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1 Introduction

Isoclinism is an equivalence relation weaker than isomorphism. So, this notion gives rise to a new classification by using
isoclinism families. Isoclinism was defined firstly by Hall in [12]. Also, in [16], isoclinic Lie algebras were defined.

Numerous researchers, [15,20,21,22], have worked on this notion.

Crossed modules (of groups) were considered as an algebraic model for homotopy 2-types in [24]. So, this notion have
been classified as 2-dimensional groups [6,7]. For comprehensive information about this concept, one can see [17,19].
Also, computational applications of crossed modules have been given in [1,2,3]. Additionally, isoclinic crossed modules
(of groups) was introduced in [18]. For the notion of Lie crossed module, we refer to [8,9,10]. Some other properties of
Lie crossed modules can be found in [5]. Also isoclinic Lie crossed module and n-isoclinic Lie crossed modules were
given in [13, 14]. Recall that, from [23], the actors of idoclinic crossed modules (of groups) are not isomorphic but their
class preserving actors are isomorphic. So, in this paper, we give a notion called class preserving actor of a Lie crossed

module and investigate the class preserving actors of isoclinic Lie crossed modules.

Furthermore, the commutativity degree of groups was defined in [11]. The probability of the event for which two
elements commute is named as commutativity degree. Calculating the commutativity degree of a finite group is the same
as calculating the number of conjugacy classes. Commutativity degree of crossed modules (of groups) has been
introduced in [4] and also in the same work it has been shown that isoclinic crossed modules have same commutativity
degree. In this paper, we define the commutativity degree of Lie algebras and Lie crossed modules. By using these

definitions, we obtain that commutativity degrees of isoclinic Lie crossed modules are equal.

2 Preliminaries

In this section, we give some notions about Lie crossed modules. See [8,9, 10], for details.
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We fix a field K and assume all Lie algebras to be over K.
A Lie crossed module consists of a Lie algebra homomorphism
0:91— 9o

with a Lie action of g on g, written (x,y) — [x,y], satisfying the following conditions:

(D o([x,y]) =[x, 2(y)],
@) PG)Y=Dby1,

for all x € g, ¥,y € g1. We will denote such a Lie crossed module by g : g, i)go.

Example 1. (1) g ad, Der(g) is a Lie crossed module for any Lie algebra g.

(2)If b is an ideal of g, then g acts on h via adjoint representation and h% g is a Lie crossed module.

3)h BN g is a Lie crossed module, where b is a g-module.

A Lie crossed module g : g; i>go is called aspherical if ker (0) = 0 and simply connected if coker (2) = 0.

A morphism between Lie crossed modules g : gli>go and ¢’ : ¢} L>g6 is a pair (o, B) of Lie algebra homomorphisms

a:gr — g, B:go — g such that B3 =" and a([x,y]) = [B(x),a(y)], for all x € go, y € g1. So, we get a category

XLie whose objects are the Lie crossed modules and morphisms are Lie crossed module morphisms.

A Lie crossed module b : hlibo is a Lie subcrossed module of a Lie crossed module g : g, ggo if h1,ho are Lie
subalgebras of g1, go, respectively, 0y = 04 | n, and the action of o on b is induced from the action of g on g;. If hand
ho are ideals of g; and go, respectively, [x,y'] € by and [x',y] € by, for all x € go, y € g1, X' € ho, ¥ € by then b is called
an ideal of g. Hence, we get the quotient Lie crossed module g/% : g1 /b1 2 g0/bo-

A Lie crossed module g : g, i>go is called finite dimensional if g; and g are finite dimensional Lie algebras.

Given any Lie crossed module g : g; ——go, the center of g is the Lie crossed module Z(g) : g7’ LR (Stg,(91) NZ(g0))
where

glgo ={ye€g: [x,y]=0, forall x € go}

and
Stgo(g1) ={x€go: [x,y] =0, forally € g}

The commutator subcrossed module [g,g] of g is defined by

[9,0] : D, (61) — [80 80]

where Dy, (g1) = {[x,y] : x € g0,y € g1} and [go, go] is the commutator subalgebra of go.

The analogous version for groups of following proposition can be found in [17].

Proposition 1.Let g : g l)go be a Lie crossed module. Then we have the followings;
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(i) If g is simply connected, then g?o =Z(g1) and Dg,(91) = [91,01].

(ii) If g is aspherical, then Z(go) = Stq,(81) NZ(go).

