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Abstract: This paper discusses the behaviors and solutions of some rational recursive relations of twenty-fourth order using the
iteration technique and the modulus operator. The stability of the equilibrium points are comprehensively analyzed. We also present
other properties such as periodicity, oscillation and bounded solutions. Some numerical examples are obviously given to ensure the
validity of the theoretical work. These examples are plotted using MATLAB. The proposed techniques can be utilized to be applied on
other nonlinear equations.
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1 Introduction

The evolution of a certain natural phenomena is often described over a course of time using differential equations.
However, many real life problems can be sometimes modeled using discrete time steps which lead to difference
equations. Hence, recursive equations have an effective and powerful role in mathematics. They are successfully utilized
to investigate some applications in engineering, physics, biology, economic and others. For instance, recursive equations
have been well used in modeling some natural phenomena such as the size of a population, the Fibonacci sequence, the
drug in the blood system, the transmission of information, the pricing of a certain commodity, the propagation of annual
plants, and others [1]. In addition, some scholars have used difference equations to find the numerical solutions of some
differential equations. More specifically, discretizing a given differential equation gives a difference equation. For
example, Runge–Kutta scheme is obtained from discretizing a first order differential equation. The development of
technology has motivated the use of recurrence equations as approximations to partial differential equations. It is worth
mentioning that fractional order difference equations are often utilized to investigate some real life phenomena emerging
in nonlinear sciences.

Most properties of recursive expressions have been widely discussed by some researchers. For example, researchers have
explored the stability, periodicity, boundedness and solutions of some recursive equations. We here present some
published works. Alayachi et al. [2] analyzed the local and global attractivity, periodicity and the solutions of a sixth
order difference equation. Some numerical examples have been also presented in [2]. In [3], Sanbo and Elsayed
presented the periodicity, stability and some solutions of a fifth order recursive equation. Almatrafi and Alzubaidi [4]
discussed the dynamical behaviors of an eighth order difference relation and showed some 2D figures for the obtained
results. Moreover, Ahmed et al. [5], found new solutions and investigated the dynamical analysis for some nonlinear
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difference relations of fifteenth order. The authors in [6] obtained novel structures for the solutions of a rational recursive
relation. The local and global stability, boundedness, periodicity and solutions of a second order difference equation
were investigated in [7]. The authors proved that the local asymptotic stability of the equilibrium point implies global
asymptotic stability. In [8], Kara and Yazlik expressed the solutions of a (k+ l)-order recursive equation and investigated
the asymptotic stability of the constructed results of the problem when k = 3, and l = k. Finally, Elsayed [9] analyzed the
qualitative behaviors of a nonlinear recursive equation. More discussions about nonlinear recursive problems can be seen
in refs. [10,11,12,13,14,15,16,17,18,19,20].

The motivation of writing this article arises from the investigation of fifteenth order difference equations given in [5]. We
consider more sophisticated rational difference equations of twenty-fourth order. Therefore, this work aims to analyze
some dynamical properties such as equilibrium points, local and global behaviors, boundedness, and analytic solutions
of the nonlinear recursive equations

χr+1 =
χr−23

±1±∏
5
i=0 χr−(4i+3)

, r = 0,1,2, ....

Here, the initial values χ−23, χ−22, ..., χ0 are arbitrary non-zero real numbers. In this work, we also illustrate some 2D
figures with the help of MATLAB to validate the obtained results.

Definition 1.We consider mod (κ,4) = κ −4⌊κ

4 ⌋, where ⌊Λ⌋ is the greatest integer less than or equal to the real number
Λ .

2 Dynamical analysis of χr+1 =
χr−23

1+χr−3χr−7χr−11χr−15χr−19χr−23

In this section, we implement specific strategies to investigate the dynamical behaviors of the difference equation

χr+1 =
χr−23

1+χr−3χr−7χr−11χr−15χr−19χr−23
, r = 0,1,2, ..., (1)

with the initial conditions χ−ι , ι = 0,1,2, ...,23. More specifically, the attractivity and boundedness of the solutions of
Eq. (1) are investigated.

