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Abstract: The literature offers varying and in general incompatible definitions of the cross-correlation function Ry (n,m) and its
jointly wide-sense stationary special case Ry (m). The choice of definition has consequences for results involving the cross-spectral
density function S,y (w), and the more general Z-transform density Sy, (z). In some stochastic processing systems involving simple
additive noise or even additive noise combined with non-linear operations, these varying definitions lead to identical results. In some
other systems involving nonlinear and linear parallel operations, including those involving system identification problems, results
differ.

1 Introduction

The literature offers varying and in general incompatible definitions of the cross-correlation function Ry, (n,m) and its
jointly wide-sense stationary (Definition 6 page 20) special case Ry, (m). The choice of definition has consequences for results

involving the cross-spectral density function gxy(w), which is defined as the Discrete-time Fourier Transform of Ry (m),
as well as the more general S,y (z), which is defined as the Z-Transform of R (m):

Definition 1./19, page 265], [12, page 52], [2, page 50], [4, page 118]

SXY<Z) 27 Ryy (m) £ Z Ryy (m)z"" gxy(w) £ F Ryy (m) £ Z ny(m>€_wm
meZ meZ
Z-Transform of Ry, (m) Discrete-time Fourier Transform of R (m)

2 Definitions

Here is a very limited overview of definitions of Ry, (m) in the literature:

References that put the conjugate % on y:

e Papoulis [19, page 263] Ryy(m) £ E{x(m)y*(0)}

o Cadzow [7, page 341] rey(m) = Elx(m)y*(0)]

e MatLab [16, 17 Ryy(m) 2 E{onimys}
References that put the conjugate * on x:

o Kay [12, page 52] Teylm] = 5{£* [0]y[m]}

o Weisstein [25, page 594]* fxg = / f(ngt+7)7
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e Leuridan et al. [15, page 2](7) GXY, = Z X7Y
References that use no conjugate:

e Bendat and Piersol [4, page 111] wy(m) = E[x(0)y(m)]

e Helstrom [10, page 369] Xy(tl, ty) = Ex(t)y(t)]

e Proakis and Manolakis  [20, page A4] %y (t1,ta) = E(X,Y:,)

e Shin and Hammond [22, page 280] (7)) = E[ézco(t) y(t+7)]

e Bracewell [5, page 46]° g xh = / " (w)h(u + )

In this paper, each sequence (Definition 7 page 20) mentioned hereafter is assumed to be an element of the space of
all absolutely square summable sequences 6(2; (Definition 8 page 20). Furthermore, the random sequences (x(n)),ecz and
(y(n))nez are assumed to be jointly wide-sense stationary (Definition 6 page 20).

In terms of the expectation operator E (Definition 4 page 19), there are a total of eight choices for defining the cross-
correlation Ry (m) of complez-valued jointly wide-sense stationary (Definition 6 page 20) sequences (x(n))nez and (y(n))nez.
There are eight because each of the two sequences may be defined with or without the conjugate operator *, and one
sequence may lead or lag the other (2 x 2 x 2 = 8). Definition 2 (next) provides a formalized list of the eight possible
definitions.

Definition 2.

(1). Papoulis: Re(m) £ E[x (m)y*(0 )]|(5). Bendat-Piersol:® R, (m) £ E[x (0) y (m)]
(2). Kay: Re(m) £ E[x*(0) y (m)]|(6). alt-BP: Ry (m) £ E[x (m)y (0)]
(3). alt-Papoulis: Ry (m) £ E[x (0) y*(m)]|(7). BP-star: Rey (m) £ E[x*(0) y*(m)]
4). alt-Kay: Rey (m) £ E[x*(m)y (0)]|(s). alt-BP-star: Rey (m) £ E[x*(m)y*(0 )]
3 Results
Remark.
The 8 definitions of Ry, (m) listed in Deﬁnition 2 yield ...
« 2 relations on the pair ( m) ) (Lemma 1 page 3)
« 2 relations on the pair (§ ), ) § ) (Proposition 1 page 3)
« 4 relations on the triple (§Xy H ), §Xx(z) ) (Proposition 2 page 4)
« 3 relations on the triple (Syy (w), Sxx(w)) (Corollary 2 page 7)
« only 4 cases in which Sxx(w is guarenteed to be real-valued (Corollary 1 page 4)

Remark.
Moreover, if (x(n)) and (y(n)) are real-valued, the 8 definitions of Ry, (m) yield ...
o 1 relation on  (Ryy(m),Ryx(m) ) (Corollary 3 page 8)
« 1 relation on (Sxy(z), Syx(z) (Proposition 3 page 8)
« 2 relations on (Sxy(z), H(z), Sk(z) ) (Proposition 4 page 9)
e 2 relations on (gxy(o.)), H(w), gxx(w)) (Corollary 4 page 10)
o L relation on (Syy(2), H(2), Sk(2)) (Proposition 4 page 9)
« 1 relation on (gyy(w), H(w), gxx(w)) (Corollary 4 page 10)

! Bracewell and Weisstein here use the integral operator fRX rather than the expectation operator E. That is, they use a time
average rather than an ensemble average. But in essence, the two types of operators are “the same” because both types represent
inner products. That is, [ _, f(z)g" () x £ (f(z) |g(x)), and E[x(t) y* ()] £ (x(t)|y(t)), (both are inner products, but operate in
perpendicular orientations across the ensemble plane).

? Note that Bracewell’s “Pentagram notation for cross correlation” g*xh = [*_g*(u)h(u+x)uimplies gxh = [ _g(u)h(u+z)u
(and hence in the “References that use no conjugate” category).

3 Note that Bendat and Piersol are well known and highly cited for their work related to random vibration testing. In this field,
data samples are customarily collected using an analog-to-digital converter (ADC) and as such, for this application (in contrast
to wireless communication applications involving phase discriminating PSK or QAM), are customarily real-valued. Therefore, it is
very understandable that these authors would define Ry, (m) without any conjugate operator.
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Lemma 1.Let (1)-(8) below correspond to the eight definitions of Ry, (m) in Definition 2.

(1), (2), (3), or (4) = Ryx(m) = Ry (—m) and Rux(—
(5), (6), (7), or (8) = Ryx(m) = Ry, (—m) and R(—m)

)

(m) (conjugate symmetric)
(m) (symmetric)

m) = Ry*
m) = Ry

Proof.

