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Abstract: In this paper we consider nonlinear parabolic equation with power type nonlinearity which such types of problems occur in
many mathematical models of applied science. We show that there are solutions under some conditions on initial data which blow up
in finite time with positive initial energy.
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1 Introduction

Many physical problems can be modelled mathematically in the form of evolution equations. We can not obtain a well-

defined solution for these equations without adding suitable additional conditions (initial and boundary conditions).

In the last quarter century, partial differential equations became one of the most active areas of mathematics research since

it helped us to find answers to many phenomena of the nonlinear world.

One of the most remarkable type of these singularities is what we call the Blow-up phenomena. Blow-up simply is a form
of the spontaneous singularities appear when one or more of the depending variables go to infinity as time goes to a certain

finite time.

We consider the following second order nonlinear parabolic equation :

u—Au+k /uzdx u—g(u,Vu) = |u|’u (1)

Q
u(x,t)=0,x€dQ,t>0 2)
u(x,0) =up(x), x€Q (3)

where 2 CR”, n > 1 is bounded domain with a sufficiently smooth boundary d£2. Also the constant k is positive number
and p > 2. Assume that ug (x) is given function satisfying

uy € Hy ()N L2 (Q) 4)
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and g (u, Vu) is continuous function which have the relation
g (u, V)| < ey (|uf + [Vul) ®)

with some positive ¢; > 0.

Existence of solutions to these type of equations are studied in [1] and [8]. Erdem, in [2], studied blow-up solutions to

quasilinear parabolic equations
v 0 m-2\ 9
w3 7 (a4 1va™2) 5 ) +e(w Vi) =/ w)
where d is positive constant and f and g are continuous functions which satisfy the following conditions;
(u,(f(w)) >2(1+a)G(u),ax>0
G(u) = [of(s)ds, [g(u,v)| < c1 (jul+[v]),c1 >0
Zhou, in [4], considered the following quasilinear parabolic equation
a(x,t)u, —div (|Vu|m_2Vu) = f(u)

where a(x,t)u > 0 is a generalized Lewis function. He obtain blow-up result in finite time if the initial data possesses
suitable positive energy.

Shahrouzi, [5], investigated a fourth order nonlinear wave equation with dissipative boundary condition. He showed that

there was solutions under some conditions on initial data which blowed up in finite time with positive initial energy.

Kocaman, Yaman, [6], studied the fourth order quasilinear parabolic equation

ur — Al (ko + ki |Aul™ 2 Au)] — g (x,t,u, Au) = |ul”u

They show that there are solutions in which blow up in finite time with positive initial energy.

Meyvaci [7], investigated the problem

w—Aug — Au—u"uy, + g (t,x,u,Vu) = [u|" u,x € Q,t >0

where m , m are positive numbers and g(¢,x, u, Vu) is a bounded function. She established sufficient conditions on initial
data, m , m; and the function g(z,x,u, Vu) for the nonblow-up case. Moreover, she obtained the lower and upper bounds
for the blow-up time if blow-up happens.

In this work, we consider finite time blow up result for solutions to nonlinear parabolic equation (1)-(3) with positive
initial energy.

In this paper, we use the following notations;

llull = el ) » Mlully = Nl @)
are usual lebesgue spaces,
(u,v) = [uvdx
Q
is the inner product.
ab < e+ 1 ©)
- 4e

is the weighted arithmetic-geometric inequality for a,b > 0.
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2 2
Allull” < [[Vul

is the Friedrichs inequality with constant A; which is the first eigenvalue of eigenvalue problem
—Ap =219, 0[30 =0

)

Let us note the following lemma known as generalized concavity lemma or “Ladyzhenskaya-Kalantarov lemma”. It is

good tool to obtain the blow up results for dynamical problems.

Lemma 1. Suppose that a positive, twice differentiable function ® (t) satisfies for t > 0 the following inequality

B (1) D (1) — (14 8) (@ (1))* > —2M D (1) @' (1) — My (P’ (1))°
where 6 > 0, My, M > 0. If

@(0) >0, &' (0)>-—pdé'd(0)

and My + M, > 0, then @ (1) tends to infinity ast —t; <ty

5@ (0)
< 1 In ne0)+
2= /M rom,  pe(0)+8P (0)

where yi = —Mj +\/M} +YMa, Yo = =My +/M} +yM; .

Proof. See [3]

2 Blow-up result

Theorem 1. Suppose that the condition (4)-(5) is satisfied. Let u(x,t) be the solution of the problem (1)-(3). Assume the

following conditions are valid:

i p—2B

§=V1+p-1 0,1),A> 1 (1+4;") 0= 77—~
VIFB-1, Be0.1).A 2 5L (14 A7) 0= 5

1 2 2 1 2, |1 p2
Fu(0) =~ (22 +Kloll) ol = 31190+ -5 o]l 13 > 0

Then there exists a finite time t| such that
|l = +ooast — 17

Proof. For A > 0, we make the transformation u (x,7) = e*'v (x,) in (1) and we obtain the equation

Vi + Av— Av + ke?M /vzdx v—g(»,Vv) = M |y|Py
Q
with the boundary condition and the initial condition
v(x,t) =0, x€dR,t>0,v(x,0) =up, x€Q
respectively where g (v, Vv) = e g (e*,e}' V).