Theorem 1.Assume that {χr}∞
r=−23 is a solution to Eq. (1). Then, for r = 0,1,2, ..., we have

χ24r−κ = εκ

r−1

∏
i=0

(
1+(6i+ηκ −1)µκ

1+(6i+ηκ)µκ

)
, (2)

where µκ = ∏
5
j=0 εmod(κ,4)+4 j, ηκ = 6−

[
κ

4

]
, χ−k = εκ , rµκ ̸=−1, r ∈ {1,2,3, ...}, and κ = 0,1,2, ...,23.

Proof The solutions are true at r = 0. Let r > 0 and suppose that the results are true at r−1, as follows:

χ24r−24−κ = εκ

r−2

∏
i=0

(
1+(6i+ηκ −1)µκ

1+(6i+ηκ)µκ

)
. (3)
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Using Eq. (1) and Eq. (3) gives

χ24r−23 =
χ24r−47

1+χ24r−27χ24r−31χ24r−35χ24r−39χ24r−43χ24r−47

=
ε23 ∏

r−2
i=0

(
1+(6i+η23−1)µ23

1+(6i+η23)µ23

)
1+∏

5
j=0

(
ε4 j+3 ∏

r−2
i=0

(
1+(6i+η4 j+3−1)µ4 j+3

1+(6i+η4 j+3)µ4 j+3

))

=
ε23 ∏

r−2
i=0

(
1+(6i)ε3ε7ε11ε15ε19ε23

1+(6i+1)ε3ε7ε11ε15ε19ε23

)
1+ ε3ε7ε11ε15ε19ε23 ∏

r−2
i=0

(
1+(6i)ε3ε7ε11ε15ε19ε23

1+(6i+6)ε3ε7ε11ε15ε19ε23

)
= ε23

r−1

∏
i=0

1+(6i)ε3ε7ε11ε15ε19ε23

1+(6i+1)ε3ε7ε11ε15ε19ε23
.

Furthermore, utilizing Eq. (1) and Eq. (3), we have

χ24r−22 =
χ24r−46

1+χ24r−26χ24r−30χ24r−34χ24r−38χ24r−42χ24r−46

=
ε22 ∏

r−2
i=0

(
1+(6i+η22−1)µ22

1+(6i+η22)µ22

)
1+∏

5
j=0

(
ε4 j+2 ∏

r−2
i=0

(
1+(6i+η4 j+2−1)µ4 j+2

1+(6i+η4 j+2)µ4 j+2

))

=
ε22 ∏

r−2
i=0

(
1+(6i)ε2ε6ε10ε14ε18ε22

1+(6i+1)ε2ε6ε10ε14ε18ε22

)
1+ ε2ε6ε10ε14ε18ε22 ∏

r−2
i=0

(
1+(6i)ε2ε6ε10ε14ε18ε22

1+(6i+6)ε2ε6ε10ε14ε18ε22

)
= ε22

r−1

∏
i=0

(
1+(6i)ε2ε6ε10ε14ε18ε22

1+(6i+1)ε2ε6ε10ε14ε18ε22

)
.

Also, from Eq. (1) and Eq. (3), we have

χ24r−21 =
χ24r−45

1+χ24r−25χ24r−29χ24r−33χ24r−37χ24r−41χ24r−45

=
ε21 ∏

r−2
i=0

(
1+(6i+η21−1)µ21

1+(6i+η21)µ21

)
1+∏

5
j=0

(
ε4 j+1 ∏

r−2
i=0

(
1+(6i+η4 j+1−1)µ4 j+1

1+(6i+η4 j+1)µ4 j+1

))

=
ε21 ∏

r−2
i=0

(
1+(6i)ε1ε5ε9ε13ε17ε21

1+(6i+1)ε1ε5ε9ε13ε17ε21

)
1+ ε1ε5ε9ε13ε17ε21 ∏

r−2
i=0

(
1+(6i)ε1ε5ε9ε13ε17ε21

1+(6i+6)ε1ε5ε9ε13ε17ε21

)
= ε21

r−1

∏
i=0

(
1+(6i)ε1ε5ε9ε13ε17ε21

1+(6i+1)ε1ε5ε9ε13ε17ε21

)
.
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Finally, using Eq. (1) and Eq. (3) gives