(1).

Proposition 1.Let (1)-(8) correspond to the eight definitions of Ry (m) in Definition 2.
Let H be a linear time-invariant (LTI) operator with impulse response (h(n)) on a wide-
sense stationary sequence (x(n)) yielding a sequence (y(n)) 2 (Hx(n)). Let H(z) be the

Ryx(m) £ E [y(m) x"(0)]
= (Ex(0)y"(m)])*
= (E[x(0=m)y"(m —m)))
2 Ry (—=m)

Rax(=1m) & Rey(=m)|,_ = Ry (m))]
2).  Ry(m) = E[y*(0)x(m)] =
3). Ry(m) = E[y(0)x"(m)] =
4). Ry(m) £ E[y"(m)x(0)] =
5).  Ry(m) = E[y(0)x(m)] =
6).  Ry(m) = E[y(m)x(0)] =
7). Ry(m) £ E[y*(0)x"(m)] =
8).  Ry(m) = Ely*(m)x*(0)] =

Z-Transform of (h(n)).

(Definition 2 page 2)
(Definition 11 page 24)

by Papoulis’ definition of Ry (m)
by antiautomorphic property of *-algebras
by wide sense stationary property

by Papoulis’ definition of Ry (m) (Definition 2 page 2)

y=x = Rxx*(m)

(B [x*(m) y(0)])" = (E[x"(m —m)y(0—m)])* 2 Ry (—m)

(E [x(m)y*(0)])" = (E[x(m —m)y*(0 —m)])" 2 Ry (—m)
(E[x"(0)y(m)])" = (E[x*(-=m)y(0)]))" 2 Ry " (—m)

E [x(m)y(0)] =E[x(m —m)y(0 —m)] 2 Ry (—m)

E [x(0) y(m)] =E[x(0-m)y(m—m)] 2 Rey(—m)

E [x*(m)y*(0)] =E[x*(m —m)y*(0 —m)] £ Ry (—m)
E[x*(0) y"(m)] =E[X"(0—m)y*(m—m)] 2 Ry (—m)

x(n) H(z) y(n)

(1), (2); (3), 0r (4) = Sy(2) = Sy () and Sex(2) = Suc” ()
(5), (6), (7), or (8) = Syx(2) =Syxy (1) and Sx(2) = Sex (3)
Proof.
(1) = (4) : Syx(2) £ ZRyx(m) by definition of S,y (2)
£ Z Ryx(m)z=™ by definition of Z (Definition 10 page 21)
meZ
= Z Rey (—m)z=™ by conjugate symmetry property (Lemma 1 page 3)
meZ
= Z Ry (—m) (z*)m] by antiautomorphic property of *-algebras  (Definition 11 page 24)
LmeZ
= Z Ry (p)(2*)P where p £ —m = m=-p
_fpel
= Z Ry (p)(2*)P because (x(n)), (y(n)) € (2 (Definition 8 page 20)
_pGZ
1 -p
SN
_pEZ
1

by definition of S, (2) (Definition 1 page 1)
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Corollary 1.Let ((1),(2),---(8)), H, (h(n)), (x(n)), and (y(n)) be defined as in Proposition 1. Let H(w) be the DTFT
(Definition 1 page 1) of (h(n)).

{(1), (2), (3), or (4)} =

{5 (
{(1). (2). (3). or (4)} = {Sx(w
{(5), (6), (7), or (8)} = {Sy

Proof.

by Proposition 1

~ % L% 1 /V_,_ ~
W) So’w) =5 ()| =50 (2)] 0 st —5,(w)
(1)) $0(e) = S ()] S(Z)] =8 =
(5)-(8) Syx(w) = Syx (z)’z . =Sy (i) - = Sxy (e—iW) _ gxy(_w)

by Proposition 1

Proposition 2.Let (1)-(8) below correspond to the eight definitions of Ry (m) in Definition 2.

(1) = Sxy(2) = H'(2)5xx(2) and Syy(2) = H_(2) Syy(2) = H (2) V*( =)S(2)
(2) = So(2) = H (2) Saul2) ana Syy(2) = H'(5)S(2) = H (2) H'(£)Su(2)
(3) = §Xy(z) = IjI (%) §><X(Z) and §yy(2) = Ijl* (%) %xy(z) = H*<Z*)H (%) SXX(Z)
(1) = Sy(2) = H (2) Sexl2) and Syy(2) = H' (") S (2) = H'(z")H (1) Sc(2)
(5) = Sq(2) = H (2) Sel2) anaSyy(z) = H (1) Sq(z) =H (2) H (1) Sx(2)
(6) = So(2) = H (1) Saul2) ana Syy(z) = H_(2) Sy(2) = H (2) H (1) Seul2)
(1) = S (2) = H' (") Seu(2) ana Syy () = H (L) S (2) = H (") H (£)Se(2)
() = Sq(2) = H (1) Sel2) anaSpy(2) = H (2) Sy(z) = H (2) H (1) Se(2)
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Syi(2) £ ZRy(m) by definition of Sy (2) (Definition 1 page 1)
£ ZE[y(m)t*(0)] by Papoulis’ definition of Ry, (m) (Definition 2 page 2)
=ZE (Z h(k)x(m — k‘)) t*(O)] by linear time-invariant property of H
kEZ
=7 Z h(k) E [x(m — k) t*(0)] by linearity of E (Proposition 11 page 20)
kEZ
27 Z h(k) Rut(m — k) by Papoulis’ definition of Ry, (m) (Definition 2 page 2)
kEZ
£ 7 h(m) * R (m)] by definition of convolution (Definition 9 page 20)
= [Zh(m)][Z Ret(m)] by convolution theorem (Proposition 13 page 23)
2 H(2) Sk (2) by definitions of H(z) and S(2) (Definition 1 page 1)
Sy(z) |= Syx* (;) (by Proposition 1) = Syt ( 1 ) . e (zl*) S <zl*> = 7 <21*> Sxx(z)
A - L (1
S () |2 $0(2)], e, —(2) S (), = | T2) S () S LCLCIENE
(2). Sty(2) £ ZRy(m) = ZE[t7(0)y(m)] = ZE[t"(0)(h(m) *x(m))]
=7E lt*(O) (Z h(k) x(m — k))] =7 (Z h(k) E [t*(0) x(m — k)]) 27 (Zh Rec(m — k )
kez keZ kez
= Z (h(m) * Rec(m)) = [Zh(m)][Z Re(m)] £ H(2) Sex(2)
Sw(2) |2 Syl = H(2) Sex(2)|, =| H(2) Sux(2)
. c (1 B B !
Sp(2) |2 8ley =507 (5)| |~ H@SGe, ~HESG)  —| 1S, (£)
t=y
1\ e s (1 (1), 5
=H(z)H (Z*) Syx (z*) =| H(z)H <z*> Sxx(2) by Proposition 1
(3). Sy(2) 2ZRy(m) 2ZERO)y* (m)]  —7E <t<0> [Z h(k) x(m k)] )
kEZ
=7ZE t(O)Zh*(k)x*(m—k)] =7 W' (k)E[t(0)x*(m — k)] 27> h*(k) Rod(m — k)
keZ keZ keZ
£ 7 [h*(m) x R (m)] = [Zh*(m)][ZRe(m)] = H (2*) S (2) by Proposition 12 page 21
Sw(2) | £ Su(2)] iy = (=) Su(2)] _ =| H' (") Sunl2)
A& * ) & * % * o & * 1
S(2) |2 3 (3)uey = B ()3 )] =1 ()52 - i )8y ()
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m) lz h(k) x(m — k)] t(O)]
kEZ
= ZZ “(k) E[x"(m — k) t(0)] =77y h*(k)Ra(m — k) = Z [0 (m) x Ree(m)]
keZ
m)]
i