Multiply the equation (10) by v; in L, () to get the relation

2 di 2d1 2¢

Ad 1d k ' d
Il + 5 P+ IV e | [t ) | [ ) = @) w (bl
Q

Q

®)

9

(10)

Y

(12)
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Using the inequalities (6) and (7) to the first term on the right side of (12) with condition (5), we have
18(n, V)| = e |g (e*v, e V)| < e ey (|erv] + |2 Vy|) = c1 (Jv]+|Vv))

and

@)l <t [plnldx+er [ [Vv]lnlds
Q Q

13
SR 2, 2 2y 2 2 -
S4T:0||VH +&olve | +EHVVH + &l ve | S%(ll + 1) [|Vv]|* + 2&0]|ve |
Substituting the equation (13) in the equation (12) we get the relation
2
d Ak
_EF() _‘lvt||2+7821z /Vzdx - p Apt” ||p+2+7()“ ‘H)HV"H + 28|/ |* (14)
Q
where
) 2
Fv(t):—%HvH — ||V H k 2l’(j{vzdx) +ﬁe’l’” @v”*zdx).
The differential inequality (14) follows
) 2
d 2 ¢ 1 2 Ak o o2 Ap 2 +2
EFV(I) > (1—2¢&)[|v| —%(1‘”&1 ) IV -5 ! (ZV dx +me Pleys (15)
Regarding the function F, (), (15) results in
2
d A Ak
() = ApF, (1) + (2”—41(1+A )) [V + (1 = 220) [Iw | + - (p—2) 2 /vzdx (16)
Q
(1 —|—7L ) and p > 2 then it follows from (16)
d 2
2 (0) = (1=2e0) [vel” + ApF (1) (17)
Choose &) = 122+2§ 7. B£(0,1) to obtain the following inequality
d 2(1+pB) 2
—F () > ———= ApE, (¢ 18
SR 0= = P ApE (1) (18)
Solving the differential inequality (18) we have
l+
F (1) > F, (0 21 TF) /|| | Pds (19)
It follows that F, (1) > "' F, (0) > F, (0) by assumption (9). So we obtain a lower bound for F, (r)
2(148) 7
F(0)>F, <o>+p+2{ Ivelds 20)
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Multiplying the equation (10) by v in L, (£2) to obtain the relation

2

1d ~
SV AP+ VP ke | [Vax | = (@0 9) )+ o @n
Q

Using the inequalities (6) to the first term on the right side of (21) under condition (5), we have

2
1d € 2
5 i VP = =P = VP — ke | [ Vx| A vl -l = SIS L P @
Q
The inequality (22) follows
2
d P 2 2 2 P=2\ . 2
S VIE=2(p+2)E () + (Ap=2¢2) VI + (P =€) [T+ k| == | e vdx (23)
Q
where ¢y = c; (1—}—2%1), € €(0,1).
Omit some positive terms on the right side of the inequality (23) to get the following inequality
d, 2
EHVH >2(p+2)F (1) = 2cav|| (24)
Let us substite the estimate (20) in (24) we have
t
d|| 1>>401 |*ds+2(p+2)F, (0) —2ca|v? 25
21 VI7 =44 B) [ lvsll"ds +2 (p +2) Fi (0) = 2e2 v (25)
0
Now introduce the function
t
()= [ IvPaz+c 26)
0

where C is a positive constant will be chosen later. First and second derivatives of (26) as follows

t
@ (1) = 1P = ol +2 () s,
0 27

d
@' (1) = vl

Now let us apply the Cauchy-Schwarz inequality and the weighted arithmetic-geometric inequality to get an upper bound
for @’ (1) ;
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t

t
(1) < ol +2, | | [ 1% | ([ P,
0 0
2

1 t
(@ (0] < [l +2 | [IviPas | ([ IvlPas 29
0 0

t t
1
< [saven | fiwiRas ) { [iPas ) + (1 L) |
0 0

Using the relations (26)-(28) we can estimate the term @ (1) ®” (1) — (1 +8) (@' (1))* ;

(1)@ (1)~ (14+8) (¢ )" 24(1+B) | [IwlPas | { [Iv)Pas
0 0

t t
—40+8)(1+e) | [InlPas | { [IvIPas @
‘0 0
1
—20,® (1) D' (1) +2(p+2)F, (0)Co— (1+5) <1+8> o ||*
2
The inequality (29) results in S
D (1) " (1)~ (14 8) (D' (1)) > —20,D (1) ' (1) where £, = 5, C = g5 2Ll (148)” = 14 .
3 Conclusion
The lemma can be applied if
(1+8)*[luo|* 30)

T 25 (p+2)F,(0)

So we have @ (1) @" (1) — (1+ 8) (P (1))* > —2¢2,® (t) D' (t), with M} = c2, M> =0, 71 =0, 15 = —2c¢,. The conditions
of lemma @ (0) > 0, @' (0) > —p6 '@ (0) are satisfied by the positive constant (30) and assumptions (8) and (9). Thus
solutions to the problem for nonlinear equation (1)-(3) blow up as

0 (p+2)8°Fl0)
Eo NS ogln ((p+2)52E«(0)—02(1+5)2HuoH2)'
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