χ24r−20 =
χ24r−44

1+χ24r−24χ24r−28χ24r−32χ24r−36χ24r−40χ24r−44

=
ε20 ∏

r−2
i=0

(
1+(6i+η20−1)µ20

1+(6i+η20)µ20

)
1+∏

5
j=0

(
ε4 j ∏

r−2
i=0

(
1+(6i+η4 j−1)µ4 j

1+(6i+η4 j)µ4 j

))

=
ε20 ∏

r−2
i=0

(
1+(6i)ε0ε4ε8ε12ε16ε20

1+(6i+1)ε0ε4ε8ε12ε16ε20

)
1+ ε0ε4ε8ε12ε16ε20 ∏

r−2
i=0

(
1+(6i)ε0ε4ε8ε12ε16ε20

1+(6i+6)ε0ε4ε8ε12ε16ε20

)
= ε20

r−1

∏
i=0

(
1+(6i)ε0ε4ε8ε12ε16ε20

1+(6i+1)ε0ε4ε8ε12ε16ε20

)
.

We similarly can obtain other relations of Eq. (2).

Theorem 2.Suppose that χ−23,χ−22, ...,χ0 ∈ [0,∞). Then, every solution of Eq. (1) is bounded.

Proof: Let {χr}∞
r=−23 be a solution to Eq. (1). Then, from Eq. (1), one obtains

0 ≤ χr+1 =
χr−23

1+χr−3χr−7χr−11χr−15χr−19χr−23
≤ χr−23, ∀ r ≥ 0.

Thus, the sequence {χ24r−i}∞
r=0, i = 0,1, ...,23 is decreasing and is bounded from above by τ = max{χ−23,χ−22, ...,χ0}.

Theorem 3.Equation (1) has a unique fixed point which is χ = 0.

Proof: Using Eq. (1) gives

χ =
χ

1+χ
6 ,

which leads to
χ +χ

7 = χ.

Hence, χ
7 = 0. This gives that χ = 0.

Theorem 4.Let χ−23,χ−22, ...,χ0 ∈ [0,∞). Then, the fixed point χ = 0 of Eq. (1) is locally stable.

Proof: Assume that ε > 0, and let {χΩ}∞
Ω=−23 be a solution to Eq. (1) with

23

∑
j=0

∣∣χ− j
∣∣< ε.

Now, it is sufficient to show that |χ1|< ε . Note that

0 < χ1 =
χ−23

1+χ−3χ−7χ−11χ−15χ−19χ−23
≤ χ−23 < ε.

The proof is done.

Theorem 5.Let χ−23,χ−22, ...,χ0 ∈ [0,∞). Then, the fixed point χ = 0 of Eq. (1) is globally asymptotically stable.

Proof: In Theorem 4, we showed that the fixed point χ = 0 is locally stable. Let {χr}∞
r=−23 be a positive solution to Eq.

(1). Then, it is needed to prove that limr→∞ χr = χ = 0. Note that Theorem 2 gives χr+1 < χr−23, ∀r ≥ 0. The sequences
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{χ24r−i}∞
r=0 , i = 0,1, ...,23 are decreasing and bounded which means that the sequences {χ24r−i}∞

r=0, i = 0,1, ...,23
approach to a limit Zi ≥ 0. Hence,

Z23 =
Z23

1+Z3Z7Z11Z15Z19Z23
,Z22 =

Z22

1+Z2Z6Z10Z14Z18Z22
, ...,Z0 =

Z0

1+Z0Z4Z8Z12Z16Z20
.

This leads to Z0 = Z1 = ...= Z23 = 0.

3 Dynamical analysis of χr+1 =
χr−23

1−χr−3χr−7χr−11χr−15χr−19χr−23

This part investigates the qualitative behavior of the recursive equation

χr+1 =
χr−23

1−χr−3χr−7χr−11χr−15χr−19χr−23
, r = 0,1,2, ... (4)

where the initial conditions χ−ι , ι = 0,1,2, ...,23, are real numbers.

Theorem 6.Assume that {χr}∞
r=−23 is a solution to Eq. (4). Then, for r = 0,1,2, ...

χ24r−κ = εκ

r−1

∏
i=0

(
−1+(6i+ηκ −1)µκ

−1+(6i+ηκ)µκ

)
. (5)

Here, µκ = ∏
5
j=0 εmod(κ,4)+4 j, ηκ = 6−

[
κ

4

]
, χ−κ = εkκ , rµκ ̸= 1, r ∈ {1,2,3, ...}, and κ = 0,1,2, ...,23.