[Z Ryt ()] =H" (2)Sx(2) by Proposition 12 page 21

t=x z z t=x
. . (1) « .
20 ( ) Sex (*> = H <> Sux(2) by Proposition 1

z P P

So(2) |2 Sala)],Ly = B (:N8aa)| = B ()50 - (1) a0
(5). Siy(2) £ ZRey(m) 2 7B [(0) y(m)]
=7E t(())(Zh(/c)x(m—k)ﬂ —ZZh — k)] 27 h(k)Ru(m — k)
kEZ keZ
2 7 [b(m) % Re(m)] Zh(m )][ZR (m)] = H(2) Suc(2)
Sel(2) |2 Sy (2)],_, — H(2) $ul2)],_, = | H(2)Sul2)
S =50 (1) 25 (3)] -i(3)s(3)], -1(2)s+(3)
= H<1>S (2) :H(i) H(2) S (2) = ﬁ(z)ﬁ(i) Sx(2)
(6). Sye(2) £ ZRye(m) 2 7E[y(m)1(0)]  =ZE (kzhw)x(m—k)) t(O)]
=7 h(k)E[x(m — k) t(0)] 27 h(k)Ra(m —
kEZ kEZ
2 7 [h(m) * Rye(m)] = Z[u(m)][Z Ret(m)) = H(2) Sa(2)
o =5 (1) 28 (3)] L R0 ()| () ()| () s
Sy (2) |2 80(2)],_, = T1(2) $(2)] | 1) 84 () —| ()1 (1) S0
(7). Siy(2) £ ZRy(m) 2 ZE["(0)y*(m)]  =ZE |t <o><k§jzh<k> <m—k>> ]
:Z%h*(k)E[t*(O)x*(m—k)] :Z%h*(kz)Rtx(m—kz)
£ 71" (1m) * Rec(m)] = (21" (m)][Z Rex(m)] = 1" (") Sue(2)
Sw(2) |2 S (2)] = 1 (=) Sue(2)| _ = 1 () Su(2)
e =5 ()2 (), -r(F)s(G)], =i ()5 (3)
- (1)) (L) )50 LS L CIENE
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(Z h* (k) x*(m — k)) t*(())]
kEZ

(8). $4(2) £ ZRy(m) 2 ZE[y"(m)t"(0)]  =ZE

keZ kEZ
= Z[h(m) % Ra(m) = Z [h(m) % Ra(m)] = [Zh(m)][Z R (m)]
=H(2) S« (2)
o) [ =5 (1) 254 (2) 3 —11(1)s.(2) _:H<1) S (1) = u(2)sae
Sw(2) |2 Sul2)],_, = H(2)Sa(2)|,_, =| H(z) Sx(2) =| H(»)H (i) Se(2)

Remark.Note that in several cases, the results listed in Proposition 2 can be “simplified” (as measured by the number of
glyphs required to render it on a page) by the use of Proposition 1. For example, (1) in Proposition 2 can be simplified
from

So(2) =H (L)Sx(z) to  Su(z)=H(2)Su(2).

However, such simplification arguably obfuscates the relations comparisons listed in Remark 3.

Corollary 2.Let (1)-(8) below correspond to the eight definitions of Ry (m) in Definition 2.

(1) = Syw) = ' @)50lw) ant Sy(6) = A ( )S9(@) = ( @) Sulw)
) = S 0) = A ( )5u(@) naSylw) = A'( Sw) = A ( ) Sulw)
(3) = §xy(w) = ':l (_W)§><X(w> and §yy<w) = ':l (— W)%Xy(w) = “:I (—w)? §XX(W)
(4) — §xy(w) = ':l (_W)§X><(w) and §yy<w) = I:l (= w)§xy(w) = “:l (—w)|% §Xx(w)
(5) = Sxy(w) = H ( w)Sx(w) and Syy(w) =H (-w)Sy(w) = H ( w)H (-w)Su(w)
(0) = Slw) = A (<)) ant Sy() = A ( @)S9w) = A () A (~)50u(e)
(1) = Sy(w) = H'(~w)Su(w) and Syy(w) = H'( w)S(w) = H'( w)H (~w)S(w)
(8) = Syy(w) = H (—w)Sx(w) and Syy(w) = H ( w)Sy(w) = H ( w)H (—w)Sk«(w)
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(Proposition 2 page 4)

(Definition 1 page 1)

(Proposition 2 page 4)

(Definition 1 page 1)

Proof.
(1). gxy(w) = ng(z)’z:eiW
s 1 N .
=H <*> Sux(%) by Sy (2) result
z 2—eiw

= (ei“’) S (ei‘”) (evaluation around unit circle in z-plane)
=| H *(w) S (w) by definition of DTFT

gyy(w) Syy(z)|z_ew
= H(z) Sxy(z)‘zfew by S,y(2) result
=H (e™) Swy (e) (evaluation around unit circle in z-plane)
=| H(w) gxy(w) by definition of DTFT

gyy(w) = Syy(z)L:em

by Syy(z) result

because Sy (w) is real-valued

I
T
g

The other seven sets of proofs follow in like manner.

