg|2y. Then (2.20) becomes

4xz + 2y% = —6Dgv* (2.21)

and D¢ |4z
Let’s show that
(xx") xy>0 et z#0

We have x # 0 and z # 0 otherwise according to (2.20), y?> = —3v*Dg < 0. In addition y # 0; suppose the contrary;
6
according to (2.19), (42)?mg = (4%)(3)v?(Dg)3; according to (), 4z = z, D,; according to (2.16), mg > (l:fs) , Then

8
4HB)V*(De)? = (4z)*mg > z} <(l1)zﬁ6) )

which is impossible for v > 2. According to (2.18), x? =1 — 2yzm, > 0 then yz < 0. According to (2.20), 2xz =
—3v*D, — y? < 0then xz < 0. Then xy > 0 The equation (2.19) becomes

(4%)2xy + (42)*mg = (4°)3(Dg)*v? (2.22)
Then

2 3,2 _ (42 2p2 2<(D6)8)
(49)3(Dg) = (4°)2xy + z{D*mg > z{

U6
which is impossible for v > 2.

(b) Let K5 be of the second kind. Then
1
(= §(x +yw? + zw*), with x,y,z€Z

Asn; = {2, we have

x% + 2yzmg =9 (2.23)

2xy + z?mg = 27(Dg)3v? (2.24)
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2xy + y? = =27Dgv* (2.25)

According to (2.23), (x,m¢) = 1,3 ou 9. 9is excluded. Whether (x,m¢) = 1. We have then the property (+ ) and we
deduce a contradiction as above. Let (x, mg) = 3. According to (2.23), 3|yz, If 3|y, then according to (2.24), 3|z. If
3|z, then according to (2.25), 3|y. Let

2= 0= Q) =)

and we deduce a contradiction as above.
3. A Fundamental System of Units of K = Q($/My)

We have m is square-free, the field K, = Q(w), w = $/m, is of degree 6 over Q, in addition it admits a quadratic sub-
field K, 4 = Q(w*) with fundamental unit 7, ¢ (theorem 1.2), and a cubic sub-field K; = Q(w?) with fundamental unit

13 (theorem 2.7). For the determination of a fundamental system of units of the field K, = Q($/M,), we use the Stender
theorem [12]:

Theorem 3.8 Let 17, ¢ be the fundamental unit of K, ¢, and let n; be the fundamental unit of K;. Let &, £3eK such that
NKs/Kz_s (&) = N2,6 NK6/K3 (&) =+1
and
Nk /K, 6 &) =1, N, ks (&2) = 1m36
Let €; € K, be the smallest unit>1, satisfying:
NKG/KZ,G (e) =1, Ny, /ks (ep) = =1
Then
{$2,85, €61}
is a fundamental system of d 'units of K.

Let o be a third root of unity, (¢? + o + 1 = 0); the conjugates a’ of an algebraic integer « of field K5, 0 < j < 5, are
given by:

a® =g
a® = —q
«® = oq
l a® = o2q (3.26)
a® = —oa
a® = —p?a

And according to Stender [12], the product aw can be written in the form:

w? w? wt w®

1
aw =€(x0+x1w +x27+x37x4ﬁ+xsw) (3.27)

with x;€Z,0 < i < 5.

Remark 3.9 Since m, is square free, then we cantake g = h = 1in (3.27), (see [12] page 80 and page 87).
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In addition, we have:

Proposition 3.10 Let a be an algebraic integer of the field K, = Q(w). Let B be a unit >1 such that
Ngy/k,s(B) =1, Nk, (B) = £1

Suppose that 8 = a™. Then

ki

|xi| < (Ui_l

(VB+2VIp®I+3), o0<i<5 (3.28)

where ko = k; = 1,k, = k3 = h, ks = ks = gh?. In addition x, # 0 and x5 # 0 .
Now we give the main results of this section.
Theorem 3.11 Let t, v be two nonzero integers, Dy = tv® ¥ 1 > 0. Let

Mg = (D6)® £ Dg = mev® > 1,and w = /m.

Suppose that mg is square-free. Then

vw + Dg v3w3 — (Dg)?
=+ = = &3 -1
{$2 w0 —Dg 3 (vw —Dg)® €1 = $3M26 )
is a fundamental system of units of K, = Q(3/Mj)
Proof: &, and &; satisfies theorem 3.8, namely:

1\/1(6/1(2_6 (&) = 26 Nk, (&) =+1

And
NKG/K2’6(€3) =1 NKs/K3(€3) =173
For
€=M =8 = 56773_1772,6_1
where
fom —t
7 (vw — Dg)®
we have
e1>1,  Ngyk,(€1) =1, et Ng gk, (e) =+1 (3.29)

Let’s show that €, is the smallest unit that verifies (3.29):

Lemma 3.12 (i) In Case"-", we have

(4v°w® s
D <Mpe < 4(D)>,
6
12v°w®
<&, < 12(Dg)°
\ Ds

(ii) In Case “+”, we have



41° @

D,

12v°w®
Dg

(
[ 4(D)® < 136 <

klz(De)S <§ <

Proof: (i) Case “-:

D6—1<‘Uw<D6.

Since

Dg = (D6)6 - (WU)G,
we deduce

Dg
— D 3 + 3

(D6)3 _ (U(l))3 ( 6) (U(l))

and
Ds 5 4 2,2 3 3,.3 2 4,4 5,.5
mz((DG) + vw(Dg)* + v°w?(Dg)® + v:w?(De)* + v*w*Dg + v w?).
. —
We have
Dg 1 Dg 5 1
- @ = (- - - D 3 + 3,.3\2

6 = @Rt~ PR Do Wwr— D | D ) T
then

4% w°

<1, < 4(Dg)°.
6
Similarly
vw + D, vw + D,
& = - D6 =5 (D)’ + v (Dy)* + v2w?(Dy)? + v3w3(Dg)? + v*w*Ds + v°w®)
— Ve 6

Then

12v°%w®

< & < 12(Dg)°.
Dy

(ii) Case “+”:vw > D, and just swap Dy and vw.

Lemma 3.13
3324—(D6—)16 Case" —"
1<e < vow? ’
! 3324 v18 1 C " + n
ase )
L (Dg)®
Proof: Case “-

D D,)16 D, )16
€1 = 623772_1 < (12(D6)5)3 (4(172))6) =3%2¢ <4§(1763))6) =32 (((17(61)))6)

On the other hand, according to lemma 3.12,
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12v°w®

3
€ =8n," > ( ) (4(De)*>) 1 >1

In Case"+", we use lemma 3.12 and the fact that vw > D

Lemma 3.14 (i) Case “-“:
8
@) _ .05 (Ds)
1< @] = ]! |<12\/§<W)
(ii) Case “+”:
@ ©)]
1<|e”’| =167 < 12\/_< )
| 1 | | 1 | (D)
Proof: According to (3.26), ¢ = ¢®. Then [¢®| = |¢{®)|. On the other hand,

€] = |EP) (0 ] = &P sl

and
0 = () = e = o
Then
691> 1 and |69 > 1
We have
1< 126 = [126P) " = [126®] " = 126
Then

1€9] = 1e®] = 6] n,,6@]
On the other hand,

3/2 -
6] = 6P = (£965) " (11,6026 ) 2

_ (Dg)? + Dgvw + v’ w? 32 (v3w? + (Dg)?)?
(Dg)? — Dgvw + v2w? D¢

Then

Case “-*: We have vw < Dg; then

o1 _ (32’ (4(D)° (De)®
1< ()" (19) a0

Case “+”:We have vw > Dg; and

2, .2\ 3/2 6,6 9
) 3vcw 4v°w
& |<<(Dﬁ>2> < D, ) 12((@))
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Lemma 3.15 ¢, is the smallest unit > 1 of field K, = Q(w) such that
Nigo/ipe(€1) =1, et Ny (1) = +1
Proof: Argue by contradiction and assume that
€, =a" withn>1

There n ¢ {2,3}, because \/ﬁ & Ks and 3/n, 6 € Ks. Letn > 5. In specializing § = €, in the proposition 3.10, then for

i € {4.5} we have
)(J—+z/|fq+3>

|x|<(

c_ce,

(De)'®
€1 = 3324 ( v6w6

such that

Case

|€! 4)|<12\F< )

we obtain

(D6)*\ [ 5|54 (PsV?° 5 20 3v*
< i) Jm (fﬁ—a)ﬁ)ﬂjlm(v%%mv)+(cve>3> ' 230

_ °la39a Dev?° %la3 4<&)
Jsz ( — ) < [332 A
3724
ﬁz =)
(De)*
2]12@ 173 3(D6)7> J12x/_<7v3 3(D6)7)

< 2#12@(@)

. = vt - 3
T (De)? T (De)?

But

0 0 1
v*0* S (D)6~ Dg  Ds— (Dg)~*

Then |x5| < 1, because Dy > 2° = 64, and xs = 0 because x5 is an integer. In addition,
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(De)*\ [ s g [PsV™® s v1s 3v3
|x4| = <—v3w3 332 Y +2 [12V3 i (D) + Do)’ (3.31)
But
394 Dev?®
3224 | <Gy
s p15
2\/12@ (W) <G,
3v3 <c
(De)?) =7
(Dg)? 1
<
v3w3 1—(Dg)™5
Then x, = 0.
Case “+:
o 1 5 NG 1 3
Then in a analogous manner x5 = 0. In addition,
5 1\ |(Dg)S+Dg s 1 3
3924 ( - - -
sl < |32 (175)\/ ot 2 123 () + () (333)

Then x, = 0. This completes the prof of theorem 3.11.
4. A Fundamental System of Units of K = Q(%/M,)

We assume that m, is square-free, the field K, = Q(w), (w = 3/m,), is of degree 4 over @Q, in addition it admits a sub-
quadratic field K,, = Q(w?) with fundamental unit 7, , (theorem 1.3). We introduce here the proprieties of fields of
degree 4 taken follows [9] and [11].

Every algebraic integer @ of K, can be written as form

a= Z(xo + X0 + x,0% + x30%)  with x5,  X1,X5,X3 €Z (4.34)
We denote by
w=%m,
@ = -

oM = -
4.35
w® =iw ( )

0® = —iw

the four conjugates w. replacing w respectively by w®, 0@, w® in (4.42), we get

1
a® = n (%0 + X, 0 + X, 0% + x30°) (4.36)



1
a® = Z(x0 + x i — xpw? — x3iw3)

1
a® = Z(x0 —x1iw — Xpw? + x3iw3)

If in addition B is an algebraic integer such that 8 = +a™,n > 1, then

o= (1) 3 VIF

Jj=0

Denote by ¢, the smallest unit >1 of K, satisfying the property

sosél) =1;

then any other unit € of K, which satisfies the properties (4.40), is of the form

e=¢}, n=>1
writing

1 .
g =, +xw+ x,0% + x303)  with xg,x1, x5, %3 €Z

then according to (4.40) and (4.41) we have in addition

1
0 # |xs] <$(3+x/5)
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(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

Theorem 4.16 Let 1, , be the fundamental unit of the quadratic field K, , = Q(,/M4), and let g, be the smallest unit of

K, satisfying sosél) = 1. If \/(n24) 7o € Ky, then
{2,480}

is a fundamental system of unit of K.

Now we give the main results of this section.

Theorem 4.17 Let t, v be two nonzero positive integers, D, = tv* F 1. Let
M,=D}+D M 4/
4=l T 4'm4_v4'w_ my.
Suppose that m, is square-free. Then

I£1=i

_ (v?w? + D2)? vw + D,
2.4 D, vw — D,

is a fundamental system of units of the quartique real field K, = Q(“,/M4)

Proof: Remains to verify that the unit &, satis_es the property (4.40), and that K, is of the first kind (i.e.:

V(M24) e € Ky). Infact,
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vw + D,
Hg=t——
vw — D,

isaunitof K, of norm 1 because

vw + D, _
g =+———=2(D,) F1+2(D,)*vw + 2D,12w? + 2v3w?
vw — D,

is an algebraic integer such that

vw + D4 —vw + D4 “.7(1) + D4 _”.7(1) + D4_
Meraed = (Go =5 (Sa—p.) e =) (Cra—p.) =1
vw — D,/ \-vw — D,/ \ivw — D,/ \—ivw — D,
vw+Dy 1 2 3 - n .
Lemma 4.18 Let g, = +( — ) ete, = Z(xo + X0 + x,0° + x30°) with x;€Z. Assume that &; = & with n > 2.
4
Then
1. Case “+7:|x5| < (VD)‘/_
4
c_, 3 (v3D4),/8Dy
2. Case “-“:|x3| < —~+ Tt

Proof: Since v*w* = (D,)* + D,, then

(+ ){Case "+":we have D, < vw < D, + 1,
%71 Case "-":we have D, — 1 < vw < D,
But
vw + Dy 3 ) 3 3
& = im =2(D,)%F1+2(D,)*vw + 2D,v%w? + 2v3w (4.44)

which gives us

{ 4
Case "+":8(D,)3 < ¢ <8 (v;)) ,
(*1) (va))4
| Case"-": 8 D < & < 8(Dy)?
then
( Case "+": \/8_13 < @.
(*z){ ( “’) \ /a5,
- (D4) 8D,
kCase - ' w)3 (tv™)?
in fact

Case “+”: According to (x;),ve; < (V8) (ww) ) and then one applies (x).

[TIRIN 8(D4) (D4)\(8D4 \/5_1 (D4)+/8D4
Case “-”: According to (*1) ( S according to (*0) )3 L flnally( 3 < (o3

Then we have

a _ (vw + D4) (—vw + D4) —1
8 = o — D,/ \=vw -D,)
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According to (4.43)

0<|x3|< (3+\/_)

Then
v3e
0<|x3] < —+ vw)? (4.45)
repIaCIng by — 1n Case “+”, and by CANCLZY in Case “-“, conclude using (*,)

)3' (tv*)3

Lemma 4.19 Suppose that m, is square free. Then

vw + D,
a=2(a 5
vw — D,

is the smallest unit of K, which satisfies

slsf) 1

Proof: recall that v = 2. We have then

a _ (va) + D4> <—va) + D4> _1
R T D,/ \-vw —-D,)

Argue by contradiction. Then according to (4.41) we have,
&g =¢€f, ou g = i(x0 + X0 + x,w? + x303) with x ;€Z.
According to lemma 4.18, we have
0] Case “+7,

3 38

X3 <—+
|3| (U3 D4_

(4.46)

Since w > 3, then < . Then

3 v3\/§_ 3 v3v8 1 138

<= = < —
el < 3t Tt i1 et oy
But
1 v3/8
— 1 & 4vt 23 -4
5 174_1< 4v (9\/_)v >0

This is true for v > 3. Then for v > 3

VB

<1
1

1
|x3|< +

Then x5 = 0, contradiction with (4.43). the result remains true for v € {2,3}, because for v = 3, just directly replace in
(4.46). The same for v = 2 and t > 2, just replace directly in (4.46). For (v,t) = (2,1), just replace directly in (4.45).
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In the following, we do not treat the first two values of v, (v = 2,3), because the result is the same by the same

argument.

(i) Case "-",

<1

9

3 v3D, /8D, 1 s (v3(2w4)(x/§\/?«/§)vz) L, V8
(w3 9 v3

il <-—=+
| 3| w3 (tv4)3 t3p12
Then we have the same contradiction.

We show that & = ,/(11,,4) " te; € K,. But

&D, _ 1
$= 0 e = J @707 + 07 e + (D ¥

If ¢ € K, then /¢,D, € K,. According to (4.42), we have

1 .
VeiDy =7 (o + o + X,w? + x303) with xg, X 1, x 5, X 3€Z.