Proof: Equation (5) is true for r = 0. We let r > 0 and suppose that the solutions are true at r−1. Hence,

χ24r−24−κ = εκ

r−2

∏
i=0

(
−1+(6i+ηκ −1)µκ

−1+(6i+ηκ)µκ

)
. (6)

Utilizing Eq. (4) and Eq. (6) yields

χ24r−23 =
χ24r−47

1−χ24r−27χ24r−31χ24r−35χ24r−39χ24r−43χ24r−47

=
ε23 ∏

r−2
i=0

(
−1+(6i+η23−1)µ23
−1+(6i+η23)µ23

)
1−∏

5
j=0

(
ε4 j+3 ∏

r−2
i=0

(
−1+(6i+η4 j+3−1)µ4 j+3

−1+(6i+η4 j+3)µ4 j+3

))

=
ε23 ∏

r−2
i=0

(
−1+(6i)ε3ε7ε11ε15ε19ε23

−1+(6i+1)ε3ε7ε11ε15ε19ε23

)
1− ε3ε7ε11ε15ε19ε23 ∏

r−2
i=0

(
−1+(6i)ε3ε7ε11ε15ε19ε23

−1+(6i+6)ε3ε7ε11ε15ε19ε23

)
= ε23

r−1

∏
i=0

(
−1+(6i)ε3ε7ε11ε15ε19ε23

−1+(6i+1)ε3ε7ε11ε15ε19ε23

)
.
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Furthermore, from Eq. (4) and Eq. (6), we have

χ24r−22 =
χ24r−46

1−χ24r−26χ24r−30χ24r−34χ24r−38χ24r−42χ24r−46

=
ε22 ∏

r−2
i=0

(
−1+(6i+η22−1)µ22
−1+(6i+η22)µ22

)
1−∏

5
j=0

(
ε4 j+2 ∏

r−2
i=0

(
−1+(6i+η4 j+2−1)µ4 j+2

−1+(6i+η4 j+2)µ4 j+2

))

=
ε22 ∏

r−2
i=0

(
−1+(6i)ε2ε6ε10ε14ε18ε22

−1+(6i+1)ε2ε6ε10ε14ε18ε22

)
1− ε2ε6ε10ε14ε18ε22 ∏

r−2
i=0

(
−1+(6i)ε2ε6ε10ε14ε18ε22

−1+(6i+6)ε2ε6ε10ε14ε18ε22

)
= ε22

r−1

∏
i=0

(
−1+(6i)ε2ε6ε10ε14ε18ε22

−1+(6i+1)ε2ε6ε10ε14ε18ε22

)
.

Moreover, from Eq. (4) and Eq. (6), we have

χ24r−21 =
χ24r−45

1−χ24r−25χ24r−29χ24r−33χ24r−37χ24r−41χ24r−45

=
ε21 ∏

r−2
i=0

(
−1+(6i+η21−1)µ21
−1+(6i+η21)µ21

)
1−∏

5
j=0

(
ε4 j+1 ∏

r−2
i=0

(
−1+(6i+η4 j+1−1)µ4 j+1

−1+(6i+η4 j+1)µ4 j+1

))

=
ε21 ∏

r−2
i=0

(
−1+(6i)ε1ε5ε9ε13ε17ε21

−1+(6i+1)ε1ε5ε9ε13ε17ε21

)
1− ε1ε5ε9ε13ε17ε21 ∏

r−2
i=0

(
−1+(6i)ε1ε5ε9ε13ε17ε21

−1+(6i+6)ε1ε5ε9ε13ε17ε21

)
= ε21

r−1

∏
i=0

(
−1+(6i)ε1ε5ε9ε13ε17ε21

−1+(6i+1)ε1ε5ε9ε13ε17ε21

)
.