4 Real-valued x(n) and y(n)

Corollary 3.Let (1)-(8) below correspond to the eight definitions of Ry (m) in Definition 2.

If (x(n)) and (y(n)) are real-valued, then
{ each of (1)-(8) = Ry (m) = Ry (m) and R (m)
cach of (1)-(8) — Ry(m) = Ruy(—m) and Rea(—m)

Rxx(m) (symmetric) .

Rxx(m) (real-valued) and }

Proof.This follows directly from the real-valued hypothesis, Definition 2, and Lemma 1

(Proposition 2 page 4)

(Corollary 1 page 4)

Proposition 3.Let (1)-(8) below correspond to the eight definitions of Rey(m) in Definition 2.

If (x(n)) and (y(n)) are real-valued, *then ) ) . ]
each of (1)-(8) = Syxy(2) = Sy (2¥) = Sy« (%) and Sxx(2) = Sxx (2%) = Skx (1) .
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Sxy* (z*) | & [Z Ryy (M) (z*)_m‘| by definition of S,, (Definition 1 page 1)
mEZ
= z Rey (m)z"" by antiautomorphic property of *-algebras (Definition 11 page 24)
meZ
= Z Ryy (m)z=™ by real-valued hypothesis
meZ
21 S,(2) by definition of S,y (2) (Definition 1 page 1)
= Z Ryy(m)z=™ by definition of S,y () (Definition 1 page 1)
meZ
= Z Ryx(—m)z™™ by real-valued hypothesis and Lemma 1 page 3
mEeZ
= Z Ryx(p) 2P where p 2 —m
—p€EZL
= Z Ryx(p) 2P because (x(n)), (y(n)) € (2 (Definition 8 page 20)
pEZ
1 -p
- YR (1)
pEZ
N L e "
=| S 2 by definition of Sy« (z) (Definition 1 page 1)

Proposition 4.Let (1)-(8) below correspond to the eight definitions of Ry (m) in Definition 2.

If (x(n)) and (y(n)) are Z’eal-valued then §
(1).(4):(6), or (8) = Sx(2) = (1)Sxx( ) and Syy(
(2):(3).(5), or (1) == Sq (= ) ( Sxx(2) and Sy (Z) =
each of (1)-(8) = S, (2 (l) «(z ):
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by Proposition 3

by PI‘OpOSitiOI’l 2 page 4
by Proposition 3
by PI‘OpOSitiOI’l 2 page 4

by Sy(2) result

by Lemma 5 page 23

by Proposition 2 page 4
by Proposition 3

by Proposition 2 page 4

by Proposition 3

by S,y (z) result

by Proposition 3
by Proposition 3

by Proposition 3

by Lemma 5 page 23

Corollary 4.Let (1)-(8) below correspond to the eight definitions of Ry (m) in Definition 2.

If (x(n)) and (y(n)) are real-valued, then
(1),(4),(6), or (8) = Sey(e) = A (@)Sux(w)
(2):(3):(5), or (7) = Sy(w) = H (w)Su(w)

and gyy(w) = El (w)sxy(w) and
» A ()5

~ ~ 2 .
cach of (1)-(8) = Sy (w) = ’H(w)’ S, (w)

and Syy ((.d) =
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(1), Sy(w) = Sy(2)]._ . by definition of DTFT (Definition 1 page 1)

by Proposition 4

= H(_UJ) gxx(W) by definition of DTFT (Definition 1 page 1)
= I:I*(w) g><><(W) by Lemma 6 page 24

The remainder of the proof for Corollary 4 follows in similar fashion.

5 Case studies

It has been suggested by the giants that the usefulness of a mathematical idea can be measured by

e how useful it is in applications? and
e how well it connects and is connected to the larger web of mathematical ideas.?

As such, this section which presents applications, may prove useful in gauging the usefulness of the preceding sections.

5.1 Case study: Additive noise

v(n)
Proposition 5.Let S be the system illustrated to the right, where T is an operator
that is not necessarily linear.
x(n) y(n)
Rfy(m) = Bxx(m) and
Sx = Sxx nd
(A). X(TL) is WSS and & Y(Z) _ ¢ (Z) *
Suy(w) = Sxx(w) and for all
®). x(n) and v(n) are uncorrelated and p = v
is Ryy(m) = Ryc(m) + Sw(2) ana (- (1)~(8)
(©). v(n) is zero-mean ) < <
~Syy(z) = §><><(Z) + S~VV(Z) and
Syy(w) = Sux(w) + Sw(w)
Proof.
(1).  Ruy(m) £ E[x(m)y*(0)] by (A) and Papoulis’ definition of R,, (Definition 2 page 2)
£ E (x(m)[x(0) + v(0)]") by definition of y
= E [x(m)x"(0)] + E [x(m) v*(0)] by linearity of E (Proposition 11 page 20)
=E[x(m)x"(0)] + E[x(m)]E[v*(0)] by uncorrelated hypothesis (B)
0
= E[x(m)x*(0)] + E [x(m)|[ER*0)]” by zero-mean hypothesis (C)
= Rux(m) by definition of R, (Definition 2 page 2)

4 4T regard as quite useless the reading of large treatises of pure analysis: too large a number of methods pass at once before the
eyes. It is in the works of applications that one must study them; one judges their ability there and one apprises the manner of
making use of them.” —Joseph Louis Lagrange (1736-1813). [23, page xi]