Using (4.39), we have

< (%)Z s

j=0

Then

1
IX3| < 5(1/D4£1 + 1 + 2\/D_4)

According to (*,) we have

Case “+n)

1
|x3|<E(,/D451+1+2\/D_4)< T+ —+ — <1

[13K13

Case “-*,

1
x| < E(,/D4sl +1+2,/D,)
v3(D,)*V8 1 2v3,/D,

(D2 — 3D 13D, — 1 @® T (D3)? —3(Dy)2 + 3D, — 1

V8 1 2 .
3,3 1 ‘et 31
v3 " Dyvd (D, v3 D3

<
v

Then x; = 0; then the same contradiction arises. This completes the demonstration of theorem 4.17.
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Path Partition in Directed Graph-Modeling and Optimization
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Abstract: The concept of graph theory is therefore perfectly suitable to structure a problem in its initial analysis phases since a
graph is the most general mathematical object. At the structural level, the nodes represent the objects, the variables... and the arc
forms the binary relation of influence among them. Many real problems can be modeled as path partition in directed graph that
played particular role in the operation of arranging a set of nodes especially in case of directed acyclic graph (DAG). We encounter
such graph in schedule problems, the analysis of language structure, the probability theory, the game theory, compilers.... Moreover
managerial problem can be modeled as acyclic graphs, also the potential problem has a suitable solution if and only if the graph G is
acyclic.

The arc — disjoint paths in a graph has an important application in several areas and needs exact algorithms to find it. In this paper we
analyze the bounds of path number in directed graph and we give certain properties characterizing directed acyclic graph that permit
to give a structural representation of such graph. The algorithm used determines the topological ordering in time O(n + |U|). We
introduce two efficient algorithms that allow the construction of a minimal path-partition, one for the directed acyclic graph with time
complexity 0(n? + n|U|) and the second for the strangely connected tournament having unigue Hamiltonian circuit and having time
complexity 0(n?).

Keywords: Acyclic graph, Path Partition, tournament, Hamiltonian circuit, Adjacency list, Adjacency matrix, canonical ordering, Spanning tree.

1. Introduction

In management and economic, combinational problems necessitate a complicated formulation since their solution are
not easily figured out, need complicated method and are sometime very difficult to set. The graph theory constitutes for
instance, without any doubts, one of the most important and most efficient theories to model such kind of problem.

In fact we can use graph as tools to structure relationships among objects, variables etc... where the information can
be represented in compact form. The concept of graph theory is therefore perfectly suitable to structure a problem in its
initial analysis phase since a graph is the most general mathematical object. At the structural level (relational level) the
nodes represent the objects, the variables etc.... and the arcs form the binary relation of influence among them.

Many real problems can be modeled as path-partition in directed graph that played particular role in the operation of
arranging a set of points especially in case of directed acyclic graph (DAG). There exists several areas in which DAG
arise as models e.g. project management, assignment problem network etc....we encounter such graphs in schedule
problems, the analysis of language structure (Computation theory) the probability theory, the game theory etc...
moreover managerial problem can be modeled as acyclic graphs. In the other hand the potential problem has a solution
of certain type if and only if the graph G is acyclic see [17].

1.1. Concept of Graph

! Tel.:+00961 3 288906.
E-mail address: issamabdelkader00@gmail.com
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The terminologies and notations are those of ([6], [8], [9], [12]). A directed graph is a pair G = (X, U) where X is a
finite set and U is a binary relation on X. The set X is called the vertex set and its elements are called vertices. The set U
is called the arcs set and its element is called directed edges or arcs. A path is a sequence of vertices (x4, X5, ..., X¢) such
that: (xj,xj31) € Ufor i = 1,2,...,t—1. The length of path is the number of arcs in the path. A path C =
(X0, X4, ---,Xp) forms a circuit if x, = x,, and the path contains at least an arc. A directed graph with no circuit is called
acyclic (DAG).

Let G = (X, U) be a directed graph, for x € X, we denote by G - x the sub- graph obtained from G by deleting the
vertex x and the adjacency arcs to it. The out-degree of vertex x denoted d} (x) is the number of arcs leaving it and in-
degree of vertex x denoted dg (x), is the number of arcs entering it.

From now on we denote:

Ex) ={yeX:(xy) €U}
) ={yeX(y,x) eU}

Xt ={xeXdi(x)>d;(x)}
Xg = {x € X: df (x) = d5 ()}

A path partition of directed graph G = (X, U) is a set T of arc-disjoint paths such that every arc in U is include in
exactly one path of T. path my start and end anywhere, and they may be of any length including 0.

A minimum path partition of G is a path partition of G that use a fewest possible number of paths. The path number of
directed graph G, denoted P(G).

Definition 1.2

An asymmetric graph is a directed graph such that (x,y) is an arc implies (y, x) is not an arc. A tournament of order n
denoted T, = (X, U) is a complete asymmetric graph on n vertices see [5, 7, 21, 24]

Definition 1.3

Let G = (X, U) be a directed graph of order n. If P(G) = e(G) = erxg(dg(x) —dg (x)). We say G has the property
Q.

2. Results on the path number in directed graph.

The arc—disjoint paths in a graph has an important application in several areas and needs exact algorithms to find it.
Alspach and Pullman [4] have conjectured that for any simple graph G of order n, P(G) < [n2/4], O Brian [22], proved
this conjecture. From O.Ore [23], we have:

PO 2 e@ =) (4560 - d5(0)

Thus for a directed graph G, we deduce that:

2

e(G) < P(G) < [nz

For a further detailed study of P(G), we refer also to ( [1], [11]).
2.1. Path-Partition in Tournaments

Theorem 1.

Let T, = (X, U) be a tournament of order n then P[T,] > [(n;rl)].
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The number of arc in tournament Ty, is given by the following result:

Y. (@60 -dz(9) = 21Ul =n(n = 1)

n(n-1)

Then |U| =

The maximum number of arcs in any path partition is (n - 1). Thus the minimum number of paths needed to cover
every arc in T, is 2 since P[T,] is an integer, we must have:

P[T.] > [(n + 1)]

2

From the preceding result and for any tournament T,,, we deduce then:

rl2

4
Thereafter, we study the tournament T, having a unique Hamiltonian circuit. A characterization of T, have been

given by Douglas [13].

[(n ; 1)] < P[T,] <

Theorem 2.

For n > 5, a tournament T, = (X, U) admits a unique Hamiltonian circuit C if and only if the following conditions
hold:

(i) There exist a partition of verticesin X = AU B U {x,y}

Where A = {al, ...,ap}, B = {bl, ...,bq} and A = {x,a, wap, Y, by, ...,bq,x}

i df,®=1=dr,

(i) (bga;)€Uand(a,b,) €U

(iv)  Forj>i+1,(aja;) € Uand (b, b)) €U

(v) Ifi <jand u < vand if (a;, b,) € U then: (a;,b,) € U

If B = @ we have a tournament having a unique Hamiltonian circuit and has exactly m - n + 1 elementary circuits.
This tournament will be denoted A, = (X,U). The path A = (x,a4,....,ap,y) is a spanning tree and the vertices
(x,ay,....,ap,y) constitute the canonical ordering of A,, and in the following this sequence will be denoted

(X1, X3, ey Xp)-
The tournament A, is characterized by:
(xi,x;) € Uifandonly ifj =i+ lori>j+1

A curious fact concerning the number W(n) of tournament T, having a unique Hamiltonian circuit is equal to

(Zn - 6)th Fibonacci number. Garray [15] shows that for n > 6 we have:
W) =3Wh-1)- W(n- 2).
Gutin G. [16] provides a characterization allowing to find the number of non isomorphic tournament forn > 5
Paths and circuits are fundamental sub-structure in tournaments see : [5], [10], [19], [25], [26].

There is a O(n) algorithm for finding Hamiltonian circuit in a tournaments ([20]).
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Theorem 3. (I. Abdel Kader [1]).

Let T, = (X, U) be a tournament having a unique Hamiltonian circuit, then P(T,) < [n?/4] - 2.

For a further detailed study of tournament having unique Hamiltonian circuit and their number, we refer to ([15],

[16]).
Property 1 P(A,) = [“72] -2

Itis clear that X3 = {x;:i=[n/2] + 1,....,n}
— + _q-
e(A,) = erxzn (45,09 - dz, )

butdi (x)—da ) =2(i-1)—(n-1)(i=[n/2]+1,..,n—-1)
an (Xn) — dKn (xp) =n-3

Thene(A,) = X1(2G-1) - (n—-1))+n-3 = H _9

4
AsP(A,) >e(A,) and P(A,) < [n?/4] -2
We have then the equality.
From the above result, the upper bound of P(T,) is the best possible.

It is important to note that there exist tournaments having a unique Hamiltonian circuit which are not isomorphic to

A, and which satisfy the equality P(T,) = e(T,) = [’;—2] — 2. An example of this is the tournament T, for which |B| =
1.

Algorithm 1. Path Partition of Tournament A,, = (X, U)

1 Initialize the number of vertices n, of the tournament A,
2 Determine the canonical ordering (xl,xz, ...,xno) of this tournament
3 Initialize T = {(X3X4, X1, X2), (X4, X2, X3,X1)}

4n=>5

5 while n < nq

6P=¢

7Forj= [2]+1ton— 2

8u= (Xn,Xj, ...,t) forA = (xj, ...,t) eET

9P =PuU {u}

10T =T- {A}

11 End for

12 P = P{(Xq_1,Xn, X1)}

13T=TuUP

n

14 Fork = 2 to [;]

15T =T U {(xp,x)}
16 End for
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17n=n+1
18 end while

Theorem 4 .
The path partition in tournament A,, can be computed in 0(n?) time.
Proof.

We not by C; the cost of statement i (1 < i < 18). The algorithm 1 is based on 2 consecutive For Loops. The running
time of the first For Loop is less than or equal to g(cg + Cy + C4), Whereas for the second For Loop the running time

is gcls. The While Loop implicates that each statement is executed n times. The running time T, of algorithm 1 is the
sum of the running time of each statement executed. Then the worst running time can be expressed as:

n n
Tn S n(C1 + Cz + .+§(C8 + Cg + Cl(]) + C13 +EC15 + "‘)
Thus T(n) = O(n?)
Application 1

Consider the tournament A5 having the spanning tree A = (X4, X, X3, X4, Xs5)

w7
x1 e

[

x3

x5

x4
Figure 1. Spanning tree

Let T, = {(x3%4, X1, X2), (X4, X2, X3, X1 )} the set of arc-disjoint paths partitioning the arc of tournament A, generated by
X-{xs}. From T; we have the set of paths T = {(x4, X, X3,X1), (X4, X5, X1), (X5, X3X4, X1, X5), (X5, X,)} that partition the arcs of
As.

2.2. Path Partition in Directed Acyclic Graph

In this section we prove that any directed acyclic graph G satisfies P(G) = e(G). This result confirms that the lower
bound of P(G) is the best possible. The result obtained in this section will be interesting since there exist several
important application areas in which directed acyclic graph arises as model: project management, assignment problem,
network, etc... see Abdel Kader [2].

In the following we give a short and neat method to take advantage of directed acyclic graphs
Lemma 1.
Let G = (X, U) be a graph of order n, if X included in I'§ (X), then G has at least a circuit.

Proof.
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Let x, be a vertex of graph G, by hypothesis we have x, € UycxI'q (v), then there exists at least an element x; € X
with x, € Tg (x1)((x1,%X0) € U) etc... at step i = 1,x;_; € [d(X), there exists a vertex x; € X with (x;, x;_;) € U, if x;
is a vertex already encountered we have a circuit if not the process continues and as X is finite, we will have a circuit.

Theorem 5.
Let G = (X, U) be an acyclic graph, the following statements are held:

i.  There exists at least a vertex x such that dg(x) = 0
ii. The vertices of G can be arrayed in such a way the index of each vertex is less than the index of its
successors.

Proof.

i Assume dg(x) = 1, for all x € X, then there exists at least a vertex x; € X such that x;_, € I'Z(X) (for all
x € X), so X is included in T'¢ (X), and from lemma 1, G has a circuit, contradiction then our assumption is
false and there exists at least an x € X, with dg(x) =0

ii. Let A = {x,; € X: dg(x¢;) = 0} and G; = Gx_, the sub-graph of G induced by X — A. The graph G, is
acyclic then there exists at least a vertex x, € X — A such that: (xq, X,) € U for certain x,, € A, and so on,
at step i we have the sub-graph G; = G;_; — x;_; of graph G. G; is acyclic then there exists at least a vertex x;
such thatdg (x;) = 0 and (x;_, x;) € U. Thus the vertices of G can be arrayed in such a way that the index of
each vertex is less than the index of its successors.

It is obvious that the condition (ii) is equivalent to the fact that G is directed acyclic graph.

From the previous result we deduce that the vertices of the directed acyclic graph G can be indexed as: x4, X5, ..., Xp
such that: d¢(x;) = d¢(x,) ... = d¢(x,) where the arcs in G run from left to right. In this way we have a topological
ordering of graph G.

Theorem 6. The topological ordering can be computed in O(n + |U]) time.

To prove this result, enumerate the arcs of G one by one, this allows the computation of the in-degree (dg (x)) for all
node i in linear time. Consider the array L that contains all the sources of graph G. Now execute the following
algorithm, using an auxiliary list L' that is initially empty:

Procedure: Typological Ordering (G)

repeat
for each vertex i € L do
foreach arc (i,j) € Udo
begin
dg() =dg() -1
If dg(G) = 0 thenadd je L'

end
print L
L=L
L=¢
untilL =9

It is obvious that the computation takes only O(n + |U|) total time since every node and every arc appears precisely
one in the process.

Theorem 7.
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Let G = (X, U) be a directed graph of order n and v € X¢. If G satisfies the following conditions:

i. dg(v) =0
ii. P(G- v) = e(G - v) (that is G - v has the property Q),

Then G has the property Q.
Proof.

X, =XE—{vHuXENTEW), and P(G- v) =e(G-v). If xeX¢_, NTF(v), then d_,(x) =d¢(x) and
dg_,(x) = dg(x) — 1. Moreover, for x € X¢_, — (X¢_, NTE(v)), we have: d§_,(x) = d¢(x) and dg_,(x) = dg(x).

But in G - v, through each vertex x € X¢_, N I§ (v) there pass (dc_v(X) - dg_v(x)) + 1 elementary paths of origin x
which belong to a path partition R of the arcs of the digraph, the cardinal of R being P(G - v). Among those paths of
origin x, consider the path A = (x,...). Since (v,x) € U, the path A allows the construction in G of the path u =
(v, %, ...) of origin v. Thus the number of paths of origin x in G becomes(dg(x) — da(x)). Moreover, for each x €
I¢w) — (X¢_, nT¢(v)), we construct the path (v,x) of origin v in G. Let R’ be the set of elementary paths obtained
from R by cancelling those paths A which have been used to define the path p of origin v in G. Let T be the following set
of elementary paths:

T=RU{p = (v,x..)Ix€X{, NTEWIU{v,x)Ix €TV — (X¢, NTEW))}
It is obvious that the set T partitions the arcs of G, and we have |T| < e(G) < P(G).
Therefore P(G) = e(G).

Remark. If we replace the condition (i) of the Theorem by condition (i), d§(x) = 0, we get a similar result. Moreover
the preceding Theorem allows us the construct from a digraph of order (n - 1) satisfying Q, another digraph of order n
still satisfying Q.

From this theorem, we deduce the following results:
Property 2
Let G = (X, U) be a directed acyclic graph, then:
P(G) = e(G)
Proof.