Finally, Eq. (4) and Eq. (6) lead to

χ24r−20 =
χ24r−44

1−χ24r−24χ24r−28χ24r−32χ24r−36χ24r−40χ24r−44

=
ε20 ∏

r−2
i=0

(
−1+(6i+η20−1)µ20
−1+(6i+η20)µ20

)
1−∏

5
j=0

(
ε4 j ∏

r−2
i=0

(
−1+(6i+η4 j−1)µ4 j

−1+(6i+η4 j)µ4 j

))

=
ε20 ∏

r−2
i=0

(
−1+(6i)ε0ε4ε8ε12ε16ε20

−1+(6i+1)ε0ε4ε8ε12ε16ε20

)
1− ε0ε4ε8ε12ε16ε20 ∏

r−2
i=0

(
−1+(6i)ε0ε4ε8ε12ε16ε20

−1+(6i+6)ε0ε4ε8ε12ε16ε20

)
= ε20

r−1

∏
i=0

(
−1+(6i)ε0ε4ε8ε12ε16ε20

−1+(6i+1)ε0ε4ε8ε12ε16ε20

)
.

Other relations can be similarly done.

Theorem 7.Equation (4) has a unique equilibrium point χ = 0, which is non-hyperbolic.

Proof: Equation (4) leads to

χ =
χ

1−χ
6 ,

from which we have
χ −χ

7 = χ.
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Hence, χ
7 = 0. As a result, χ = 0. Next, we define a function

h (x1,x2,x3,x4,x5,x6) =
x1

1− x1x2x3x4x5x6
,

on I6 where I is a subset of R such that 0 ∈ I and f (I6)⊆ I. It is obvious that h is continuously differentiable on I6. Thus,

hx1(x1,x2,x3,x4,x5,x6) =
1

(1− x1x2x3x4x5x6)
2 , hx2(x1,x2,x3,x4,x5,x6) =

x2
1x3x4x5x6

(1− x1x2x3x4x5x6)
2 ,

hx3(x1,x2,x3,x4,x5,x6) =
x2

1x2x4x5x6

(1− x1x2x3x4x5x6)
2 , hx4(x1,x2,x3,x4,x5,x6) =

x2x2x3x5x6

(1− x1x2x3x4x5x6)
2 ,

hx5(x1,x2,x3,x4,x5,x6) =
x2

1x2x3x4x6

(1− x1x2x3x4x5x6)
2 , hx6(x1,x2,x3,x4,x5,x6) =

x2
1x2x3x4x5

(1− x1x2x3x4x5x6)
2 .

Therefore,

hx1(χ,χ,χ,χ,χ,χ) = 1, hx2(χ,χ,χ,χ,χ,χ) = hx3(χ,χ,χ,χ,χ,χ) = hx4(χ,χ,χ,χ,χ,χ) = hx5(χ,χ,χ,χ,χ,χ) =

hx6(χ,χ,χ,χ,χ,χ) = 0.
We now obtain the linearized equation of Eq. (4) about χ = 0, which is given by

χΩ+1 = χΩ−23, (7)

whose characteristic equation is
λ

24 −1 = 0.

This means that
|λi|= 1, i = 1,2, ...,24.

As a result, χ is a non hyperbolic equilibrium point.

4 Dynamical analysis of χr+1 =
χr−23

−1+χr−3χr−7χr−11χr−15χr−19χr−23

This section is assigned to show the solutions of the difference problem

χr+1 =
χr−23

−1+χr−3χr−7χr−11χr−15χr−19χr−23
, r = 0,1,2, ..., (8)

where χ−ι , ι = 0,1,2, ...,23 are real numbers. We also present the periodicity and the oscillation of the solutions.

Theorem 8.Assume that {χr}∞
r=−23 is a solution to Eq. (8). Then, for r = 0,1,2, ..., we have

χ24r−κ =
εκ

(−1+µκ)
rακ

. (9)

Here, µκ = ∏
5
j=0 εmod(κ,4)+4 j, ακ = (−1)[

κ
4 ]+1, χ−κ = εκ , µκ ̸= 1, and κ = 0,1,2, ...,23.