5 “The “seriousness” of a mathematical theorem lies, not in its practical consequences, which are usually negligible, but in the
significance of the mathematical ideas which it connects. We may say, roughly, that a mathematical idea is “significant” if it can
be connected, in a natural illuminating way, with a large complex of other mathematical ideas.” —G.H. Hardy (1877-1947). [9]
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Proof.
(1) Rey(m) |2 E[s(m)y*(0)] by Papoulis’ definition of R,y (Definition 2 page 2)
£ E ([t(m) + t(m)][x(0) + v(0)]") by definition of S
= E[t(m)x*(0)] + E[t(m) v*(0)] + E[t(m) x"(0)] + E [t(m) v*(0)]
= E[t(m)x"(0)] + Et(m)Ev*(0)
+ Et(m)Ex*(0) + Et(m)Ev*(0) by uncorrelated hypotheses (B), (C), and (D)
= E[t(m)x"(0)] + Etlm)B*(0)"

+MX* (0) +WV*(O) by zero-mean hypothesis (E)

2| Ry(m) by definition of Ry, (Definition 2 page 2)
(2). Ry(m)2E[(0)y(m)]  =E([t(0) +t(0)]"[x(m) +v(m)])  =Ru(m)+Rutm) TRt TRt £ Ric(1m)
(3). Ry(m) ZEEO) ¥ )] =E([0) + HOIxm) - v0m)]")  =Rotm) s Fhar Bty 2 Reg(m)
(@), Ry(m) 2E[(m)y(©)] = ([t(m) + )] [0) 4 v(0)])  =Ram) BBt 2 Reg(m)
(5). Ry(m) 2EBO)y0m)] = E([(0) + (OI[0m) 4+ v(m)])  =Rum) BBt 2 Reg(m)
©) RyGm)2Blm)y©)] = E([0m) + tmx(0) +v(O)])  =RotomtRutm st T 2 Rog(im)
(1) Ry(m) 2E[ 0y (m)] =B (t(0) + 6O Fxlm) + v(m)]")  =Room) Rt Tt 2 Ris(om)
®). Ry(m) 2B 0m)y* O] =B (t0m) + 0m)] [x(0) + ¥(0)])  =RotomRutr st Ty 2 Reg(im)

5.3 Case study: Parallel operators

y(n) £ Tx(n)
Proposition 7.Let S be the system illustrated to the right, where T is not T }—
necessarily linear. Let

x(n)

(h(m) £ H5(n) 2 3" h(m)5(n —m)

mEZ
be the impulse response of H.

H |—

w(n) £ Hx(n)

swy(z) = IzI(Z) §Xy(z) for (1)a(3)7(5)5(6) and
(A). x(n) is WSS and — Swy(w) = H(w) Sxy(w) for (1)3(3)7(5)a(6) and
® His LTI Sun(2) = T (27) 5y (2) for (2),(4),(7),(8) and
Swy(w) = H (=w) Sy (w) for (2),(4),(7),(8)
Proof.
(1).  Ruy(m) = E[t(m)y*(0)] by (A) and Papoulis’ definition of Ryy (Definition 2 page 2)
£ E ([Hx](m)y*(0)) by definition of S
=HE (x(m) y*(0)) by LTI hypothesis (B)
£H Ryy(m) by Papoulis’ definition of Ryy (Definition 2 page 2)
= Z h(n) Ry (m —n) by definition of impulse response (h(n))
neZ

= [hx Ry ](m) by definition of convolution (Definition 9 page 20)
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Lemma 3.Let S be the system illustrated to the right, where T is not P
necessarily linear.
w((n)
(A). x(n) is WSS and ny<m> = pr(m) and
. & & for all
®). u(n) is zero-mean and p =—> Suy(2) = Spy(2) and (1)(8)
(©). x(n) and u(n) are uncorrelated Suy(w) = Spy(w)

y(n)

.

x(n)

Proof.
Rey (m) £ E [x(m) y*(0)] by definition of R, (Definition 2 page 2)
£ E([p(m) +u(m)] y*(0)) by definition of S
=E [p(m) y*(0) + u(m) y*(0)] by distributive property of (C,+,-,0,1)
= E[p(m)y*(0)] + E [u(m) y*(0)] because E is a linear operator (Proposition 11 page 20)
=E[p(m)y*(0)] + E[u(m)]E[y*(0)] by uncorrelated hypothesis (©)
=E[p(m)y*(0)]+E [u(m)wo by zero-mean hypothesis (B)
£ Ryy(m) by definition of Ry, (Definition 2 page 2)
(2). Ry(m)£EK(0)y(m)]  =E(p(0)+u0)]"y(m))  =E[p*(0)y(m) +W[Y(m)] = Rpy(m)
(3). Ry(m) £E[x(0)y"(m)]  =E([p(0) +u(0)]y*(m))  =E[p(0)y"(m))] +W07T'E0[y*(m)] = Rpy(m)
0
(4). Ry(m) £E["(m)y(0)]  =E([p(m)+u(m)]"y(0) =E[p*(m)y(0)] +Eu4m]JE[y(0)]  =Ry(m)
(5). Ry(m) £ E[x(0)y(m)]  =E([p(0)+u(0)]y(m)) — E[p(0) y(m)] + Efs(0)]E [y(m)] = Rpy(m)
(6). Ry(m)=E[x(m)y(0)]  =E([p(m)+u(m)]y©0)  =E[p(m)y(0) +W[Y(U)] = Rpy(m)
(7). Rgy(m) 2E["(0)y"(m)] = E([p(0)+u(0)]"y"(m)) =E[p"(0)y"(m)] +W€@m§[y*(mﬂ = Rpy(m)
0
(8). Ry(m) £E["(m)y*(0)] =E([p(m)+u(m)]"y*(0)) =E[p"(m)y*(0)]+ERAm)E[y"(0)] =Rp(m)
p() I r 1

Proposition 8(measurement additive noise cross-correlation). Let
S be the system illustrated to the right, where T is not necessarily linear.

y(n)