By recurrence on the number n of vertices, for n = 3,4 the property is true. Assume that it is true for any acyclic
graph with n- 1 vertices and prove it for any acyclic graph having n vertices. In G there exists a vertex v such that
dg(x) = 0. The sub graph G, of G induced by X - v is an acyclic graph with n - 1 vertices, then from our assumption
P(G - v) = e(G - v). Thus from theorem 7 we have P(G) = e(G).

Remark: If TT, is the transitive tournament then the vertices of TT,, can be arrayed as:
X = {X{,Xy, ..., X, } Where: d}’Tn(xi) =n-ifori=1,2,..n.

Property 3
If TT,, is the transitive tournament of order n, then P(TT,) = [n?/4].
TT, is an acyclic tournament then from Property 2 we have:

P(TT,) = e(TT,) =(m- 1)+ (- 3)+--+1=[n2/4].
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This result prove that the upper bound of P(G) is the best possible.
The following algorithm allows finding a path partition in directed acyclic graph G = (X, U).
Algorithm 2. Path Partition (G)

1 Call Topological ordering (G)

2 Determine the set S of sinks of graph G
3i=n-—|S|

4 Initialize T = {Xn,Xn—1.Xn—|5|+1}
5Whilei > 1

6P=¢

7 While x € T (x;)
8IfA=(x,..,t) € Tthen
9u=(x,% .., t)

10T =(T- A})u{w

11 Else P =P U {(x;,%)}

12 End if

13T=TuUP

H4i=i-1

15 end while

Theorem 8.
The path partition in directed acyclic graph can be computed in 0(n?) time.
Proof.

We not by C; the cost of the statement i for 1 < i < 15. The statement 1 can be executed in T(1) = C;(n + |U]) time
but the maximal value of |U| is around n?(JU| = n?). Then T(1) < C;n2. The algorithm 2 is based on 2 nested While
Loops. In the worst case the internal While Loops has a running time of n(Cg + Cq + -+ + C;3). Since the running time
of algorithm 2 is the sum of the running time of each statement executed; from the external While Loop of algorithm 2,
the worst running time T(n) can be expressed as:

T(n) <Cn? +-++C;, + n(n(Cg+ Cq + -+ Cy3) ) + -
T(n) < C;n? + Kn? < Cn?
Thus T(n) = 0(n?)
Application 2

Consider the following acyclic graph G = (X, U)
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x1

%3

x5
=4

Figure 2. Acyclic Graph G = (X,U)
The topological ordering of graph G is {x, X, X3, X4, X5}

Let Ty = {(X5,X3,X4), (X3,X5), (X2,X4), (X2, %X5)} be a set of arc-disjoint paths partitioning G; = G - x;. From T; we
have:

T = {(X1'X2'X3'X4)v (Xl,X3,X5)(X2,X4), (XZJXS)}-
2.3. Computer Representation

The particular implementation for the graph G, can have a profound effect on the complexity of algorithm. In the
following we give the most useful representation, for more details we refer to: [3], [14], [18].

2.3.1. Vertex Query Representation
The first representation use the Adjacency matrix A(G) = A(n, n) of graph G is define as follows:
A(i,j) = 1ifand only if (i,j) € U and 0 otherwise.
The adjacency matrix requires 0(n?) storage locations while retaining O(1) time access to its elements.

We note that the form of adjacency matrix A(G), depends on the order in which the vertices of G can be arrayed. Then
we have the following result:

Theorem 9.
Two graphs G and G’ are isomorphic if and only if A(G) = A(GQ).

Proof.

If G and G’ are isomorphic then (x;,x;) € U if and only if (f(xi),f(xj)) = (v1,y;) € U if and only if A(i,j) = 1 and
A(,j) = 1. Then A(G) = A(G)

If A(G) = A(G), itis obvious that G and G’ are isomorphic.

We deduce then that the order in which the adjacency matrix is written does not have any influence on the result of
computation.

2.3.2. Adjacency list representations

The adjacency list of graph G = (X, U) consists of an array Adj of [X] lists, one of each vertex x € X. Adj (x) contains
all the vertices y € X such that: (x,y) € U. We note that in Adj (x) the vertices are stored in any arbitrary order and are
usually a more compact representation that the adjacency matrix. The sum of the length of the entire adjacency list is
|U|. The adjacency list representation requires O(n + |U|) storage locations.
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The simplicity of a adjacency matrix may make it preferable when graphs are reasonable small.

If G has a particular representation, it may well be exploited to give a suitable representation in computer storage
([18]). For example if the graph G = (X, U) is acyclic, from the above theorem the nodes of G can be arrayed in such a
way that all arc run strictly from left to right; we obtain then the topological ordering of graph G.

Conclusion

There exists theoretical and practical reasons for studying special classes of directed graph, and it can be very
interesting and worthwhile to explore a graph — algorithm problem for special types of graphs. This leads to study the
very important class, we mean the networks, related to important problems in several field such as: Science, Economic,
Management, Wireless network etc..... Many real problems can be modeled as path partition problems in directed graph
especially in the case of network. The problem of constructing of arc-disjoint paths is a hard problem and has been
studied by several authors.

In this paper, we give some properties concerning the number P(G) of arc-disjoint paths partitioning the arcs of a
given graph G, also certain properties characterizing the directed acyclic graph, that allow to give a structural
representation of such class of graph. The result obtained facilitates the implementation of the given algorithms, so the
problem of finding minimum arc-disjoint paths is of obvious interest in many network problems.

For future, research, we plan to study the most important areas related to the problem of arc-disjoint paths such as:
schedule problems, network etc... especially the wireless sensor hetwork.

In sensor network, to manage how a sensor node uses its power, we need a power management plan that allows the
sensor nodes to work together in a power efficiency way, to transfer data in wireless network. In other words the goal is
to extend the life time of the network by reducing the every use in the routing phase while maintaining a similar level of
resilience to node failures. To achieve this objective, we need a routing protocol for energy efficiency in real-time
communication over sensor network, avoiding then each sensor to work on its own.

The result obtained from these algorithms can be used to provide a reliable transmission of the entire data sent from
the source to the sink over the available disjoint paths, which will be split into sub-packets corresponding to the number
of available paths to ensure efficient energy consumption. Actually we work in the implementation of a new method to
resolve such kind of problems.

We propose the following conjecture:

2
For any strongly connected graph G of order n, P(G) # [DT]
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1. Introduction

A Weingarten (or W-) surface is a surface on which there exists a relationship between the principal curvatures. Let f
and g be smooth functions on a surface M in Minkowski 3-space. The Jacobi function ®(f, g) formed with f, g is

defined by ®(f, g) = det (g‘ 5”) where f,, = Z—i and f, = Z—i. In particular, a surface satisfying the Jacobi condition
u v

®(K, H) = 0 with respect to the Gaussian curvature K and the mean curvature H is called a Weingarten surface or W-
surface. All developable surfaces (K = 0) and minimal surfaces (H = 0) are Weingarten surfaces. Some geometers
have studied Weingarten surfaces and obtained many interesting results in both Euclidean and Minkowskian spaces
[1,2,3,4,5,6,7,11,12,13,19,20].

A surface M™ whose points are at a constant distance along the normal from another surface M is said to be parallel to
M. So, there are infinite number of surfaces because we choose the constant distance along the normal, arbitrarily. From
the definition, it follows that a parallel surface can be regarded as the locus of point which are on the normals to M at a
non-zero constant distance r from M.

In this paper, we study on parallel surfaces of spacelike surfaces which become both ruled and Weingarten surfaces.
We show that parallel surface of a ruled Weingarten surface is again a Weingarten surface in Minkowski 3-space. Also,
some properties of that kind parallel surfaces are given in Minkowski 3-space.

2. Preliminaries
Let E3 be the three-dimensional Minkowski space, that is, the three-dimensional real vector space R3 with the metric
(dx,dx) = dx? + dx3 — dx?

where (x;,x,,x3) denotes the canonical coordinates in R3. An arbitrary vector x of E3 is said to be spacelike if
(x,x) >0o0rx = 0, timelike if (x,x) <0 and lightlike or null if {x,x) =0 and x # 0. A timelike or light-like
vector in E3 is said to be causal. For x € E3 the norm is defined by ||x|| = /{(x,x), then the vector x is called a
spacelike unit vector if (x,x) = 1 and a timelike unit vector if {x,x) = —1. Similarly, a regular curve in E3 can locally
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be spacelike, timelike or null (lightlike), if all of its velocity vectors are spacelike, timelike or null (lightlike),
respectively [15]. For any two vectors x = (x;, x,,x3) and v = (vq,¥,,¥5) of E3, the inner product is the real number
(x,y) = x,v; + x,¥, — x3y5 and the vector product is defined by x xy = ((x2y3 — X3Y3), 3y — x13), — (1Y, —

xz)’1)) [14].

A surface in the Minkowski 3-space E3 is called a spacelike surface if the induced metric on the surface is a positive
definite Riemannian metric. This is equivalent to saying that the normal vector on the spacelike surface is a timelike
vector [16].

A (differentiable) one-parameter family of (straight) lines {a(w), X(u)} is a correspondence that assigns each u € I to
a point a(u) € E3 and a vector X (u) € E3, X(u) # 0, so that both a(u) and X (u) depend differentiable on u. For each
u € I, the line L,, which passes through a(u) and parallel to X () is called the line of the family at w.

Given a one-parameter family of lines {a(u), X (u)}, the parametrized surface
oW, v) =a()+vX(w), u€el, veR (2.1)

is called the ruled surface generated by the family {a(u), X(w)}. The lines L,, are called the rulings and the curve a(u)
is called a directrix of the surface ¢. The normal vector of surface is denoted by N [16].

Theorem 2.1. Using standard parameters, a ruled surface in Minkowski 3-space is up to Lorentzian motions, uniquely
determined by the following quantities:

Q=(a . XAX)]=X,X"ANX)F ={(a’,X) (2.2)

each of which is a function of u. Conversely, every choice of these three quantities uniquely determines a ruled surface
[13].

Theorem 2.2. The Gauss and mean curvatures of spacelike ruled surface ¢ in terms of the parameters Q,/,F, D in E3
are obtained as follows:

2
K=%andﬁ=%[QF—sz—vQ’—v2]], (2.3)

where D = \/—eQ? + v? [4].

Definition 2.3. A surface is called a Weingarten surface or W-surface in E3 if there is a nontrivial relation ®(K, H) = 0
or equivalently if the gradients of K and H are linearly dependent. In terms of the partial derivatives with respect to u
and v, this is the equation

K,H, — K, H, = 0, (2.4)
where K and H are Gaussian and mean curvatures of surface, respectively [4].

Theorem 2.4. The ruled surface ¢ is a Weingarten surface if and only if the invariants Q,/ and F are constant in E3

[4].

Theorem 2.5. Parameter curves are lines of curvature ifand only if F = f = 0in E3 [14].

Lemma 2.6. A point p on a surface M in E3 is an umbilical point if and only if

-8 @5)
7 .

[10].

Definition 2.7. Let M and M™ be two surfaces in Minkowski 3-space. The function
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fiM— M
p— f(p) =p+rN,

is called the parallelization function between M and M™ and furthermore M" is called parallel surface to M in E3 where
r is a given positive real number and N is the unit normal vector field on M [8].

The representation of points on M™ can be obtained by using the representations of points on M in Minkowski 3-
space. Let ¢ be the position vector of a point P on M and ¢” be the position vector of a point f(P) on the parallel
surface M". Then f(P) is at a constant distance r from P along the normal to the surface M. Therefore the
parametrization for M™ is given by

@"(u,v) = o(u,v) +rN(u,v) (2.6)
where r is a constant scalar and N is the unit normal vector field on M [17].

Theorem 2.8. Let M be a surface and M" be a parallel surface of M in Minkowski 3-space. Let f:M — M"™ be the
parallelization function. Then for X € X (M),

1. £(X)=X+7rSX)
2. ST(£X))=5X)

3. f preserves principal directions of curvature, that is

k
ST(L(0) = T D

where S” is the shape operator on M™ and k is a principal curvature of M at p in direction X [8].

Theorem 2.9. Let M be a surface and M™ be a parallel surface of M in Minkowski 3-space. Let f:M — M" be the
parallelization function. Then f preserves becoming umbilical point on the surface M™ in Minkowski 3-space [18].

Theorem 2.10. Let M be a spacelike surface and M™ be a parallel surface of M in E3 Then we have

H+rK

KN=— agndH T =—— 2.7
1—2rH —r2K " 1-2rH — 12K @0
where Gaussian and mean curvatures of M and M™ be denoted by K, H and K™, H” respectively [17].
Corollary 2.11. Let M be a spacelike surface and M" be a parallel surface of M in E3. Then we have
K" H" +rK"
K = dH = 2.8
1—2rH —rzgr " 1— 2rH™ — r2K7 28)

where Gaussian and mean curvatures of M and M” be denoted by K, H and K", H” respectively [17].

Theorem 2.12. . Let M be a spacelike surface and M™ be a parallel surface of M in E3. Parallel surface of a spacelike
developable ruled surface is again a spacelike ruled surface [17].

Theorem 2.13. Let ¢(u, v) be a spacelike surface in E3 with F = f = 0. Then the parallel surface
¢"(wv) = o, v) +rN(u,v)
is a developable ruled surface while one of the parameters of parallel surface is constant and the other is variable [17].

Corollary 2.14. Let M be a spacelike ruled surface and M" be a spacelike parallel surface of M in E3. The Gaussian and
mean curvatures, respectively, K™ and H™ are as follows:
QZ

K" = _ (2.9)
D* —rQFD +rQ?/D + rvQ'D + rv?J]D — r2Q?
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= QFD — Q?JD —vQ'D — v?JD + 2rQ? (2.10)
"~ 2D* = 2rQFD + 2rQ2%JD + 2rvQ'D + 2rv2JD — 2r2Q2 '

in terms of the parameters Q, J, F, D [17].
3. Parallel surfaces of spacelike ruled Weingarten surfaces in E3
Let M™ be a parallel surface to a surface M in Minkowski 3-space. If there is a nontrivial relation as
®(K",H") =0 (3.1)

between the Gaussian curvature K™ and the mean curvature H™ of the parallel surface M", the parallel surface M™ is said
to be Weingarten surface as in analog to the original surface. In other words, if jacobi determinant as a relation between
the Gaussian curvature K™ and the mean curvature H” of the parallel surface M™ vanishes, the following condition for
parallel Weingarten surfaces

KT K

®(K™, H") = det (Hl; HT) = KIHL — KJHT = 0 3.2)
u v

is obtained.

Theorem 3.1. Let M be a developable spacelike ruled surface in E3, then parallel surface M" of M is a spacelike
parallel ruled Weingarten surface.

Proof. From Theorem 2.11, Parallel surface of developable spacelike ruled surface M is again a developable spacelike
ruled surface. Therefore, Gaussian curvature of parallel surface K™ vanishes since K = 0 for M. It means that the
surface is a Weingarten surface.

Theorem 3.2. Let ¢(u, v) be a spacelike surface in E3 with F = f = 0. Then the parallel surface
" (u,v) = e, v) +rNu,v)
is a ruled Weingarten surface while one of the parameters of parallel surface is constant and the other is variable.

Proof. The surface ¢" (u, v) is a developable spacelike ruled surface from Theorem 2.12, hence K™ vanishes by putting
K = 0in Theorem 2.10. Consequently, the surface is also Weingarten surface.

Theorem 3.3. Let " be a parallel surface of a spacelike ruled surface ¢ in Minkowski 3-space. If ¢ is a Weingarten
surface if and only if ¢ is a Weingarten surface.