Proof: Equation (9) is true for r = 0. Let r > 0 and assume that the results are true at r−1, as follows:

χ24r−24−κ =
εκ

(−1+µκ)
(r−1)ακ

. (10)
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From Eq. (8) and Eq. (10), we have

χ24r−23 =
χ24r−47

−1+χ24r−27χ24r−31χ24r−35χ24r−39χ24r−43χ24r−47

=

ε23
(−1+µ23)

r−1

−1+ ε3 (−1+µ3)
r−1 ε7

(−1+µ7)
r−1 ε11 (−1+µ11)

r−1 ε15
(−1+µ15)

r−1 ε19 (−1+µ19)
r−1 ε23

(−1+µ23)
r−1

=
ε23

(−1+ ε3ε7ε11ε15ε19ε23)
r−1 (−1+ ε3ε7ε11ε15ε19ε23)

=
ε23

(−1+ ε3ε7ε11ε15ε19ε23)
r .

We also obtain from Eq. (8) and Eq. (10) that

χ24r−22 =
χ24r−46

−1+χ24r−26χ24r−30χ24r−34χ24r−38χ24r−42χ24r−46

=

ε22
(−1+µ22)

r−1

−1+ ε2 (−1+µ2)
r−1 ε6

(−1+µ6)
r−1 ε10 (−1+µ10)

r−1 ε14
(−1+µ14)

r−1 ε18 (−1+µ18)
r−1 ε22

(−1+µ22)
r−1

=
ε22

(−1+ ε2ε6ε10ε14ε18ε22)
r−1 (−1+ ε2ε6ε10ε14ε18ε22)

=
ε22

(−1+ ε2ε6ε10ε14ε18ε22)
r .

Furthermore, Eq. (8) and Eq. (10) give

χ24r−21 =
χ24r−45

−1+χ24r−25χ24r−29χ24r−33χ24r−37χ24r−41χ24r−45

=

ε21
(−1+µ21)

r−1

−1+ ε1 (−1+µ1)
r−1 ε5

(−1+µ5)
r−1 ε9 (−1+µ9)

r−1 ε13
(−1+µ13)

r−1 ε17 (−1+µ17)
r−1 ε21

(−1+µ21)
r−1

=
ε21

(−1+ ε1ε5ε9ε13ε17ε21)
r−1 (−1+ ε1ε5ε9ε13ε17ε21)

=
ε21

(−1+ ε1ε5ε9ε13ε17ε21)
r .

Finally, we use Eq. (8) and Eq. (10) to have

χ24r−20 =
χ24r−44

−1+χ24r−24χ24r−28χ24r−32χ24r−36χ24r−40χ24r−44

=

ε20
(−1+µ20)

r−1

−1+ ε0 (−1+µ0)
r−1 ε4

(−1+µ4)
r−1 ε8 (−1+µ8)

r−1 ε12
(−1+µ12)

r−1 ε16 (−1+µ16)
r−1 ε20

(−1+µ20)
r−1

=
ε20

(−1+ ε0ε4ε8ε12ε16ε20)
r−1 (−1+ ε0ε4ε8ε12ε16ε20)

=
ε20

(−1+ ε0ε4ε8ε12ε16ε20)
r .

One can similarly proved other relations.

Theorem 9.Equation (8) has three equilibrium points 0 and ± 6√2, which are non-hyperbolic.

Proof: It can be similarly done as the proof of Theorem 7.
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Theorem 10.Equation (8) is periodic of period 24 if and only if µκ = 2, for κ = 0,1, ...,23, which take the following form:

χ24r−κ = εκ , κ = 0,1, ...,23, and r = 0,1,2, ...

Proof: The proof is done by using Theorem 8.

Theorem 11.Let ε0,ε1, ...,ε23 ∈ (0,1). Then, the solution {χΩ}∞
Ω=−23 oscillates about the equilibrium point χ = 0, with

positive semicycles of length 24, and negative semicycles of length 24.

Proof: Using Theorem 8, we find χ1,χ2, ...,χ24 < 0 and χ25,χ26, ...,χ48 > 0. Thus, the result follows by induction.

5 Dynamical analysis of χr+1 =
χr−23

−1−χr−3χr−7χr−11χr−15χr−19χr−23

This section presents the periodicity, oscillation, and the solutions of the recursive problem

χr+1 =
χr−23

−1−χr−3χr−7χr−11χr−15χr−19χr−23
, r = 0,1,2, ..., (11)

where χ−ι , ι = 0,1,2, ...,23, are real numbers.