(A). X(n) is WSS and = = = an
(B). u(n) is zero-mean and RSPq(m) ngPY(m) *gRXq(m) *SRXY(m) )
(©). v(n) is zero-mean and == = pq(2)= pr(z) = qu(z) = ~Xy(z) and
(D). x(n), t(n), v(n) are uncorrelated Spq(w) =Spy (W) =Sxq(w) =S« (w)
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Proof.
Rpq(m) = Rpy(m) by Lemma 2 page 14
qu (m) = qu (m) by Lemma 3 page 15
Rey(m) £ E [x(m)y*(0)] by definition R,y
£ E ([p(m) + t(m)] y*(0)) by definition S
= E[p(m)y™(0) + t(m) y*(0)]
=E[p(m)y*(0)] + E[t(m)y*(0)] by linearity of E
0
= E [p(m) y*(0)] +M by uncorrelated hypothesis (D)
= Rpy(m) by definition of Ry,
(2). Ry(m) 2EX(0)y(m)]  £E([p(0)+t(0)]" y(m))  =E[p*(0)y(m)] +W£Y(m)] =R
(3). Ry(m) £E[x(0)y"(m)] = E([p(0) +t(0)]y*(m)) — E[p(0)y*(m)] + [EHOIEy (m)] =R
(4). Ry(m) 2E["(m)y(0)]  £E([p(m)+t(m)]"y(0))  =E[p"(m)y(0)] +MEOY(0)] =R
(5). Ry(m)£E[x(0)y(m)]  £E([p(0)+t(0)]y(m)) — E[p(0) y(m)] + [EHOEy(m) = Rpy
(6). Ry(m)=E[x(m)y(0)]  =E([p(m)+t(m)]y(0)) = E[p(m) y(0)] +MEOY(O)] =R
(7). Ry(m) B[ (0)y*(m)]  =E([p(0) +0)]"y"(m))  =E[p"(0)y"(m)] +W£y*(m)] =R
(8). Rqy(m) 2E["(m)y*(0)] £E([p(m)+t(m)]"y*(0)) =E[p*(m)y*(0)] +w€y*(0)] =R

5.5 Case study: Parallel operators with measurement noise

Proposition 9.Let S be the system illustrated to the right, where T
18 an operator that is not necessarily linear.

(Definition 2 page 2)

(Proposition 11 page 20)

(Definition 2 page 2)

v(n)
Pl —r T Wé)_’y(”)
u(n)—»@ win)
r(n)
x(n) H —»( : )—> s(n)
(A). H is LTI and Sey(2) = H(2)Syy(2)  for (1),(3),(5),(6) and
®). x(n) is WSS and | %Sy(w) = li(kw) Sy(w)  for (1),(3),(5),(6) and
(C). u and v are zero-mean  and §Sy(z) = I:I* (z*) S~xy(z) for (2),(4),(7),(8) and
(D). p, u, v are uncorrelated Sey(w) = H'(—w) Sy (w) for (2),(4),(7),(8)
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5.6 Case study: Non-linear system identification

by Proposition 6 page 12
by Proposition 7 page 13
by Lemma 3 page 15

by Lemma 2 page 14

by definition of Z

by previous result

by Proposition 6 page 12
by Proposition 7 page 13
by Lemma 3 page 15

by Lemma 2 page 14

by definition of Z

by previous result

by Proposition 12 page 21

v(n)
|
P —r T (D))
u(n) —>@
x(n) A r(n)

Fig. 1 Least Square estimation (Proposition 10 page 18)

and (B), (C) and (D)
and (A)

(Definition 10 page 21)
(1)
and (B), (C) and (D)

and (A)

(Definition 10 page 21)

(1)

Remark.The defintion of “best” or “optimal” is given by a cost function C(I:I) There are several possible cost functions.
One possibility is to define an error p(n) £ q(n) — t(n). We note that if H is closely tuned to match T, then not only
should p(n) be close to 0 for all n € Z, but the auto-correlation Ree(m) of p(n) should also be close to 0 for all m € Z.
Moreover by extension, the auto-spectral density S,,(w) £ F Ree(m) should also be close to 0. As such, we can define an
arguably relevant cost function for the system S of Figure 1 (page 17) in terms of Sexs gyy and gxy. In the case of Papoulis’s

Ryy(m), the development of such a cost function C(H) might look something like this:

by definition of C,q  (Definition 3 page 18)

by linearity of E (Proposition 11 page 20)

by definition of R,y  (Definition 2 page 2)

by definition of gxy

(Definition 1 page 1)

Taking cue from the result of Remark 5.6, we arrive at a definition of cost:
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Definition 3.Let S be a system defined as in Figure 1 (page 17). Define the following cost functions for spectral
least-squares estimates:

Cuq(H) £ Srr(w) = Siq(w) — Sqr(w) + Sq(w)

Remark.Note that by Corollary 1 (page 4), Sqr = Srq* for (1)—(4). .. and thus the cost function C for (1)—(4) is real-valued.
This in general is not true for (5)—(8). This in itself provides an argument, however weak that argument may be, for not
selecting any of (5)—(8) as a standard for the definition of Ry, (m).

Now for each of the eight R, (m) definitions, we can transform the expression of er(ﬁ) as given by Definition 3 into
expressions involving H (next lemma). In doing so, one might hope to be in a good position to take partial derivatives of
the real and imaginary parts of H to find an optimal least-squares-like solution for H.

Lemma 4.Let C.q(H) be defined as in Definition 3. Let (1)-(8) below correspond to the eight definitions of Ry, (m) in
Definition 2.

by Definition 3 and Corollary 1 page 4 by Corollary 2 page 7 and Proposition 9 page 16

(1) Crq (F) = 50(w) = Sa() = 8" (@) + Saalw) = Sppl@) [A)]| = Spy(w) Alw) = S () A7 () + Saq()

(2 Crq (A) = 30(0) ~ 5a() = 30 () F300(@) = 50n(e) [A)| — 80 (@) A" () = By, () F(—) + Saa ()

(8). Cua () = 50(@) = Sualw) = 5" (@) +Saq@) = Sunlw) [A(=w)| = Soy(@) Aw) = Sy (@) ' () + Saq(w)

(4): Cua () = 50(0) = 8a6) = 30 (@) + aa(0) = B00(w) [A-)| = Foy ) A" (~0) = By (@) Fi(—0) + 300 (w)
(5). Cua () = 50(w) = Sualw) = Sra(—w) + Saa(w) = Son(w) @) FI(=w) = Spy () A(w) = Soy(—) FI(=w) + Saq(w)
(6). Cua () = 50(w) = Sualw) = Sra(—w) + Saa(w) = Sonw) Aw) FI(=w) = Spy () A(w) = Soy (=) FI(=w) + Saq(w)
(7). Coa () = 50(@) = Sualw) = Sra(—w) + Saalw) = Spnlw) A" (w) " (=) = 55y (@) FI(w) — Sy () A" (@) + Saalw)
(8). Cra () = 50(w) = Sualw) = Sra—w) + Saa(w) = Sonlw) @) Fi(=w) = Spy () A" (=) — Sy (—w) Fi(—w) + Saq )

For the Papoulis Ry, (m) definition (1), the C.q expression demonstrated in Lemma 4 is very useful. In particular, we can
d
aHr V7
two equations to find an optimal H (as in Proposition 10 page 18).

set the partial derivatives

H(w) and % H(w) of the real and imaginary parts of H(w) to zero and solve the resulting
I

However, this becomes troublesome in the case when encountering |:|(—w) and the impulse response of H is complex-
valued—in which case in general H(—w) # FI*(w)

Note that except for (1), all of the expressions demonstrated in Lemma 4 contain an H(—w) and/or I:I*(—w).