Proof. (=): If ¢ is a spacelike ruled surface in E3, then we have to show the equation (3.2) by using the equation
(2.4). First, using the expressions of (2.7) in (3.2), we have

KTHT KTHT—< K )( H+71K ) ( K )( H+71K )
wivo WP T \1—-2rH —1r2K),\1 — 2rH — r2K/), \1—2rH —r2K/),\1 —2rH — 2K/,

= ®{[K, — 2rK,H + 2rKH,].[H, + rK, — 7?K,H + v*KH,]
— K, — 2rK,H + 2rKH,].[H, + rK, — r*K,H + r*KH, ]} (3.3)

1

where ® = ————.
(1-2rH-r2K)*

If we make computations in (3.3), we get

KIHY — KIH], = ®{K,H, + rK, K, — r*’K,K,H + r*KK, H, — 2rHK,H,, — 2r*K, K, H +
2r3KuURVH2— 2r3KHR U v+ 2r KA U v+ 21 2K v u— 2r3KHA vH U+ 2r3SA2H il v+ 2rAKvHu+r2
HRUR V12K vH 1~ KvHu—2r3K 2Hu v+ 2r2HKul v—2r3H2KuR v+ 2r3KHK vHu— 2rA Hudv—r
AR U v+ 2r 3K U v—rKukv.

(3.4)
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After making arrangements in (3.4), the equation becomes as

1
KJH:; - KJHE = (1 —orH — T'ZK)4 {[Kqu - KvHu] - Zr[Kqu - KvHu] - rzK[Kqu - KvHu]}- (35)

Later, using (2.4) in (3.5),
KIHT —KJH, =0 (3.6)
is found. Parallel surface ¢" is a Weingarten surface since (3.6).

(<): Conversely, let @™ be a Weingarten surface which is parallel to a spacelike ruled surface, then it satisfies (3.2).
Hence, the equation (2.4) has to be shown. First, using the expressions of (2.8) in (2.4), we have

K, H, — K,H, = ( K" )u( HT+rK" )v _ ( K" )v( H"+rK" )u = W{[K] +

142rH"-1r2K" 14+2rH"-r2K" 142rH"-r2K" 1+2rH"—r2K"
2rRurflr—"2rKrHur Hvr—rAvr—r2KvrHr+r2KrHvr— Kvr+2rKvrdr—2rArHvr.Aur—rKAur—r2 3.7)
Kurflr+r2krHur

1

where ¥ = oy

If we make computations in (3.6), we get

K H, — K,H, = Y{K'H} — KK} — r?H"KIK} + v K"KJH}, + 2rH"KJH}, — 2r’H" K} K} —

21301 2KurKvr+2r3KrHrKurflvr—2rkrHurfvr+2r2KrKvrAur+2r3KrArAvriHur— 2r38r2H
UrHvr—KvrHur+rKurKvr+r2HrKurkvr—r2KrKvrHur-2rHrKvrHur+2r2HrKurHvr+2r3Hr  (3.8)
2R urKvr—2r3KrArKvrHur+42rKrHurlVr—2r2KrKurHvr—2r3KrArAurHvr+2r3Kr2HurHvr.

Making arrangements in (3.8), we get the following equation:

Kqu — KvHu = m{(lﬂ:l‘[{; - KJHE) + T'ZKT(KJH:; - KJH:;) + ZrHT(KJH:; - KJHE) +

2r2Kr(Kurtlvr— KvrHur).

(3.9)

By using (3.2) in (3.9)
K,H, — K,H, =0 (3.10)
is found. Since (3.6), spacelike ruled surface ¢ is a Weingarten surface.

Corollary 3.4. The surface ¢ which is parallel to spacelike ruled surface ¢ is aWeingarten surface if and only if the
invariants @, J, F which determine spacelike ruled surface ¢ are constant.

Proof. (=): Let parallel surface ¢ be a Weingarten surface. Then from Theorem 3.3, spacelike ruled surface ¢ is also
a Weingarten surface. Hence, the invariants Q, J, F are constants from Theorem 2.4.

(&): Let the invariants Q,], F be constants, then spacelike ruled surface ¢ is a Weingarten surface from Theorem
2.4. The parallel surface ¢" is also a Weingrten surface from Theorem 3.3.

Corollary 3.5. Let the surfaces ¢ and @™ be, respectively, spacelike ruled Weingarten surface and its parallel surface in
[E3. Then, there is the relation

HT = (r + g) KT (3.11)

among Gauss K" and mean H" curvatures of spacelike parallel Weingarten surface ¢™ and Gauss K and mean H
curvatures of spacelike ruled Weingarten surface ¢.

Proof. We will use the values of the curvatures K™ and H™ given in (2.9) and (2.10). Let

A =D*—7rQFD +1Q*D +rvQ'D + rv?/D — r?Q=. (3.12)
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By using (3.12) in (2.9), we get

QZ
== 3.13

A=n (3.13)

or
— 02 — N — 1,2 2
4 QFD — Q%D —vQ'D — v*JD + 2rQ (3.14)
2H™

is found. From (3.13) and (3.14),

H™Q* = [(QF — Q*] — vQ — v*])D + 2rQ*]K? (3.15)
is obtained. By using the expressions of Theorem 2.2 in (3.15), we have

2D*H + 2rQ?
yr o 2DTH+2rQ7 (3.16)

202

By using the expressions of Theorem 2.2 in (3.16), we get

H" = <T+E)K7.
K

Lemma 3.6. Let ¢ be a non-developable spacelike ruled surface and ¢" be parallel surface of ¢ in E3. Then there is no
umbilical point on spacelike parallel Weingarten surface ¢.

Proof. Let spacelike ruled Weingarten surface ¢ be given as the following parameterization:
owv)=a) +vX(w), (a,ah=1,X,X)=1,(X,X)=¢ (3.17)

where ¢ = +1 in E3 . From Theorem 2.4, the invariants Q,/,F have to be constant for ruled surface to become
Weingarten surface. If there is a umbilical point on spacelike ruled Weingarten surface, from Lemma 2.6, it has to be

G (3.18)
g '

Coefficients of first fundamental I for the surface ¢ are as follows:

E=(puo,)=1+ ev?,F = (P, @) = (a,'X,)'G =(@p pp) = 1. (3.19)

Thereby normal vector of the surface ¢ is N = a' A X + vX'A X. Coefficients of second fundamental II for the
surface ¢ are obtained as

e ={(puuN)=(a",a AX)+v{a X ANX)+v(X" a AX)+ 13X X AX)

F = Pus ) =, X AX) (820
and
9 =Py, N) =0 (3.21)
By using (3.19), (3.20) and (3.21) in (2.5), we have
Fg—Gf = —(X,XXa,X AX). (3.22)

The equation (3.22) means that there is no umbilical point on a non-developable spacelike ruled surface ¢. Hence
there is also no umbilical point on parallel surface @™ of ¢ from Theorem 2.9.

Example 3.7. Let’s take helicoidal surface given as the following parameterization:
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@, v) = (vsinhu,vcoshu,u). (3.23)

This surface is a spacelike surface for the interval —1 < v < 1. If we compute the values of Q,J and F in Theorem
2.2 for that surface, then

Q=-1,J=0and F =0 (3.24)

are obtained. The invariants Q,/ and F in (3.23) are constant therefore, from Corollary 3.5, parallel surface ¢ is a
Weingarten surface. The parametric equation of ¢” which is parallel to spacelike ruled Weingarten surface ¢ given in
(3.23) is obtained as follows

" (u,v) ( inh +rcoshu h +rsinhu N vr ) (3.25)
u,v) = (vsinhu + ——,vcoshu U . .
¢ V1 —v? V1 —v? V1 —v?

The figures 3.1 and 3.2 show, respectively, spacelike ruled Weingarten surface ¢ given in (3.23) and its parallel
together with the original surface. The blue surface in Figure 3.2 show parallel surface, and the red one is for the
original surface.

Figure 3.1 Figure 3.2
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Abstract: The potential energy surfaces interact each other and their curvilinear coordinates have the critical information about
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1. Introduction

A dynamical system determines the present state in terms of past states and is described by equations representing the
evolution of a solution with time, initial conditions and control signals [1]. The Intersections of parabolic orbits play an
important role in analysis, design and synthesis of control laws in dynamical systems. In an elliptical or circular orbit,
the planet is moving slower than the escape velocity. One focus of the ellipse is on or near the primary and the second
focus is on an unoccupied point in space. A planet in this type of orbit will continue to orbit the primary unless another
force alters its path. All planets and moons in solar system follow this type of orbit. In a parabolic orbit, the planet has
reached escape velocity. A planet with this type of orbit will never return to orbit the primary again. Also in a
hyperbolic orbit, which is somewhat more flattened than a parabolic orbit, the planet is moving faster than escape
velocity. A satellite leaving earth’s orbit will follow parabolic or hyperbolic path [2-8].

The interactions points on intersection from a parabola orbit to other will be computed in this study. A parabola is
quadratic function. If the quadratic equations are the solutions of the same differential equation with variable
coefficients, the points of intersection between orbits give knowledge about the interactions and transitions.
Furthermore, these equations have two distinct real roots. Hence, the chaotic behaviour of the transition between the
points of parabolic intersections will be studied by using the methods of Schwarzian Derivative, Lyapunov Exponent
and Bifurcation Diagram [9-16].

2. The parabolas which are the solutions of differential equation with variable coefficients

A quadratic function is f (x) = ax* +bx+c, where X is path-dependent variable and a,b,and ¢ are constants. In this

study, we assume that, a>0, ¢ only changes the vertical position. The quadratic equations which have distinct real
roots, open upward and downward structure are given (1) and (2).

f (x) = ax’ —(a+C)x+c @

f,(x) = —ax® +(a—c)x+c 2)
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We assume that (1) and (2) are the solutions of second order differential equation with variable coefficients as given
below,

£+ p(x) f(X)+q(x) =0 3)

We have to verify that if f (x) and f,(x) are the solutions of equation in (3). Further, to determine the coefficients of

p(x) and q(x), we substitute f,(x), f,(x), f, (x)and f, (x) into the differential equations in (3), and eventually
obtain (4) and (5)

f, () +p()f,()+q(x) =0 (4)
and
f,"(x)+ p() f,(X) +q(x) =0 ()

Where f(x)and f, (x) are the second order derivatives of the f (x) and f,(x) respectively. f (x)=2a, f(x),
quadratic function opens upward and f, (x) =-2a, f,(x), quadratic function opens downward (a>0). Variable
coefficients p(x) and q(x) are obtained from (4) and (5),

P = >, (6)
X" =X

) = -2, @)
X

c=1. (8)

If we substitute p(x), q(x) and c in to the differential equation with variable coefficients as given (3), the differantial
equation is therefore,

d*f(0 2
dx? x? =X

f(9-2 ©)

The solutions of the differential equation in (9) are found as (10) and (11).
f,(x)=ax®* —(a+1)x+1 (10)

f,(x) = —ax* + (a—1)x+1 (11)

The roots of the parabola equation f,(x) are (1, ij , and the roots of the parabola equation f,(x) are (1, —ij , Where
a>0. Asshown in Fig.1, the transition points of parabolas affect each other.

3. Chaotic behaviour on the transition points of parabolas

3.1. Schwarzian derivative

Schwarzian derivative is an important criterion for the chaotic behaviour of discrete dynamic systems [9,10].
Schwarzian Derivative give some useful information about the behaviour on the transition points of parabolas,
particularly at their critical points. Negativeness of Schwarzian Derivative is a sufficient condition for it to be chaotic.
The Schwarzian derivative is given by,
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) 3( Y

where f'(x), f'(x), T (x) denote the first, second and third order derivatives of the f(x) at X, respectively. If
Sf(x) <0, f(x) will have a chaotic behaviour on x and a values. Schwarzian Derivatives (13), (14) of functions,
f,(x) and f,(x) as given (10) and (11) that are solutions of the differantial equation (9) are calculated bu using (12). 2-
dimensional shapes are given in Fig. 2 and Fig. 3.

o6

S0 = (2ax—a—1)° (13)
ot

Sf,(x) = Z_arl) (14)

Schwarzian Derivatives Sf,(x) and Sf,(x) of f,(x),and f,(x) approach to highly chaos, between x=0 and x=1 in
x-axis while a is getting greater.

3.2. Sensitive dependence on initial conditions

Lyapunov exponents of a dynamical system provide a quantitative measure of its sensitivity to initial conditions. The
average rate of convergence or divergence of the system along the axes in phase space gives Lyapunov Spectrum of the
map. We focus on the calculation of Lyapunov exponents in the current context of one-dimensional discrete maps. The
Lyapunov exponent measures the exponential rate at which neighboring orbits are moving apart. It is determined by
averaging the natural logarithm of the derivative evaluated along an orbit. If a dynamical system has sensitive
dependence on initial conditions that is a typical x, is a sensitive point, then it cannot be used to predict for large time,

because there are errors in numerical calculations. Hence this is an important concept for chaos. More precisely, let
f(x) beamapon R, apoint x, has sensitive dependence on initial conditions, if there is a constant d >0, such that

for any &(n) >0, there is an X satisfying | x—x, |[<&(n) and an integer k, such that | f*(x)— f*(x,)|d . Let f*
denotes the k th iterate of f(x) . For simplicity, we call such a point x, a sensitive point. If the initial condition is
unstable, small errors or perturbations in the state would cause the orbit to move away from the fixed point.

We focus on the calculation of Lyapunov exponents in the current context of one-dimensional discrete maps [11-15].
Lyapunov exponents measure the rate of divergence of orbits originating from arbitrarily close initial conditions. That
is, they measure a system’s sensitivity to its initial conditions. A positive Lyapunov exponent indicates that the system
is chaotic. f,(x) and f,(x), which are the solutions of the same non-linear dynamic system by given in (9) with initial

condition x,. Examine a small perturbation of this starting point, defined by x; + &, , where the initial separation o, is
assumed to be very small. Suppose &, is the separation after n iterations of the system. If |5, |~ &, |e™, then A is
called a Lyapunov exponent. Lyapunov exponents can be found, for a trajectory starting at x,, from the limit. The
exponents are described as [15],
1 n-1
A= limE-3In] 1'(x)1] (15
n—o i=0
n is the number of iteration of the dynamical system and X, is the initial condition. Further details can be found in [15].

It is clear from (15) that is depends on the starting point X, . In practice, the value of 4 converges after a few hundreds
iterations:

m%_“fm F/(x)]| (16)
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A <0, the system attracts to a fixed point or stable periodic orbit. These systems are non conservative (dissipative) and
exhibit asymptotic stability. A =0, the system is neutrally stable. Such systems are conservative and in a steady state
mode. They exhibit Lyapunov stability. A4 >0, the system is chaotic and unstable. The exponents of f,(x) and f,(x)

are given by (16),

ﬂi(a)zﬁflnﬂaxi —(a+1)| (17)
(@) z%_Nfln | —2a%, +(a-1)| (18)

Fig. 4 shows the Lyapunov exponent computed for the map with a ranging from 0 to 2. For each value of a, (17) and
(18) is estimated using N =1000, with an initial starting point of x, =0.5. This spectrum is invariant in a basin of
attraction, and so will only vary in different regions of stability. In the current case, the signal is entirely chaotic, and
then undergoes periodic transitions from chaos to stability, as a increases. Fig.4 shows the Lyapunov exponent
computed for the f,(x) and f,(x), for 0<a<2. We notice that A remains negative for a <1.6, and approaches 0O at
the period doubling bifurcation.