Theorem 12.Let {χr}∞
r=−23 be a solution to Eq. (11). Then, for r = 0,1,2, ..., we have

χ24r−κ =
εκ

(−1−µκ)
rακ

. (12)

Here, µκ = ∏
5
j=0 εmod(κ,4)+4 j, ακ = (−1)[

κ
4 ]+1 and χ−κ = εκ , with µκ ̸=−1, κ = 0,1,2, ...,23.

Proof: The results are true at r = 0. We let r > 0 and suppose that the solutions are true at r−1 as follows:

χ24r−24−κ =
εκ

(−1−µκ)
(r−1)ακ

. (13)

Next, from Eq. (11) and Eq. (13), we obtain

χ24r−23 =
χ24r−47

−1−χ24r−27χ24r−31χ24r−35χ24r−39χ24r−43χ24r−47

=

ε23
(−1−µ23)

r−1

−1− ε3 (−1−µ3)
r−1 ε7

(−1−µ7)
r−1 ε11 (−1−µ11)

r−1 ε15
(−1−µ15)

r−1 ε19 (−1−µ19)
r−1 ε23

(−1−µ23)
r−1

=
ε23

(−1− ε3ε7ε11ε15ε19ε23)
r−1 (−1− ε3ε7ε11ε15ε19ε23)

=
ε23

(−1− ε3ε7ε11ε15ε19ε23)
r .
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Moreover, utilizing Eq. (11) and Eq. (13) leads to

χ24r−22 =
χ24r−46

−1−χ24r−26χ24r−30χ24r−34χ24r−38χ24r−42χ24r−46

=

ε22
(−1−µ22)

r−1

−1− ε2 (−1−µ2)
r−1 ε6

(−1−µ6)
r−1 ε10 (−1−µ10)

r−1 ε14
(−1−µ14)

r−1 ε18 (−1−µ18)
r−1 ε22

(−1−µ22)
r−1

=
ε22

(−1− ε2ε6ε10ε14ε18ε22)
r−1 (−1− ε2ε6ε10ε14ε18ε22)

=
ε22

(−1− ε2ε6ε10ε14ε18ε22)
r .

We also use Eq. (11) and Eq. (13) to have

χ24r−21 =
χ24r−45

−1−χ24r−25χ24r−29χ24r−33χ24r−37χ24r−41χ24r−45

=

ε21
(−1−µ21)

r−1

−1− ε1 (−1−µ1)
r−1 ε5

(−1−µ5)
r−1 ε9 (−1−µ9)

r−1 ε13
(−1−µ13)

r−1 ε17 (−1−µ17)
r−1 ε21

(−1−µ21)
r−1

=
ε21

(−1− ε1ε5ε9ε13ε17ε21)
r−1 (−1− ε1ε5ε9ε13ε17ε21)

=
ε21

(−1− ε1ε5ε9ε13ε17ε21)
r .

Finally, Eq. (11) and Eq. (13) give

χ24r−20 =
χ24r−44

−1−χ24r−24χ24r−28χ24r−32χ24r−36χ24r−40χ24r−44

=

ε20
(−1−µ20)

r−1

−1− ε0 (−1−µ0)
r−1 ε4

(−1−µ4)
r−1 ε8 (−1−µ8)

r−1 ε12
(−1−µ12)

r−1 ε16 (−1−µ16)
r−1 ε20

(−1−µ20)
r−1

=
ε20

(−1− ε0ε4ε8ε12ε16ε20)
r−1 (−1− ε0ε4ε8ε12ε16ε20)

=
ε20

(−1− ε0ε4ε8ε12ε16ε20)
r .

Similarly, we can show other formulas.

Theorem 13.Equation (11) has a unique equilibrium point χ = 0, which is non-hyperbolic.

Proof: It can be similarly done as the proof of Theorem 7.

Theorem 14.Equation (11) is periodic of period 24 if and only if µκ =−2, κ = 0,1, ...,23, which have the form

χ24r−k = εκ κ = 0,1, ...,23 and r = 0,1,2, ...

Proof: It can be easily done by using Theorem 12.

Theorem 15.Let ε0,ε1, ...,ε23 ∈ (0,∞). Then, the solution {χr}∞
r=−23 oscillates about the equilibrium point χ = 0, with

positive semicycles of length 24, and negative semicycles of length 24.