This trouble provides an argument, however a weak one it might be, for choosing (1) as the standard definition of R,y (m).

Proposition 10.Let S be the system illustrated in Figure 1 page 17.

(A). X, u, and v are WSS and
(B). X, u, and v are uncorrelated and _, ) argmin Crq(H) = =

(c).u and v are zZero-mean  and A Sax(w) — Suu(w)
(). H is LTI for (1)
Proof.
0 ~ %
0 ~ ~ = = = x 0 = ~ ReS w
1), 0= -0 Cu[A@)] = 2Apw) Spple) ~ Spp0) — S (@) + —o—Siale) = Fn(w) = oo )
OHg OHR Spp(w)
0 ~ %
0 ~ . & c s * 0 ¢ . I Spy (w)
0= 5 G [A)] = 2Rr() Sone) = i) 455 () + SE=Sale) = File) = 20
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— HA(w) 2 Hp(w) +zH,(w)Re§ Sp?w()w) N iIE sp(yw)w)
_ Spy @)
Spp(w)
SXy*(W)

= by Proposition 5 page 11

It follows immediately from Proposition 10 that, for (1) and in the special case of no input noise (u(n) = 0), the standard

estimate® H; is the optimal least-squares estimate of H (next).

Corollary 5.Let S be the system illustrated in Figure 1 page 17.

(1). hypotheses of Proposition 10 and} ~ 2 A gxy (w)
— H = H = or 1
{ 2).u(n)=0 (w) 1(w) " for (1)

6 Which one?

Which definition of Ry, (m) should we use? Any one of them is perfectly acceptable—as long as a clear definition is
provided and that definition is used consistently. That being said, note the following:

1.The ezpectation operator E (X Y™) is an inner product. As such, it would seem the most natural to follow the convention
of other inner product definitions and thus put the conjugate * on y (i.e. follow Papoulis):

o (x(t)]y(t) 2 / x(t) y* (1)

teR

o (x(n)|y(n)) £ x(n)y*(n)
nez
. (X|Y) 2 E(XY")
2.If we view R,y (m) as an analysis of y in terms of x (or as a projection of y onto x), then it would seem more natural
to put the conjugate on x (i.e. follow Kay). This is what is done in Fourier analysis when projecting a function f(t)
onto the set of basis functions {e™"|w € R}, as in

Fly(n)](w) £ {y(n)|e™“™) (project y(n) onto e™™ for some w € R)

23 ym[e ]

neZ

£ y(nyeen

nez

But arguably, a “projection of y onto x” would better be served by the use of Ryx(m) rather than R,,(m).
3.As demonstrated in Section 5.6 (page 17), the Papoulis definition (1) is arguably more convenient for performing
least-squares-like optimization.

Appendix A Random Sequences

Definition 4./19, page 104], [2, page 30], [4, page 49] Let (£2,E,P) be a probability space and X a random variable on
(£2,E, P) with probability density function px.

The expectation operator E, on X is defined as E. X £ / xpx(x) x.
zelF

5 [2, pages 98-100], [3, pages 106-109], [4, pages 187-190]
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Proposition 11(Linearity of E). [19, page 107], [2, page 30], Let X be a random variable on a probability space
(2,E,P).

EX(CLX +bY —|—C) = (a EX X) + (b EX Y) -+ C Va,b,ce€R (linear)

Proof.

Eq(aX+bY +c) £ / / l[ax + by + c|pxy(z,y) yx by definition of E (Definition 4 page 19)
z€R JyeR

/ / axpxy(r,y) yx+ / bypxy(w,y)nyr/ / cpxy(T,y) y x
z€eR JyeR zeR JyeR zeR JyeR

/ a:c/ pxyxyyx+/ by/ pxyscyxy—i-c/ / pxyxy
yGR y€ER yER JzER

px(:v) Py (Y)

- / @) x+b [ ypy )y +o
R yeR

EX EY
= (aExX)+ (bE,Y) + ¢

Definition 5./19, page 220], [4, pages 109-111], [2, page 3] Let (x(n))ncz be a random sequence.

(x(n)) is wide sense stationary (WSS) if
(1). Ex(n) = Ex(k) Vn,k € Z  and
2). E[x(n+m)x(n)] = E[x(k+m)x(k)] Vn,k,m € Z

Definition 6./19, page 221] Let (x(n))nez and (y(n))nez be random sequences.

(x(n)) and (y(n)) are jointly wide sense stationary (J-WSS) if
(1). (x(n)) is wide sense stationary Definition 5 and
2). (y(n)) is wide sense stationary Definition 5 and
3). Ex(n+m)y(n)] = E[x(k+m)y(k)] vn,k,m ez

Appendix B Operations on Sequences

B.1  Convolution operation

Definition 7./6, page 1], [24, page 23], [11, page 31] Let XY be the set of all functions from a set Y to a set X. Let Z
be the set of integers.

A function f in XY is a sequence over X if Y = Z.
A sequence may be denoted in the form (x,)nez or simply as (z,).

Definition 8./13, page 347] Let (C,+,-,0,1) be the field of complex numbers.

The space of all absolutely square summable sequences (% over C is defined as

2L {qxnpnez| D fanl* < 00
nez

Definition 9.
The convolution opemtion * 1§ deﬁned as

(]xTL yn - E TmYn—m nEZ qu71DnE’Z7q?]nDnEZ€é%
mEeZ
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B.2  Z-transform

Definition 10.” Let (x(n))ncz be a sequence.