A bifurcation diagram gives the value and stability of the steady state and periodic orbits. In bifurcation diagram, for
each value of a is reported the local maximum of values of x . The transition from one regime to another is called a

bifurcation [16]. A point in a bifurcation diagram where stability changes from stable to unstable is called a bifurcation
point. A bifurcation occurs when a small smooth change made to the parameter values (the bifurcation parameters) of a
system causes a sudden qualitative or topological change in its behaviour.A bifurcation is a sudden change in the
number or nature of the fixed and periodic points of the system[17]. Fig.5 shows the stability of the solution as a
function of a, and then its transition to unstable and chaotic behaviour. One way of summarizing the range of
behaviours encountered when a increases is to construct a bifurcation diagram. Such a diagram gives the value and
stability of the steady state and periodic orbits (Fig.5). In this diagram, for each value of a is reported the local
maximum of values of x,. The transition from one regime to another is called a bifurcation. Further system parameter

changes are shown to result in even more extreme changes in behaviour, including higher periodicity, quasiperiodicity
and chaos. Let f (x)= f,(x,a) and f,(x) = f,(x,a), where a is a scalar parameter. The variable X is on the vertical

axis, and the bifurcation parameter a is on the horizontal axis. As shown in Fig.5, transitions start between parabolas
which is given (10) and (11) that are different solutions of one differential equation (9) with variable coefficients, when
X goesto0.5and a is greater than 1.6.

4. Conclusion

In this paper, we present a approach for the characterization of the points on parabolic intersection seams as either
local minimum or saddle points using same second order differential equation. The curvilinear coordinates are
conceptually important, they also give rise to additional practical applications; electromagnetic coupling, vibration,
turbulence, absorption, molecular motions. The parabolic intersections are not isolated points but rather are part of an
extended seam of geometries where the energy of two states varies while preserving their degeneracy. Finally, the
chaotic behaviour of strong interactions of parabolic intersections can be determined by using the methods of
Schwarzian Derivative, Lyapunov Exponent, Bifuracation Diagram and these methods show good results.
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Figure 1: The Interactions Between Surfaces of Parabolic Intersections, f,(x), f,(x), for various a
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Abstract: In the present paper, we consider a special type of nearly quasi-Einstein manifold denoted by N(QE), . Most of the

sections are based on some properties of N(QE), . We give some theorems about these manifolds. In the last section, a special type
nearly quasi-Einstein spacetime is investigated.
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1. Introduction
A non-flat n -dimensional Riemannian or a semi-Riemannian manifold (M, g) (n>2) is said to be an Einstein
manifold if the condition

S<x,Y)=%g<x,Y) (L.1)

holds on M , where S and r denote the Ricci tensor and the scalar curvature of (M, g), respectively.

Einstein manifolds play an important role in Riemannian Geometry, as well as in general theory of relativity. For this
reason, these manifolds have been studied by many authors.

A non-flat n -dimensional Riemannian manifold (M,g) (n>2) is defined to be a quasi-Einstein manifold if its
Ricci tensor S of type (0, 2) is not identically zero and satisfies the following condition

S(X,Y)=ag(X,Y)+bA(X)A(Y) (1.2)
where a,beR and A is anon-zero 1-form such that
g(X,U) =A(X) (1.3)

for all vector fields X on M, [4]. Then A is called the associated 1-form and U is called the generator of the
manifold.

Also M.C. Chaki and R.K. Maity [1] studied the quasi-Einstein manifolds by considering a and b as scalars such
that b=0 and U as a unit vector field.

In 2008, U.C. De and A.K. Gazi [2] introduced the notion of nearly quasi-Einstein manifold. A non-flat n -
dimensional Riemannian manifold (M, g) (n>2) is called a nearly quasi-Einstein manifold if its Ricci tensor S of
type (0,2) is not identically zero and satisfies the following condition
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S(X,Y)=ag(X,Y)+bE(X,Y) (1.9)
where a and b are non-zero scalars and E is a non-zero symmetric tensor of type (0,2).

Then E is called the associated tensor and a and b are called the associated scalars of M . An n -dimensional nearly
quasi-Einstein manifold is denoted by N(QE), . An example of N(QE), has been given in [2].

The nearly quasi-Einstein manifolds have also studied by A.K. Gazi, U.C. De [5], D.G. Prakasha, C.S. Bagewadi [7]
and R.N. Singh, M.K. Pandey, D. Gautam [8].

In [8], R.N. Singh, M.K. Pandey, D. Gautam consider a type of nearly quasi-Einstein manifold whose associated
tensor E of type (0,2) is in the form

E(X,Y) = A(X)B(Y)+B(X)A(Y) (1.5)
where A and B are non-zero 1-forms associated with orthogonal unit vector fields V and U , i.e.,

gu,U)=1 g(,v)=1 and gU,V)=0. (1.6)
These vector fields are defined by

9(X,U)=A(X), 9(X,V)=B(X)
for every vector field X .

In the present paper, we consider a special type of nearly quasi-Einstein manifold, N(QE), , whose associated tensor

E is of the form (1.5) with the condition (1.6). Some theorems about this manifold are proved and some properties are
obtained.

2. A Special Type Nearly Quasi-Einstein Manifold

In this section, we consider a special type of N(QE), whose Ricci tensor satisfies the conditions (1.5) and (1.6), i.e.,
it satisfies the following condition

S(X,Y)=ag(X,Y)+b[A(X)B(Y)+B(X)A(Y)] (2.1)
where A and B are non-zero 1-forms, a and b are non-zero scalars.

Definition 1. A vector field £ in a Riemannian manifold M is called torse-forming if it satisfies the following
condition

V& =pX+p(X)& (2.2)
where X eTM, ¢ isalinear formand p is a function, [10].
In the local transcription, this reads

V& =p S+ & (2.3)
where &" and ¢, are the components of £ and ¢, and & is the Kronecker symbol.

A torse-forming vector field £ is called

i) recurrent, if p=0,
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if) concircular, if the form ¢ is a gradient covector, i.e., there is a function y/(x) such that ¢ =dy(x),
iii) convergent, if it is concircular and p = const.exp(y).
Therefore, recurrent vector fields are characterized by the following equation
V& =¢(X)S. (2.4)
Also, from the Definition 1, for a concircular vector field £, we get
(Vy &)X =pg(X,Y) (2.5)
forall X,Y eTM.

Theorem 2.1. Let V, bea N (QE)n satisfying the condition (2.1) and let U and V be the vector fields corresponding

to the associated 1-forms A and B, respectively. Thus, the vector fields U and V cannot be concircular vector fields.

Proof. We consider a special type N (QE)n satisfying the condition (2.1). Let U and V corresponding to the
associated 1-forms A and B be concircular vector fields, respectively. In local coordinates, thus we have

ViA = pg; (2.6)
and
VB, =0y, (2.7)

where p and o are non-zero scalar functions.
Taking the covariant derivative of the condition g(U,U) =1, it is found that
(V,A)A' =0 (2.8)
where A' =g" A, and h is the arbitrary choice for indexing and the summation runs from 1 to n.
Multiplying (2.6) by A’ and using the equation (2.8), we get
PA =0

which contradicts to the fact that o is a non-zero scalar function and A is a non-zero 1-form. Similarly, it can be
shown that the generator V cannot be a concircular vector field. In this case, N (QE)n satisfying the condition (2.1)

does not admit concircular vector fields U and V corresponding to the associated 1-forms A and B, respectively.
Hence, the proof is completed.

Definition 2. A quadratic conformal Killing tensor is defined as a second order symmetric tensor T satisfying the
condition

(VxTY, Z) +(V,TIZ, X)) +(V,T)(X,Y) = a(X)g(Y, Z)

(2.9)
+a(Y)9(Z, X) +a(Z2)9(X,Y)
where « isa 1-form, [9].

Now, we consider a N (QE)n admitting a generator vector as a torse-forming vector field and the other be not. If we

assume that the generator U is a torse-forming vector field, then we have from (1.6) and (2.3)
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VA =p(g, ~AA) (2.10)
where p is a scalar function.
Taking the covariant derivative of the condition g(U,V) =0 and using the equation (2.10), it can be seen that
A (V,B)=—pB,. (2.11)
By the aid of (2.9), (2.10) and (2.11), we prove the following theorem.

Theorem 2.2. Let V, be a N(QE)n satisfying the condition (2.1) and admitting the Ricci tensor as a quadratic

conformal Killing tensor. If the vector field U generated by the 1-form A is a torse-forming vector field and the other
vector field V generated by the 1-form B is not, then the vector field V is divergence-free.

Proof. Suppose that the Ricci tensor of a N (QE)n satisfying the condition (2.1) is a quadratic conformal Killing tensor.
In this case, in local coordinates, we have from (2.9)

Vi S +ViSy +V,; S = 9 + 9y + ;0 (2.12)
where « isa 1-form.
Taking the covariant derivative of (2.1), we get

v,.S; =ag;+b (AB; +AB)

+b((V, A)B; + A (V,B))+(V,A)B +A (V,B)) (2.13)

where a and b are the associated scalars of this manifold and a, =d,a, b, =d,b .

If the vector field U generated by the 1-form A is a torse-forming vector field, then we have the relation (2.10).
Changing the indices by cyclic in (2.13), using (2.10) and (2.12), it can be obtained that

(a +2bpB, -, )9, + (8 +2bpB; — ;)9 +(a; +2bpB; —a;)g;
+b (AB; + AB)+b (AB, +AB,;)+b;(AB +AB,)

+b(A(V,B))+A (V,B)+A (V,B)+A(V;B)+A(V,B))+A(V,;B)) (214)
—2bp(AAB, +AAB +AAB,)=0.

Multiplying (2.14) by g" and considering (2.11), we get
(n+2)(a, +2bpB, —a,)+2b (A'B, +AB'") 2.15)

—4bpB, +2b(A (V,B,)+ A (V,B')) =0.

Moreover, multiplying (2.15) by A* and B*, respectively, and using the condition (1.6), we obtain the following
equations

(n+2)(a, —, )A +2h B* +2bV, B =0 (2.16)
(n+2)(a, —c, )B* +2nbp+2b, A = 0. 2.17)
On the other hand, multiplying (2.14) by A'A!A* and using (2.11), it is found that

(a, —a )A* =0. (2.18)
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Multiplying (2.14) by B'B! A*, we find
(a —a )A +2b B* =0. (2.19)
Since b is a non-zero scalar function, from (2.16), (2.18) and (2.19), it can be seen that
V,.B* =0.
Thus, the vector field V generated by the 1-form B is divergence-free. This completes the proof.

Definition 3. A non-flat n-dimensional Riemannian manifold (M, g) (n> 2) is called a generalized Ricci-recurrent
manifold if its Ricci tensor S of type (0,2) satisfies the condition

(VxS)Y, Z) = y(X)S(Y, Z) +5(X)g(Y, Z) (2.20)
where y and & are non-zero 1-forms, [3]. If 6 =0, then the manifold reduces to a Ricci-recurrent manifold, [6].

Theorem 2.3. Let N (QE)_ be a generalized Ricci-recurrent manifold. Thus, the vector fields U and V generated by
the 1-forms A and B cannot be torse-forming vector fields.

Proof. We consider that V, isa N (QE)n satisfying the condition (2.1). In this case, in local coordinates, we have the

equation (2.13) by Theorem 2.2. Let the vector field U generated by the 1-form A be a torse-forming vector field and
the other be not. Then the relation (2.10) is satisfied. If we suppose that V, is a generalized Ricci-recurrent manifold, by

the aid of (2.10), (2.13) and (2.20), we obtain

(& — 9 _a7k)gij + (b, by )(A Bj +Aj B;) +blo(9; _AﬁAk)Bj

(2.21)
+A (Y, B,)+ p(g — A A)B + A (V,B)]=0
where y, and 6, denote the components of the 1-forms y and ¢ .
Multiplying (2.21) by g" and using the condition (2.11), it can be seen that
a, =46, +ay,. (2.22)
Moreover, multiplying (2.21) by A'A! and using (1.6), we get
a, -6, —ay, +2bA (V,B)=0. (2.23)

By the aid of (2.11), (2.22) and (2.23), it is found that
bpB, =0

which contradicts to the fact that b and p are non-zero scalar functions and B is a non-zero 1-form. Therefore, the

vector field U of this manifold cannot be a torse-forming vector field. By similar calculations it can be easily obtained
that the vector field V of this manifold also cannot be a torse-forming vector field. Thus, the proof is completed.

3. A Special Type N (QE)_ Spacetime
In this section, we will examine N(QE), spacetime which will be denoted by N(QES), satisfying the condition (2.1).

The Einstein field equations (EFE) without cosmological constant is written as the following form
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T(X, 1) =S(X, )~ g(X.Y) (3.)
where S is the Ricci tensor, r is the scalar curvature, g is the metric tensor, k is a constant and T is the energy-

momentum tensor.

Theorem 3.1. Ina N(QES), satisfying the condition (2.1), the trace of the energy-momentum tensor is constant if and
only if the associated scalar a is constant.

Proof. Let us consider a N(QES), satisfying the condition (2.1). From (3.1) and (2.1), it is obtained that
r
KT(X,Y) = (@=2)g(X,Y) +b(AX)B(Y) + A(Y)B(X)). 32

Moreover, using (2.1), the scalar curvature of a N(QES), is found as

r=4a. (3.3)
From (3.2) and (3.3), we have

KT (X,Y)=-ag(X,Y)+b(A(X)B(Y)+ A(Y)B(X)). (3.4)

Contracting (3.4) over X and Y , we obtain

~ 4

T=-—a 3.5
” (35)

where T denotes the trace of the energy-momentum tensor.

It follows from (3.5) that if the associated scalar a is constant, then the trace of the energy-momentum tensor is
constant. The converse is also true. Hence, the proof is completed.

Theorem 3.2. In a perfect fluid N(QES), spacetime satisfying the condition (2.1) with the constant associated scalar a,
the change of the isotropic pressure is proportional to the change of the energy density.

Proof. In a perfect fluid spacetime, the energy-momentum tensor is in the form
T(X,Y) =(o+ p)AX)A(Y)+ pg(X,Y) (3.6)

where o is the energy density, p is the isotropic pressure and A is a non-zero 1-form such that g(X,V)=A(X) for

all X,V being the velocity vector field of the flow, thatis, g(V,V)=-1. Also, o+ p #0.

Using (3.6) in (3.1) and contracting the resulting equation over X and Y , and considering the condition g (V,V)=-1
and (3.3), it can be seen that

3p—a:—%a (3.7)

where a is the associated scalar of the manifold and k is a constant.

If the associated scalar a of N(QES), is constant, then taking the covariant derivative of the equation (3.7) yields

3V,p=V,o (3.8)
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for all vector fields Z .

Thus, the change of the isotropic pressure is proportional to the change of the energy density. This completes the proof.
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1. Introduction

Fractional differential equations have gained importance and popularity during the past three decades because of its
powerful potential applications. The applications of ordinary fractional differential equations or fractional differential -
algebraic equations (FDAE) used in many fields such as electrical networks, control theory of dynamical systems,
probability and statistics, chemical physics, electrochemistry, optics, polymer physics and signal processing can be
successfully modelled by linear or nonlinear fractional differential equations. Meanwhile, some rich fractional
dynamical motion which reflect the inherent nature of realistic physical systems are observed. In short, fractional
calculus and fractional differential equations have played more and more important role in almost all the scientific fields.
[1,4,58,12,13]

In this paper, the method is applied to solve FDAEs of the form with the initial conditions [11]

DS x, (1) = f, (t'Xi'Xz""vXn:X1',X2',---an'), i=1,23..,n-1 t>0, O0<q <1
g (t %, Xy,er X, ) =0 (1.1)
Xi(o):ai’ i=1,2,3,,,.,ﬂ

2. Basic definitions

There are several definitions of a fractional derivative of order o > 0[6], for example. Riemann-Liouville, Grunwald-
Letnikow, Caputo and the generalized functions approach. The most commonly used definitions are those of Riemann -
Liouville and Caputo. We give some basic definitions and properties of fractional calculus theory used in this paper.