Proof: Using Theorem 12, we obtain that χ1,χ2, ...,χ24 < 0, and χ25,χ26, ...,χ48 > 0. Using induction achieves the proof.
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6 Numerical investigation

This part is added to guarantee that the constructed results are correct. We present some 2D example under specific initial
conditions.

Example 1.This example presents the behavior of Eq. (1) under the initial conditions χ−23 = 0.1, χ−22 = 0.5, χ−21 = 5.3,
χ−20 = 2, χ−19 = 0.54, χ−18 = 1.6, χ−17 = 0.07, χ−16 = 0.9, χ−15 = 0.10, χ−14 = 3, χ−13 = 5, χ−12 = 3, χ−11 = 4,
χ−10 = 5, χ−9 = 6.8, χ−8 = 7.8, χ−7 = 2.8, χ−6 = 9, χ−5 = 2.9, χ−4 = 1.8, χ−3 = 6.8, χ−2 = 9.3, χ−1 = 1.9 and
χ0 = 9.8, as shown in Figure 1 (left).

Example 2.Figure 1 (right) illustrates the dynamical behavior of Eq. (4) when χ−23 = 1, χ−22 = 5, χ−21 = 5.3, χ−20 = 2,
χ−19 = 0.54, χ−18 = 6, χ−17 = 0.07, χ−16 = 9, χ−15 = 0.10, χ−14 = 0.3, χ−13 = 5, χ−12 = 0.3, χ−11 = 0.4, χ−10 = 5,
χ−9 = 6.8, χ−8 = 7, χ−7 = 2, χ−6 = 9.5, χ−5 = 2.9, χ−4 = 1, χ−3 = 6.8, χ−2 = 9, χ−1 = 1 and χ0 = 9.
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Fig. 1: The left plot presents the behavior of Eq. (1) while the right picture depicts the behavior of Eq. (4).

Example 3.The graph of the Eq. (8) is plotted in Figure 2 (left) under the random values χ−23 = 0.1, χ−22 = 0.5, χ−21 =

0.15, χ−20 = 0.2, χ−19 = 0.3, χ−18 = 0.2, χ−17 = 0.9, χ−16 = 0.11, χ−15 = 0.6, χ−14 = 0.51, χ−13 = 0.14, χ−12 = 0.5,
χ−11 = 0.2, χ−10 = 0.8, χ−9 = 0.5, χ−8 = 0.1, χ−7 = 0.3, χ−6 = 0.7, χ−5 = 0.1, χ−4 = 0.88, χ−3 = 0.12, χ−2 = 0.89,
χ−1 = 0.33 and χ0 = 0.2.

Example 4.The dynamical behavior of Eq. (11) is shown in Figure 2 (right) when χ−23 = 0.15, χ−22 = 0.13, χ−21 = 0.55,
χ−20 = 0.22, χ−19 = 0.33, χ−18 = 0.62, χ−17 = 0.29, χ−16 = 0.91, χ−15 = 0.56, χ−14 = 0.11, χ−13 = 0.44, χ−12 = 0.25,
χ−11 = 0.02, χ−10 = 0.08, χ−9 = 0.85, χ−8 = 0.01, χ−7 = 0.03, χ−6 = 0.17, χ−5 = 0.01, χ−4 = 0.8, χ−3 = 0.02,
χ−2 = 0.09, χ−1 = 0.03 and χ0 = 0.62.
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Fig. 2: The left plot illustrates the periodicity of Eq. (8) while the right picture depicts the periodicity of Eq. (11).

7 Conclusion

To sum up, this paper has investigated four main rational difference equations of twenty-fourth order. We have introduced
the solutions of the considered equations using modulus operator. In Theorem 1, we have presented and proved the
solutions of Eq. (1), while Theorem 2 has shown the boundedness of the solutions of Eq. (1). It has been proved that
the fixed point of Eq. (1) is globally stable. Theorem 10 has presented that Eq. (8) is periodic of period 24 if and only if
µκ = 2. Furthermore, in Theorem 12, we have explored the solutions of Eq. (11) which are periodic of period 24 if and
only if µκ =−2. We have also plotted the periodicity of Eq. (8) and Eq. (11) in Figures 2 (left) and 2 (right), respectively.
Finally, the used approaches can be simply applied for other nonlinear equations.
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