The z-transform Z of (x(n)) is defined as
ZmD](z) £ > x(n)z™"  wixmes

nez

Proposition 12.Let X (z) = Zx(n) be the z-transform of x(n).
(1). Z{ax(n)) =ax(z) Vie.)e? and
(2). Z(x E)) = 27 %(2) Y(zn)e? and

) V(zn)€02 and

*) V(zn)€02 and

n—
(x() 2 20s(m)} = {2 :}z(
4). Z(x*(n)) =x*(

* s 1
(5). Z(x"(—n)) =% <*> Y(zn)el?

(Definition 10 page 21)

" Laurent series: [1, page 49)
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Proof.

aZx(z

~—

[I>

(1>

[I>

(1>

[I>

(1>

m=-+o0

Z x[m — k]z7™
.

Z x[n—k]z7"
Z(x[n — K])

by definition of x(z)

by definition of Z operator

by distributive property

by definition of Z operator

by definition of %(z)

by definition of Z

where m £ n+k

A
where n = m

by definition of Z
by definition of Z

by definition of Z

by definition of Z
by definition of Z

A
where m = —n

because (x(n)), (2") € (&

by definition of Z

by definition of Z
where m £ —n

because (x(n)), (2") € (2

by definition of Z

(left hypothesis)

(Definition 10 page 21)

— n=m-—=%k

(Definition 10 page 21)
(Definition 10 page 21)

(Definition 10 page 21)

(Definition 10 page 21)
(Definition 10 page 21)

—— n=-m

(Definition 8 page 20)

(Definition 10 page 21)

(Definition 10 page 21)
= n=-m

(Definition 8 page 20)

(Definition 10 page 21)
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Proposition 13(Convolution Theorem). Let x be the convolution operator (Definition 9 page 20).

Z ((zn) * () = (Z(zn)) (Z(ya)) V(zn)nez (YnDnez €L
——— ~—— —

sequence convolution series multiplication

Proof.

[Z(zxy)](2) £ 7Z (Z xmynm> by Definition 9 page 20
meZ

£ Z Z TmYn—m?z by Definition 10 page 21
neEZ meZ

= Z Z xmyn—mz_n

neEZ meZ

= Z meynfmz_n

mEZLNEL

= Zmeykz*(mﬂg) where k=n—-—-m < n=m+k
meZ ke

_ [Z xmz—m] lz ykk]

meZ kEZ
£ (Z(]an) (qun[)) by Definition 10 page 21

Lemma 5.Let H be a linear time-invariant operator with impulse response (h(n)). Let (y(n)) £ (Hx(n)).

(A). (x(n)) and (y(n)) are real-valued and

(B). (x(n)) and (h(n)) are in (% and (1). (h(n)) is eal—valued and
(©) (x(m) # -+ 10,0,0,- ) o) () = 1 (=)

(D). (b(n)) is linear time-invariant

Proof. 1.Let hg(n ) and hy(n) be the real-part and imaginary-part, respectively, of h(n).
2.]emma: ) hy(m)x(n—m) =0

meZ
> hr(m)x(n—m)+i Y hi(m)x(n—m)
mEL meZ
= Z h(m)x(n —m) by definitions of hg and hy item (1)
meZ
=y(n) because H is LTI hypothesis (D)
=y*(n) because y is real-valued hypothesis (A)
= (Z h(m)x(n — m)) because H is LTI hypothesis (D)
meZ
= Z h*(m)x*(n —m) by antiautomorphic property  (Definition 11 page 24)
meZ
= Z h*(m)x(n —m) because y is real-valued hypothesis (A)
meZ
= Z hr(m)x(n —m) —i Z hy(m)x(n —m) by definitions of hg and hy item (1)
meZ meZ

=| > hym)x(n—m)=0

mEZ

3.Notes:
(a)Without hypothesis (C), it is trivial to satisfy (2) lemma.
(b)Without hypothesis (B), it is simple to satisfy (2) lemma with
h(n)=1(--,0,0,0,4,—4,0,0,0,- ) and x(n) = (---,1,1,1,--:)
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(c)Without hypothesis (D), it is trivial to satisfy (2) lemma with Hx(n) £ Re (Z h(m)x(n — m))
meZ
4.Proof that h(n) is real-valued:

(2) lemma = H;(2)X(2) =0 by Conwvolution Theorem (Proposition 13 page 23)
— H;(2) =0 because x(n) # (---,0,0,0,--+) hypothesis (C)
= h;(n)=(--,0,0,0,--)
A

= h(n) £ hg(n) +ihs(n) is real-valued

5.Proof that F(z) = H (2*

~—

H(z) £ Z(x(n)) by definition of H(z)
= Z(x"(n)) because x(n) is real-valued (item (4) page 24)
=H" (%) by Proposition 12

Lemma 6.Let H(w) be the DTFT (Definition 1 page 1) of a sequence h(n).

{h(n) 1S real—valued} — {I:I(—w) = H*(UJ) (conjugate symmetric)}

Proof.

H(—w) £ Z h(n)e i by definition of H(w) (Definition 1 page 1)
nez

= Z h(n)e™™

nez

*
= lz h* (n)e“‘m] by antiautomorphic property of *-algebras (Definition 11 page 24)
nez

= [Z h(n)ei“’”] by real-valued hypothesis

2 H (w) by definition of |:|(w) (Definition 1 page 1)

Appendix C Normed Algebras

Definition 11./21, page 178], [8, page 241 | zsymjx Let A be an algebra.

The pair (A, %) is a x-algebra, or “star-algebra”, if

1. (x+y) ="+ y* vayea (distributive) and
2. (ozx)* = ax* Vz€A, a€C (conjugate linear) and
3. ((Ey)* = y*(E* Va,yeA (antiautomorphic) and
4. =z VreA (involutory)

The operator x is called an involution on the algebra A.

Definition 12(Hermitian components). [18, page 430], [21, page 179], [8, page 242 ] Let (X, ||-||) be a *-algebra
(Definition 11 page 24).

1
For x € X, the real part of x is defined as Rex = = (x + x*)

1

For x € X, the imaginary part of x is defined as Inx £ % (a: — x*)
i

Example 1.[14, pages 106-107] Let C be the set of complex numbers and * : C — C the conjugate operator. The pair
(C, %) is an x-algebra.
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