Definition 2.1. A real function f(x),x < 0. is said to be in the space C,, u € R if there exists a real number p > p such
that f (x) = x f;(x), where f; (x) € C[0,0). Clearly, C, c Cg if B < p.

Definition 2.2. A function f(x), x < 0.is said to be in the space C;",m € N U {0} if f(™ € C,.
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Definition 2.3. The Riemann-Liouville fractional integral operator of order a = 0 of a function, f € C,,p = -1, is

defined as [4].

1 b
]f&)=R5£(x—ﬂ @©dt,a > 0,x> 0

JofG) = fx)

The properties of the operator f* can be found in [6, 7]: we mention only the following.

ForfeC,u=-1,aq,f=0andy > —1:
JEFG) = P f(x)
J4EFG) = JF1ef(x)

'a+y+1)

21)

22

(23)

(24)

(25)

The Riemann- Liouville derivative has certain disadvantages when trying to model real-word phenomena using
fractional differential equations. Therefore, we will introduce a modified fractional differential operator D*r proposed

by Caputo’s work on the theory of viscoelasticity [10].

Definition 2.4. The fractional derivative of f(x) in the Caputo sense is defined as
1 X
a — Jm—apm - _ fym—-a-1¢g(m)
DEf(x) = Jm D™ f(x) rm—wLQ D™ M (D,

form—1<a<m meN, x>0, feCl.
Also, we give two basic properties of its in here. [4].

Lemma 21.Ifm—1<mmeNand f € C]',m = —1,then

DEJefCe) = f(x)

m-1 k
JDEFC) = fG =Y RO, x>0,

k=0
3. Our Method
Consider the differential-algebraic equations (DAEs)
F(,x,x)=0
with the initial condition
X(t) =%,
where F and x are vectorfunctions. The solutions of (3.1) can beassumed that

X=X, +et

(2.6)

@27)

(2.8)

3.1)

3.2)

where e is a vector function. Substitute (3.2) into (3.1) and neglect bigger order term. We have the linear equation of

e in the form
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Ae=B (3.3)

where A and B are constant matrices. Solving this (3.3), the coefficients of e in (3.2) can be found. Repeating the
above procedure for bigger terms, we can obtain the arbitrary order power series of the solutions for (3.1) [1,2,3,9].

4. Power series of solution for DAEs

We determine anothertype of power series in the form
f(t)=fy+ fit+ L2+ +(f, + pe, +-+ pyet" @.1)

where p, p,,---, p,, are constants. e ,e,,---,e, are bases of vector e, m is the size of vector e. x is a vector with

m elements in (3.2). Every element can be written by the power series in (4.1).

2
X, =X o+ X b+ X t7+---+et" “.2)

where x; is the ith element of x. Substituting (4.2) into (3.1), we can get the following expression:

fi=(f,+p&++ pi,mem)tnij +O(tn7j+l) (4.3)

where f, is the ithelementof f(t,x,x")in(3.1)and j is 0 if f(t,x x") have x", 1if do not. From (4.3) and (3.3),
we can determine the linear equation in (3.3) as follows:

Ai =R (4.42)

B =-f., (4.4b)

solving this linear equation, we have e (i=1,---,m). Substituting e, into (4.2), we have x (i=1,---,m) polynomials
of degree n. Repeating this procedure from (4.4), we can get the arbitrary order power series of the solution for FDAEs
in (1.1). If we repeat the above procedure, we have numerical solution of FDAEs in (1.1).

5. Numerical Examples

To express the effectiveness of the method, we consider the following fractional differential-algebraic equations. All the
results were calculated by using the Maple software.

Example 5.1. We considerthe following fractional differential-algebraic equation.

D.Ax(t) —ty'(t) + x(t) - L +t)y(t) =0, O<a<l,
y(t)-sint=0 (5.1)

with initial conditions x(0) =1, y(0) =0 and exact solutions x(t) =e™ +tsint , y(t)=sint when a=1.
From initial condition, the solutions of (5.1) can be supposed as

X(t) =x, +et - X(t)=1+et
y(t) =Y +ezt - y(t) = 62t (5- 2)

Substituting (5.2) into (5.1) and neglecting higher order terms, we have
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1+ +0(t)=0
(-1+e)t+0(t*) =0 (5.3)

These formulae correspondto (4.3). The linear equation that corresponds (4.4) can be given in the following:

Ae =B,

SR CVIES

From Eq. (5.4) we have linear equation

o 3l a)

Solving this linear equation, we have

(3

x(t)=1-t
y(t) =t G2)

(5.4)
Where;

and

from (5.5) the solutions of (5.1) canbe supposed as

X(t) =1-t+et?
y(t) =t+e,t? (5.6)

In like manner substituting (5.6) into (5.1) and neglecting higher order terms, we have

(-3+2e)t+0(t*)=0
-2 +0(t*) =0 (6.7)

o 3 eele) )

From Eqg. (5.7) we have linear equation

o 52

By solving this linear equation, we have

{5

Therefore

where
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X(t) =1-t+3/2t°
y(t) =t
Repeating the above procedure, we have

X" (t) =1—t +1.500000000t* —0.1666666667 t* —0.1250000000t* —0.0083333333333t°
+0.009722222222t° —0.00001984126984 1’
-0.0001736111111t* —0.2755731922 10°t°

y"(t) =t —0.1666666667 t* +0.0083333333333t° —0.00001984126984t7 +0.2755731922 107°t°

Table 1. Numerical results of the solution in Example 5.1

a=05 a=0.75 a=1

t X" (1) X" (1) X" (1) Xocact ()

0.0 1.00000000 1.00000000 1.00000000 1.00000000
01 0.76429238 0.84929941 0.91482085 0.91482076
0.2 0.75450959 0.80166956 0.85846473 0.85846462
0.3 0.79031612 0.79789989 0.82947437 0.82947428
04 0.85249500 0.82508727 0.82608746 0.82608739
05 0.93232467 0.87601449 0.84624350 0.84624343
0.6 1.02420517 0.94545816 0.88759718 0.88759712
0.7 1.12379061 1.02907565 0.94753775 0.94753768
0.8 1.22732913 1.12295936 1.02321382 1.02321384
0.9 1.33139163 1.22343656 1.11156381 1.11156388
1.0 1.43275528 1.32697596 1.20935035 1.20935043

Table 1 shows the approximate solutions for Eq. (5.1) obtained for different values of « using our method. The results
are in good agreement with the results of the exact solutions.

Example 5.2: Consider the following fractional differential-algebraic equation.

X(t)+ y(t) =e™" +sint
D.x(t) + x(t) - y(t) = —sint, O<a<l, (5.8)

with initial conditions x(0) =1, y(0) =0 and exact solutions in this case x(t)=e™ , y(t)=sint when a=1.

Repeating the above procedure, we have obtained the numerical results shown in Table 2 by using Maple 15 software.



Table 2. Numerical results of the solution in Example 5.2

a=05 a=0.75 a=1

t X" (1) X (1) X" (1) Xoract (1)

0.0 1.00000000 1.00000000 1.00000000 1.00000000
0.1 0.76089099 0.83739311 0.90483738 0.90483741
0.2 0.69092614 0.74943903 0.81873062 0.81873075
0.3 0.63965013 0.68161285 0.74081815 0.74081822
04 0.59708770 0.62503221 0.67031998 0.67032004
0.5 0.55999258 0.57601215 0.60653064 0.60653065
0.6 0.52688938 0.53262381 0.54881712 0.54881163
0.7 0.49696401 0.49371280 0.49658769 0.49658530
0.8 0.46970221 0.45851976 0.44932904 0.44932896
0.9 0.44474480 0.42650762 0.40656968 0.40656965
1.0 0.42182078 0.39727365 0.36787945 0.36787944

Table 2 shows the approximate solutions for Eq. (5.2) obtained for different values of o using our method. The results
are in good agreement with the results of the exact solutions.

6. Conclusion

In this study, the present method has been extended to solve fractional differential-algebraic equations (FDAES). Two
examples are given to demonstrate to powerfulness of the method. The results obtained by the method are in good -
agreement with the exact solutions. The study shows that the method is a reliable technique to solve fractional
differential-algebraic equations, and offer notable advantages from the points of applicability, computational costs, and
accuracy.
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Abstract: The data of real world applications generally cannot be expressed strictly. An efficient way of handling this situation
is expressing the data as intervals. Thus, this paper focus on the Indefinite Quadratic Interval Transportation Problem (IQITP) in
which all the parameters i.e. cost and risk coefficients of the objective function, supply and demand quantities are expressed as
intervals. A Taylor series approach is presented for the solution of IQITP by means of the expression of intervals with its left and
right limits. Also a numerical example is executed to illustrate the procedure.

Keywords: Quadratic Interval Transportation Problem, Interval coefficients, Taylor Series.

1. Introduction

Transportation Problem (TP) has wide practical applications in logistic systems, manpower planning, personnel
allocation, inventory control, production planning, etc. and aims to find the best way to fulfill the demand of n
demand points using the capacities of m supply points. The parameters of the transportation problem are unit costs
(or profits), supply and demand quantities. The unit cost is the coefficient of the objective function and it could
represent transportation cost, average delivery time of the commodities, number of goods transported unfulfilled
demand, product deterioration, preference coefficient, and many others. The linear functions are the most useful and
widely used in operational research. Also quadratic functions and quadratic problems are the least difficult ones to
handle out of all nonlinear programming problems. A fair number of functional relationships occurring in the real
world are truly quadratic. For example kinetic energy carried by a rocket or an atomic particle is proportional to the
square of its velocity, in statistics, the variance of a given sample of observations is a quadratic function of the values
that constitute the sample. So there are countless other non-linear relationships occurring in nature, capable of being
approximated by quadratic functions.

Indefinite quadratic programming problems and Interval Transportation Problem have been extensively studied for
several decades. A bibliography of Quadratic programming problems can be found in [11]. Using fuzzy triangular
technique, [1] proposed a fuzzy method to solve interval transportation problems. Interval Fractional Transportation
Problem (IFTP) in which all the parameters i.e. cost and preference coefficients of the objective function, supply and
demand quantities are expressed as intervals. A Taylor series approach is presented for IFTP by means of the
expression of intervals with its left and right limits in [2]. Sivri et al. [3] proposed a Taylor series based method to
IFTP whose objective function coefficients are assumed as intervals. Also in [4], a new approach is proposed by the
variable transformation for a linear fractional programming problem with interval coefficients in the objective
function. In [5], a fuzzy multi objective linear fractional programming problem is reduced to a single objective
problem using the Taylor series and an approximate solution is obtained. In [6,9,10,12], the authors studied fixed
charge indefinite quadratic transportation problems and fixed charge bi-criterion quadratic transportation problems.
Guzel and Sivri [8] concerned with the multi objective version of transportation problem, and proposed a solution
procedure based on Taylor series expansion. In [13], using fuzzy technique, a new method is proposed for interval
transportation problems by considering the right bound and midpoint of interval. Also in [14], fuzzy and interval
programming technique is presented to deal with inexact coefficient in multi objective programming problem.

This paper dealt with the IQITP in which all the parameters are expressed as intervals. Expressing the parameters
as interval makes Decision Maker (DM) more comfortable and this enables to consider tolerances for the model
parameters in a more natural and direct way. Therefore, IQITP seems to be more realistic and reliable according to
crisp values. In this paper, we present an iterative procedure based on the Taylor series expansion. Firstly, a feasible
initial point is determined within the Northwest Corner method by means of expressing all the interval parameters as
left and right limits. Then the objective function is linearized by using first order Taylor series expansion about the
feasible initial point. Thus IQITP is transformed a traditional linear programming problem. And then an iterative
procedure is presented in such a way that the optimal solution of lastly constructed linear programming problem is
selected as the point where about the objective will be expanded to its first order Taylor series in the next iteration
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step. The stopping criterion of the proposed procedure is obtaining the same point for the last two iteration steps. A
numerical example supports the proposed procedure.

2. Indefinite Quadratic Interval Transportation Problem

The mathematical formulation of IQITP can be stated as follows:

min2 )-( S5 (et I 3000w e

i=1 j=1 i=1 j=1

n

s.t. Yx =[a"at] i=12..m

=

ixij{b;,bf] i=12...n,
1

. 20 i=12,....m, j=12,...,n.

1]

x; is decision variable which refers to product quantity that transported from supply point i to demand point j. The

closed interval [ ] denotes that the unit transportation cost from i th supply point to j th demand point lies

ij ! IJ

between ciJF and c . The closed interval [d } denotes that the depreciation (risk) by transport from i th supply

Ij’

point to j th demand point lies between dL and dR The closed interval [al Ny} ] represent that i th supply quantity

lies between a" and af. Similarly, the closed interval [bfbﬂ represent that j th demand quantity lies between bjL

and bf

n

m
In the above problem the cost of transporting one unit from i th origin to j th destination is Z [cu  Cj ]xu , but
i=1 j=1

while transporting goods can get damaged so the total cost of damaged good is ZZ[ i+ dj ] . Our aim is to
i=1 j=1
minimize the two cost simultaneously: therefore we consider the product of two cost.
We note that the objective function being the product of two affine function is a quasi concave function will have
its optimal solution at an extreme point.
Correspondingly to the literature, the model in this paper has the following assumptions:

. Zl:aiL =Z;bjL and Zl“af :Zl:biR (Balance condition)
i= j= i= j=

. The parameters a",b;, ¢, di,a",b¥, ¢, dS are all nonnegative.

3. A Taylor Series Approach for IQITP

To apply the Taylor series approach, we need to specify an initial single point from the feasible region of (P1).
First interval supply-demand quantities and interval quadratic objective function coefficients are converted into
deterministic ones by means of the combination of their’s left and right limit in the following way:

[a"a'] = a=5a"+(1-5)a =a +(a -3 )5, (i=12...m). 1)
[by.bf | = by =g b} +(1- s )by =bf +(bf =bf )1, (j=12...,n). )
[ci.cf |= G =6, cf +(1-6; )c; =cj +(cf —¢f )6 (i=12...m)(j=12..,n) (3)

[di.df [=dy =4 df +(1- 2 )df =dj +(df —=dj )4 (i=12...m)(j=12...n) 4)

where &, 1;,6;, 4 e[O,l]. With these equivalent expression of the interval parameters, (P1) is converted to the
following IQITP:

minZ =Z,(x).Z,(X)

i”c.ﬁ 6, (cF —ct) j[Zd —d;)xuj (P2)

s.t. > % =a +(a'-a")s, i=12...m



.[;43

s =bp+(bf -bl )y j=12...n,

XijZO,ﬁ,yj,Qj,ﬂije[O,l]. i=12,...m j=12,...,n

The main purpose here is to specify an initial feasible point, not an optimal one. Thus, the value of the combination
parameters &, 4;,60; and A; (i=12,...,m, j=12,..,n) can be chosen arbitrarily from the interval [0,1]. After
substituting these arbitrary values in (P2), a traditional TP is obtained and then an initial basic feasible solution can

be determined by Northwest Corner Method which ignores the objective function coefficients and compute a basic
feasible solution of TP, where the basic variables are selected from the North — West corner (i.e. top left corner). Let

denote the initial feasible solution as X© = (x(o),e(o),k(o),ﬁ(o) . )

Using the first order Taylor series at the feasible point X@, the objective function of (P2) can be constructed
approximately as follows:

),y Z 0,3 " Z ), 3§ (0)
z~2z(x )*ZZ& (% —x )*ZZ% (0 -4 )+Zzaﬂ1 (2 -4")
i=1 j=1 i |y i=1 j=1 “Yi |[x© i=1 j=1 Y% |
Hence the terms Z(X(O)) Zz ((0)) Zz (@%0)) and ZZM ( (0)> are
=1 j =g X (© © i=1 j=1 “7Mi

constant value, all of these do not change the direction of minimization and can be eliminated. The first partial

derivatives with respect to the variables X;; , 9” , l in the Taylor series expansion are:

oz _dt, 3,
ol y Z, =52, +0;Z,,
X 6x 2 1 2 1

ij Xu

29, ~ 20,

Z Z
62 a 1 Z 8 2 Zl:( ;
1j

R L
2+E Cj —cij)xijzz,
oL oz
oz =1 Z,+ Zz2 Z,
04j 04 04
Thus, an equivalent form of (P2) can be constructed as follows:

minZ ~ 3 3 (6,2, +8,2,)[ o % + 3 D0((cf ~¢5 ) 2. )

i=1 j=1 i=1 j=1

=(d§ —dijL)xij Z,.

o.

x© Y

(P3

m

+Y i((df —dy ) X; Zl)

i-1 j=1

x(0) )

x(© A

U]

s.t. Zn:xij:aiL+(aiR—a1L)5i i=12,...,m,
j=1

ixijzb;+(bf—b;)yj j=12,...,n,

Xuzo 1 51/*111&]121]6[0!1]) i:112|---|m1 j=l|21-..,n

We note here that since the objective function does not depend on the variables &; and ;, The partial derivatives
with respect to these variables are equal to zero and so it is not necessary to add these to the objective function.

The last constraint of equation (PS

<O ) guarantees that total demand is certainly met. Thus, IQITP is converted to

a linear programming problem (P3

x(°)) which can be easily solve with any computer packages. Let denote the

optimal solution of equation (

(0)) as X® . If the objective function of (P2) is expanded to its first Taylor
polynomial at the new point X the problem(P3|X(1)) can be constructed, similarly. Let denote the optimal

solution of (P3|Xm ) by X®  The objective value at the point X®@ s better than the value at X® . Hence the last

obtained point is a closer extreme point to the optimal solution of (P2), this procedure can be continued until the last
point is repeated. So the optimal solution of (P2) is obtained by repeating the given procedure.
The Taylor series approach can be summarized with the following algorithm:
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Step 0: (Initialization) After constructing (P2), obtain a feasible initial point X® with the Northwest Corner Method
for any value of &, €[0,1], i=12,...,m, j=12,...,n.Setk=0.

Step 1: (Generating a new point) With the aim of linearizing the indefinite quadratic objective, use first order Taylor
Series Expansion about the point X®), build and solve the corresponding (P3|X(k,) and obtained its optimal

solution set X®+D

Step 2: (Stopping criterion) If X®) = X®*D then stop. Otherwise, set k =k +1 and go to Step 1.

4. A numerical example

Let us consider the following interval objective functions:

Zl (X) = [1! 2]X11 +[2! 4]X12 +[1l 3]X13 +[31 5]X14 +[0! 2]X21 +[21 5]X22 +[1! 4]X23 +[3l 4]X24
+0, 3]Xy; +[1 2]X5, +[3,5]%s5 +[2, 41X,

Z, (X) =[2,3]x, +[1 2]x, +[3,5]%5 +[L, 3]x,, +[0, 4]%,, +[L,5]%,, +[2,3]X,5 +[3,5]%,,
+[0,5]%;, +[0,1]x,, +[1, 3%y +[2, 41X,

4

4
D%, =[18,24] , Zx =[10,17] , D" x,; =[20,26] ,
j=1 =1

i
3 3 3 3
> % =[10,19] , > x, =[7.12] , D x;=[16,20] , > x, =[15,19]
i=1 i=1 i=1 i=1
x>0 =123 j=1234
After expressing all interval parameters in the form of (1)-(4), corresponding problem (P2) is constructed as
follows:

Z,(x) = (146, ) Xy +(2+26,, ) X, + (1426, ) X3 +(3+26,, ) Xy +(26,1 ) Xy +(2+36, ) Xy + (143055 ) Xpg +(3+ 6, ) X,
+(30y, ) Xay + (1463 ) Xy +(3+ 263 ) Xy +(2+ 260, ) Xy,
ZZ(X):(2+111)X11+(1+/112)X12+(3+2/113)X13+(1+2/114)X14 (4/121) (1+4//L22)X22+(2+1'23)X23+ 3+2/”'Z4)X24
(5231))(31 (XSZ)XSZ +(1+2ﬂ?3)x33 + 2+22’34)X34
(L6, ) X (2426, ) X + (1426 ) X +(3+26 ) X | [(24 A1)y (L A ) X (34205 X +(L4 2, ),
MinZ (X) =| +(20, ) Xy +(2+30, ) Xy + (1436, ) Xog + (340, )Xoy || + (4250 )Xoy + (14820 ) Xy +(2+ A ) Xy +(3+ 22,4 ) Xy
+(36) ) X + (L4 0y ) Xop +(3+ 205 ) Xy +(2+ 26, ) Xay ) \ + (54, )Xoy + (A ) Xy + (14 25 ) X +(2+ 225 ) Xy,

(
(

4 4 4
D ox; =18+668,, > X,; =10+75, , Y %, =20+65,
j=1

i i

3 3 3 3
D % =10+9s , D X, =T+5u, , D X3 =16+4s, , > X, =15+4y,
i=1 i=1 i=1 i=1

X; 20, @,yj,aj,zije[o,l]. i=12, j=123
Assuming the arbitrary value of &;, u; as one for Vi,V j, the following initial feasible solution set X s

determined by Northwest Corner Method:

07 1 0 0000 0000
x?=/0 010 0[,6°={0 0 0 0[,A®={0 0 0 0[,6°=[0 0 0],p®=[0 0 0.
00 515 0000 0000

=85 and so

For the point X© the values of objective is calculated as Z,

x(© :(21 X(© )(Zz

=80, Z,

x(© x(©

z

<O ): 6800 . The corresponding problem (PS

<O ) can be written as follows:
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Z ~((1+6,)Z, +(2+/’111)Zl)|x(0) x, +((2+26,)2, +(1+112)Zl)|x(0, Xy,
+((1+26,3)Z, +(3+24,)Z )|X(0) x13+((3+2914)zz+(1+2114)zl)|xm) X,
+((26,1) Z, +(4201) Z,) | o0 Xo1 +((2+36,, ) Z, +(1+425,) 2, ) |y X0
(

(

+((1+30,5) Z, +(2+ 45) Z,) | o Yo +((3+ 020) Z, +(3+22,,) Z, )| o Xea

+ (3‘931)2 +(5A*51)Z )|x<°) X31+((1+032)Zz +(232)Zl)|x(0) X35 S.t.
+((3+205,) Z, +(142255) Z, )| o X3 +((2+2634) Z, +(2+ 2254 ) Z, )| o0 Yo
+(%1Zs )| o B (22, )| o G + (2552, )| o O + (3% 2, )| o O
+(2%5Z, )| o O +(2%4Z5 )] o Osa + (%01 Z0) |0 s + (%2 Z2) | o0 iz
+(2%32, )|><w> a1 +(XosZ, )|x<0> Az + (255 Zl)|x(g) Ags +(2%y, Zl)|x(o) A

ixu =18+60, , ixzj =10+70, , ixaj =20+ 65,

=1 j=1

i1
3

D %, =10+9y , ixiz =7+5u, , ixis =16+4u, ixm =15+4y,
i=1 i=1 i=1

i=1
X, 20, 8,4,6,4 [0, i=12 =123,
(18466, )+(10+78,)+(20+65, ) > (10+924 )+ (7 +54, )+ (16 + 44, ) +(15+4 1) -

© ) is

The optimal solution set X® of the problem (

0 0 3 15 0 00O 0000
x? =0 0 13 10/, 0 =0 0 0 0, AY=/0 0 0 Of, 6(1):[0 0.4286 0],
137 0 O 0 00O 0000
1)=[0.3333 00 0].
For the point X® the values of objective is calculated as Z,|,, =68, Z,|,, =50 and so

z

< :(Z1 @ )(22 ><(1)):3400. The next optimal solution set X? is the same with the previous solution set

X® e . therefore X® = X® . Thus algorithm ends.The last solution implies following interval values for the two
objective functions:

Z, | =[68,80]
Z, | =[50,85].
5. Conclusion

In this paper, we deal with IQITP whose objective coefficients and supply-demand quantities are given as
intervals. In real life applications, this version of indefinite quadratic transportation problem is more realistic and
reliable according to crisp ones. For the proposed solution procedure, all the interval parameters are handled by
means of combination of left and right limits. And after determining a feasible initial point with the Northwest
Corner method, then the indefinite quadratic objective is linearized by using first order Taylor series expansion about
the feasible initial point. Thus IQITP is transformed a traditional linear programming problem. And then an iterative
procedure is executed in such a way that the optimal solution of lastly constructed linear programming problem is
selected as the point where about the nonlinear objective will be expanded to its first order Taylor series in the next
iteration step. The stopping criterion of the proposed procedure is obtaining the same point for the last two iteration
step. Finally, a numerical example is provided to illustrate the proposed procedure.
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Abstract: In [8], Deveci et.al defined the generalized order-k Jacobsthal orbit Jj(G) of a finitely generated group G = (A), where

A={a,a, -, . tobethe sequence {x} of the elements of G such that

(%) (%.): k=2,

X =a, for 0<i<k-1 x,, =
(Xi)"'(Xi+k—2)2(xi+k—1)’ k=3

fori>0.

The length of the period of the generalized order-k Jacobsthal orbit J}(G) is denoted by LJ5(G) and is called the generalized
order-k Jacobsthal length of G [8].

In this study, we obtain the generalized order-k Jacobsthal lengths of the quarternion group Q,,, the semidirect product Q,, x, Z,,

and the direct product an XLy fOr myn=3.

2000 Mathematics Subject Classification: 11B50, 20F05, 20D60, 15A36
Keywords: Group, Sequence, Length.

1 Introduction and Preliminaries
The well-known Jacobsthal sequence {Jn} is defined by the following recurrence relation:
forn>2

J,=J,,+2]

n-2 (11)

where J, =0and J, =1.
In [13], Koken and Bozkurt showed that the Jacobsthal numbers are also generated by a matrix
12 J.. 23,
F= , F"= :
10 J, 23,

Kalman [11] mentioned that these sequences are special cases of a sequence which is defined recursively as a linear
combination of the preceding k terms:
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A =Ca, 63, ++C a4

where Cy,C,,---,C,_; are real constants. In [11], Kalman derived a number of closed-form formulas for the generalized
sequence by companion matrix method as follows:

01000
00100
00000
ATl st
00001
[Co G €y " Cyp Gy |

Then by an inductive argument he obtained that

a'0 n
A? ai — a'n +1
ak -1 an +k-1

In [15], Yilmaz and Bozkurt defined the K sequences of the generalized order-k Jacobsthal numbers as follows:

for n>0 and 1<i<k
J=3 +23  +.+d (1.2)

with initial conditions

forl-k<n<0,

[t =1,
10 otherwise,

where J! is the nthterm of the ith sequence. If k=2 and i=1 the generalized order-k Jacobsthal sequence is
reduced to the conventional Jacobsthal sequence.

In [15], Yilmaz and Bozkurt showed that

i ‘]riH-l \]Ill

J o

Jri1-1 =C- ‘Jrim-z (1.3)
_Jlil—k+2_ _‘]ri1—k+1_

where C is called the generalized order-k Jacobsthal matrix and C is a k-square matrix as following:

2 1 1]
00
00 (1.4)

00 - 10
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Also, it was obtained that B, =C-B,_, where

\] 1 J 2 .. J k
\] 1 J 2 . \] k
=Y T v (15)
‘]rl1—k+l ‘]r?—k+l e rl:—k+1

Lemma 1.1 (Yilmaz and Bozkurt [15]). Let C and B, be as (1.4) and (1.5), respectively. Then, for all integers n>0

B, =C".

n

Reducing the generalized order-k Jacobsthal sequence (k > 2) by a modulus m, we can get the repeating sequences,

denoted by

{Jr':’m}:{\]l'g:‘,\];;”;,...,\]g:m,\]fm,...,\]ik-m,...}
where J“™ = J¥ (mod m). It has the same recurrence relation as in (1.2) [8].

Theorem 1.1 (Deveci et al [8]). The sequence {J*"} (k > 2) is periodic.

The notation hJ*“™ denotes the smallest period of {J™} (k >2) [8].

Theorem 1.2 (Deveci et.al [8]). If p isa prime such that p =2, then hJ*" =‘<C>pa

The usual notation G, x, G, is used for the semidirect product of the group G;by G,, where ¢:G, —>Aut(G1) is a

homomorphism such that bp = ¢, and ¢, : G, — G, is an element of Aut(G,).

The quaternion group Q,, , (n>3) are defined by presentation

on !

2 2"

Q, :<x,y:x2"’1 =6y’ =x"", y‘lxyzx‘1>.
Let m,n >3 be integers. By the definitions of the direct and semidirect products, we get the following presentations:

2 2"

Q, X7y, :<x,y,z:x2"’1 =e, y?=x"", yixyx=2z"" =[x,z]:[y,z]=e>,

n- 2
Q% Ly = <x, y,2:x% =,y =x"", y'xyx=2""=e, 2 'xzx =€, 27'yzy = e>

where if 7, =(z),then ¢:Z, —>Aut(Q2n) is @ homomorphism such that zp = ¢,; ¢, :Q,, — Q,, is defined by
Xp, =x and yp, =y~
For more information see [9,10].

A sequence of group elements is periodic if, after a certain point, it consists only of repetitions of a fixed subsequence.
The number of elements in the repeating subsequence is called the period of the sequence. For example, the sequence
a,b,c,d,eb,c,d,eb,c,d,e,--- is periodic after the initial element a and has period 4. A sequence of group elements
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is simply periodic with period k if the first k elements in the sequence form a repeating subsequence. For example, the
sequence a,b,c,d,e, f,a,b,c,d,¢, f,a,b,c,d,e, f,--- issimply periodic with period 6.

Many references may be given for some special linear recurrence sequences in groups and related issues; see for
example, [1-7,9,12,14,16]. Deveci et.al [8] expanded the theory to the Jacobsthal sequence. In this study, we obtain the
generalized order-k Jacobsthal lengths of the quarternion group Q,, , the semidirect product Q,, x, Z,,, and the direct

product Q,, xZ,, (m, n>3) for initial (seeds) sets y, x and y, X, z.
2 Main Results and Proofs

Definition 2.1. Let hJ(kglrfaz,,_.ak) denote the smallest period of the integer-valued recurrence relation

u,=u,,+2u _,+---+U_,, U =8a,U, =a,,---,U, =a, when each entry is reduced modulo m.

n

Theorem 2.1. Let @, @,, "+, 8,,%,%,,"*, X, €Z and let p be a prime with p=2, ged(a,,a,, -, ., p)=1 and
ged (%, X,, -+, X, p)=1. Then we have

k.p — k.p
hJ(a1vav“‘ak) =hJ

(4% %)

un+r un
k,p . un+r—1 r un+r—l
Proof. Let hJ® :‘(C)p‘:r. From (1.3), we can write i =C"-| ™™ |. So, we get
un+r—k+l un—k+1
un+r un
u.,. u.,_ ) .
M= ™ Imod p, in the natural way. Thus the proof is completes.
un+r—k+1 un—k+1

2 _ 2,2"t
Theorem 2.2. LJ(y,x) (an )_ hJ .

- :
Proof. The orbit 32, (Q,. ) is

n—2
Y, X, x2 *l,...'

It is clear from Theorem 2.1 that this sequence has period hJ 227

Theorem 2.3. LJ (Q 2 %y L, ) ~lem (22 =7,h3%").

y.x,2)

Proof. The orbit 3%, . (Q,. %, Z,, ) is

y.x,2)

-1,,-1,6 "2_1_13
z

Y, X, Z, yX’z, yxz®, xty*2®, X2 2120

’yxzzzs, XZGO, X272

n-2 n-1
yX2 2277 , yXZ595 , X73 yfl 21278 , X72 +122745 , yz5896 , X2 -3 212664 Joes

Using the above information, the orbit 37, (Q,. x, Z,, ) becomes:

X =Y, X, =X X, =2,
22412745 5896 2"1_3_12664 27201

X5 =X 77, Xy =YL X =X z 1 X5 =2 e

224108, 2" 144l 5 05

23 _ _ %
Xgiog =X z y Xigi =27, Xy = X A T L
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So we need an i such that X, =Y, Xy, =X, X, = Z - if we choose i =2""2, then we obtain

X — ZJ:"’Z-LZ X — XZ‘];”’2 oy — ZJ:"’ZJ
on-2.7 T y' on-2.7.9 1 Mon-2 7.0 T 1 1
3 3 H 3 H H H 3
where o5, and 55, | areevenintegersand ., . isanodd integer. So, the orbit J¢ , (Q " %, Zm) can be

said to form layers of length 2" -7 . It is easy to see that the orbit has period Icm(2”’2 —7,h33%" )

Theorem 2.4. LJ(sy‘x‘Z) (an XLy ) - Icm(?, hg32m )

- :
Proof. The orbit 33, , (Q,. x7Z,, ) is

n-2 n-1
y, X, Z, yXZZ, yXZS, yXZ +1ZG, X2 213, yZZS, XZGO, 2129,

n-2 n-1
yXZ Z277 , yX2595 : yXZ +121278 , XZ Z2745 : y25896 , X212664 e

Using the above information, the orbit ny’x’z) (Q \ Xsz) becomes:

— vz oy = 2% — 2%
X, =Yz x = x2, x, =2 e
X, =yz%, X, =yz¥ %, =2%
Xl _ yZJf’g X1 — XZJ134 Xl — 23135
4 — 1 5 — 1 5 ’

X, . = Z‘]%i—l X — XZJ;" X — Z‘J?Hl
Ti y: » ATil T Ys Ti+2 T '

The sequence can be said to form layers of length 42. So we need an i such that x,, =Y, X,
to see that the orbit 3, (Q,. xZ,, ) has period lem (7, ha**").

Y.x,2)

i1 =X %o, =2 . Itis easy
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1 Introduction

The paper is concerned with generalizing some results in ring theory and module theory. In this paper we will discuss about
an extension of the notion of an essential subsemimodules of semimodules. The semiring and semimodule are important
structures that have achieved an importance in recent development of theory as their usefulness to many disciplines has
been discovered and exploited. Subsemimodules in semimodules are different from submodules in modules in that there are
several kinds of submodules. In this paper we study some useful results on essential subsemimodules and singular
semimodule of semiring. There are many different definitions of a semiring appearing in the literature. For definitions and
properties of semirings, ideals, the reader is referred to [2].

Definition 1.1: A semiring is a set R together with two binary operations called addition (+) and multiplication () such
that (R, +) is a commutative monoid with identity element 0,; (R, -) is a monoid with identity element 1; multiplication
distributes over addition from either side and 0 is multiplicative absorbing, thatis,a-0 = 0-a = 0foreacha € R [2].

Definition 1.2: A semiring R is said to have a unity if there exists 1; € Rsuchthat1 - a = a - 1 = aforeacha € R

[2].
Definition 1.3: An ideal I of a semiring R will be called subtractive (k-ideal) iffora € I,a + b€ l,b e Rimplyb €] [2].

For e.g.: The set Nof non-negative integers with the usual operations of addition and multiplication of integers is a semiring
with 1y.

Definition 1.4: Let R be a semiring. A left R-semimodule is a commutative monoid (M, +) with additive identity 0,, for
which we have a function R x M — M defined by (r,m) < r-mand called scalar multiplication which satisfies the
following conditions for all ~ and r’ of R and all elements m and m' of M,

1. @-Ym=1rG"m

*Corresponding author.
E- mail address: kfpawar@nmu.ac.in
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2 rm+m)=rm+r-m
3 r+r)y m=r-m+1r-m
4,  1p-m = m (If exists)
5

T'OM = OM = OR m.
Convention: In this paper all semirings considered will be assumed to be commutative semirings with unity [2].
1 Essential Ideal

Definition 2.1: An ideal I of a semiring R is said to be an essential ideal of R if I N K # 0 for every nonzero ideal Kof R

[1].

Notation: We shall denote an essential ideal I of a semiring R by I <- R.

Proposition 2.2: 1f 0 = K < I <+ R and K is the ideal of R generated by K, then K is essential ideal of R [3].

Proof: Let L be any nonzero ideal of R. Since [ is essential ideal in R, we have I n L # 0. Since K is essential ideal in I, we
musthave 0 # KN (INL) S KNL S KnL. Thus K is essential ideal in R.

2 Essential Subsemimodules

Definition 3.1: Let M be an R-semimodule and N a non-zero subsemimodule of M. We say that N is an essential
subsemimodule of M, if N n K # (0) for every nonzero subsemimodule K of M.

Notation We shall denote an essential subsemimodule N of an R-semimodule M by N c, M.

Clearly, that is equivalent to say N n Rx # (0) for any nonzero element x € M. So in particular, a nonzero left ideal I of R
is an essential left ideal of R if I n J # (0) for any nonzero left ideal J of R, which is equivalent to the condition I N Rx #
(0) for any nonzero element r € R.

Proposition 3.2: Let M be a left R-semimodule. Any subsemimodule of M which contains an essential subsemimodule of
M is itself essential in M.

Proposition 3.3: Let M be a left R-semimodule. If K is an essential subsemimodules of L and L is an essential
subsemimodule of M then K is essential in M.

Proposition 3.4: Let M be a left R -semimodule. Let a be a non-zero element of M and let K be an essential
subsemimodules of M then there is essential left ideal L of R such that aL # 0 and aL € K.

Proposition 3.5: LetManR-semimodule and suppose that Ny, N,,+-, N, are subsemimodules of M.then N¥_, N; €, M if and
onlyif N c, M for all i.

Proof: We only need to prove the proposition for k = 2. If N;, N, <, M, then N; S, M and N, S, M because both N; and
N, contain N;NN.

Conversely, let P be a nonzero subsemimodule of M. Then N; n P # 0 because N; S, M and therefore (N; N N,) N P
N, n(N; nP) # 0 because N, =, M. Hence the proof.

3 Main Result

Definition 4.1: Let M be an R-semimodule and x € M. The left annihilator of x in R is defined by ann(x)
{r € R | rx = 0}. Which is obviously a left ideal of R.Now, consider the set Z(M) = {x € M | ann(x) S, R}. It is easy to
see that Z(M) is a subsemimodule of M and we will call it the singular subsemimodule of M. If Z(M) = M, then M is
called singular. If Z(M) = 0, then M is called nonsingular [2].



Proposition 4.2: If M = K/L for some R-semimodule K and some subsemimoduleL <, K. Then an R-semimodule M is
singular. Anticipation

Proof: Suppose first that M = K /L where K is an R-semimodule andL S, K. Letx = a + L € M and let ] be a nonzero
left ideal of R. If Ja = (0), then Ja € L and soann(x) nJ = J # (0). If Ja # (0), then L nJa # (0) because L <, K.
So there exists r € J such that 0 # ra € L. That means 0 # r € ann(x) NJ. So we have proved that x € Z(M) and hence
Z(M) = M i.e. M is singular.
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Abstract: In the paper "Exact solutions for nonlinear integral equations by a modified homotopy perturbation method" by A.
Ghorbani and J. Saberi-Nadjafi, Computers and Mathematics with Applications, 56, (2008) 1032-1039, the authors introduced a new
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method for solving nonlinear integral equations. We also prove analytically that the method given by Ghorbani and Saberi-Nadjafi is
equivalent to the series solution method when selective functions are polynomials.
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1 Introduction

Recently in [1], Ghorbani and Saberi-Nadjafi proposed a new modification of the homotopy perturbation method for
solving nonlinear integral equations.

In this note, we show by an example that this method is not true generally. The purpose of this paper to show that, the
new modification of the homotopy perturbation method is applicable for special case of nonlinear integral equations
when the exact solution must appear as part of given function in integral equation otherwise this method is equivalence
of the series solution method. This paper is organized as follow: The principle of the new modification of the homotopy
perturbation method is described in Section 2. Two examples are studied in Section 3. The general remarks are given in
Section 4.

2 The Principle of the New Modification of the Homotopy Perturbation Method
In [1], Ghorbani and Saberi-Nadjafi consider the following type of nonlinear integral equations:

y(x) = gkx) + f:k(x, t) [y(©)]"dt, a<x, t<bh, r=2 (2.1)

y() =g + [ k() [y dt, a<x t<b 2.2)

Based on the Homotopy perturbation method (HPM) [4,5], they presented a method which called, modified HPM by
them. In this regards, they rewrite (2.1) as:

V() = Thmo o U () = Tz @ U (%) + g0 + [ k(x,0) [y(©)]de (2.3)

where a,, and v,,(x), m =0,1,2,---,N are called by them as the accelerating components of the parameter and
selective functions, respectively.

* Corresponding author.
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Based on the HPM, by selecting F(u) = u — YN _; a,,, v, (x) they defined the following convex homotopy:
Ho(u,p) = u(x) = pg(x) = (@ = 1) X @ v (¥) — p J, k(x,0) [y()]"dt = 0 (2.4)

where the embedding parameter p € (0,1] can be considered as an expanding parameter. The HPM uses the embedding
parameter p asa ” small parameter” , and writes the solution of (2.4) as a power series of p, i.e.,

U= Uy +wp + up® + o (2.5)
Setting p = 1 results in the approximate solution of (2.4):
y =limpu=uy+u +u, +-, (2.6)

Substituting Eq. (2.5) into (2.4) and equating the terms with identical powers of p, we can obtain a series of equations
of the following form:

N

pO: Uy — Z Am 17m(x) =0,
m=0 . .
pt: ou —gx) — Z Ay Uy (X) —f k(x,t) [up(®)]"dt = 0,
m=0 . (2.7)

X
p% u, —f k(x,t) H(ugy,uy)dt =0,
a

X
P us —f k(x, t) H( ug, uy, u,)dt =0,
a

where H(ug, uq, -, u;) depend upon o, uy, -+, u;.The H( Ug, Uy, ,u]-), calculate using Adomian formula [2,6]

J i .
H(uo ) = 52 (B p) e (2.8)

Which is called first time by Ghorbani as He polynomials [3]. However this formula has been used before Ghorbani’s
definition by first author and others in HPM [6] as Adomian polynomials (For more detail see [7]). It is obvious that
the system of nonlinear equations in (2.7) is easy to solve and the components u;, i = 0 of the homotopy perturbation
method can be completely determined and the series solutions are thus entirely determined.

Remark. We get a,,,, m = 0,1,2,---, N, and v, (x),m = 0,1,2, ---, N where v,,,(x) is form of function g(x) accordingly
we will obtain the exact solution, if we could not find «,,, m=0,12,:-,N with v,,(x),m =0,1,2,---, N so this
method is not effective and this is a weakness in [1]. But if we increased N, N — oo, we will obtain exact solution by
Taylor series method. We discussed an example (2.2) about this case.

3 Examples
Example 1: [1,8] Consider the following nonlinear Volterra integral equation

y(x)=1- %xz —x3 - ix“ + foxy3 t)dt, (3.2)
with the exact solution y(x) =1 + x.

We apply this new modified HPM. We get vo(x) = 1, v;(x) = x then

Ho(w,p) =u(x) —p (1 =322 —x% = 22*) + (0 = (o + ayx) = p [} [y(©)P dt = 0 (32)

In view of Eq. (2.7) we have



p°: Ug(xX) —ag—a;x =0 >  ug(x) = ap + a;x,

3 1
pt: u(x)—p (1 - Exz —x3- Zx“) +ay + ax — fox[uo(t)]3 dt =0,

3 3 1 1 (33)
> wx)=1—ay+ (a3 +a)x+ (anzal - E) x2 + (aga 2 — Dx® + (10@3 - Z) x*,
P U () - [[H,0dt =0 5w () = [[H(Dde n>1.
To find a,,, m = 0,1 in such a way that u; = 0. If u; = 0then u, = u; = --- = 0, and the exact solution will be
obtained as y(x) = uy(x). hence for all values of x we have
1-— ag = O,
0!03 + a; = O,
3 5 3
an al - E = 0,
a0a12 - 1 = 0,
1 3 1
2% g0
Solving the above algebraic equations, we have o, = a; = 1. Therefore the solution will be
yx) =ug(x) =ap+a;x=1+x
which is the same as the exact solution.
Example 2: [9] Consider the following nonlinear Volterra integral equation
y() =x+ [, y*(©)dt =0 (3.3)
with the exact solution y(x) = tan(x) .
We apply this new modified HPM [1] and get v, = 1 and v, (x) = x . Then
Ho(u,p) = u(x) — px + (p — D(ag + a1x) — p [, [y(©)]* dt = 0, (3.4)
In view of Eq. (2.7) we have
up(x) = ag + ayx,
u (x) = —ag —a;x +x + fox(ao + a;x)%dt =0, (3.5)

n
X
Upp1(X) =f Zuj Up_jdt n=1.
0 =

Now we find a,,,, m = 0,1 insuch a way that u, = 0. If u; = 0 then u, = u; = --- = 0, and the exact solution will be
obtained as y(x) = uy(x). hence for all values of x we have

{ _ao = 0,
_al + 1 + aoz = 0,
{ a0a1 = O,

2
a
3

From these algebraic equations we cannot get the value of a; because of made a counteraction. In fact for this type of
nonlinear integral equation this method be failed.



Now, if we increase N and let v,,,(x) = x,,, for m = 0,1,2, --- then in view of Eq. (2.7) we have

U (x) = Xn=0 A X,

W () = = B X"+ + [ @ M d (3.6)

Consequently, we have series solution of the form

C 1 2
y(x) = Z Ay Xx™ =x +§x3 + Exs + -+ = tan(x),
m=0

which is the same as the exact solution.
Remark

We note that in this modified homotopy perturbation method, when algebraic equations cannot be solved and N is taken
to be infinity, we obtain the series solution method for solving integral equations.

Theorem 1

The new modified homotopy perturbation [1 method] for solving integral equation is the series solution method when
N — oo and v, (x) = x,,, form = 0,1,2,---.

Proof. If N — oo and v,,(x) = x,, for m = 0,1,2,--+, then in view of Eq. (2.7) we have

p°: Ug(x) = X2 oy, x™,

pli u (%) = =Yoo @m x™ 4 g(x) + fox(Z;‘fl:O a, t™)7 dt 3.7)

According to the modified homotopy perturbation method, we must consider u,(x) = 0 then other components of

u(x), u, = ug = -+ = 0, and the exact solution will be obtained as y(x) = uy(x). So, if we get u,;(x) = 0 then from
(16) we have:
U () =0 = Trootm x™ = g0 + [§ Tinzo @m t™) dt. (38)

In view of (3.8), it is easy to see this is well known the series solution method. Hence the proof is completed.
4 Discussion

In this note, by an example we have shown the new modified HPM presented by Ghorbani and Saberi-Nadjafi for
solving nonlinear integral equations is not useful. In fact, when exact solution of integral equation is not appearing as
part or a type of given function g(x) this method is failed. In this case N is taken to be infinity, we obtain the series
solution method for solving nonlinear integral equations. Another important result, if we select all selective function as
xm then this method is equivalence the series solution method.
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