Proof.

(i) Let y € g{°. Since g is simply connected, for every x € gy there exists )’ € g; such that 9(y') = x. Then [x,y] =
[0(y/),y] =0 and [y,y] = 0. So y € Z(g1) i.e. g{° C Z(g1). Conversely, let y € Z(g1). From the hypothesis, we
have [x,y] = [0()/),y] = [Y,y] =0 .-y € Z(g1)). So y € g{° i.e. Z(g1) C 97°. Let [x,y] € Dg,(g1). Again from the
hypothesis, we can say that [x,y] = [0('),y] = [/,y] € [g1,1]. So we have Dy, (g1) C [g1, 1] Let [y,Y'] € [g1, 31]-

Then [x,y] = [0('),] € Dgo(01) ie. [91,81] € Dy, (1)
(ii) Let x € Z(go). Then we have d([x,y]) = [x,9(y)] = 0 =0(0). Since g is aspherical, [x,y] = 0i.e. x € Stg,(g1). So,
)=

we have Z(go) C Stg,(g1) i.e. Z(go) = Stg,(g1) NZ(g0)-

3 Isoclinic Lie crossed modules

In this section, we recall the notion of isoclinism among Lie crossed modules from [13, 14].

Definition 1. [16] Let g and by be two Lie algebras. g and Yy are isoclinic if there exist isomorphisms 1 : g/Z(g) — b/Z(h)
and & : [g,9] — [b,b] between central quotients and commutator subalgebras, respectively, such that the following

diagram
c

9/Z(g) x 9/Z(g) ——— [g. 9]

v s

0/Z(b)  b/Z(§) ———— [0.h]

is commutative where cg,cy are commutator maps of Lie algebras. The pair (1,§) is called an isoclinism from g to by,

and denoted by (n,€) : g
Remark.As expected, isoclinism is an equivalence relation.

Example 2.
(1) All abelian Lie algebras are isoclinic to each other. The commutator maps and the pairs (1,&) consist of trivial
homomorphisms.

(2) Every Lie algebra is isoclinic to a stem Lie algebra whose center is contained in its derived subalgebra.

Now we are going to define the notion of isoclinic Lie crossed modules.

Notation In the rest of the paper, for a given Lie crossed module g : gli>go, we denote g/Z(g) by g1 i) go where
91 = 01/97° and §o = go/(Stg,(91) NZ(go)), for the sake of brevity. Next we introduce a new notion from [13, 14].

0 0
Definition 2. The Lie crossed modules g : g1 —>go and b : hl—b>f)0 are isoclinic if there exist isomorphisms

(M1.10) : (@ % 85) — (b1 —2 Bo)

and

(E1.€0) : (Dgo(a1) 22 90, g0]) — Dy (B1) 2 60, bo))
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such that the diagrams
C1

91 XG0 ———> Dy, (1) D

mxnol igl

EX%C—I,>DKJ0(‘)1)

and

0 X o ————— 6o A o )

ﬂoxnol lio

%X%C—O,>h0/\f)0

are commutative where (c1,co) and (¢, c(y) are commutator maps, defined in Proposition 14 in [13], of the Lie crossed

modules g and Yy, respectively.
The pair ((11,M¢),(&1,&p)) is called an isoclinism from g to b and this situation is denoted by ((1,,M¢), (§1,&0)) 19~ b.

Example 3. (1) All Abelian Lie crossed modules (crossed modules that coincide with their center) are isoclinic. The pairs
((M1,1M0):(&;,&)) consist of trivial homomorphisms.
(2) Let (n,£) be an isoclinism between the Lie algebras g to h. Then g -, g is isoclinic to b L, b where (1{,7M¢) =

(71771)’(51750)2(575)- )
(3) Let g be a Lie algebra and let b be an ideal of g with h +Z(g) = g. Then bcﬂ) g is isoclinic to g i, g. Here

(n1,Mp) and (§,,§,) are defined by (inc.,inc.), (id,id), respectively.

Remark.If Lie crossed modules g and  are simply connected or finite dimensional, then the commutativity of diagrams

(1) and (2) in Definition 2 are equivalent to the commutativity of following diagram.

9/ZN(g) x9/ZN(g) ———=g/g
(nlano)X(mﬁno)J{ l(élﬂfo)
h/ZA(h) xb/ZA(h) ———=hHAb

Proposition 2. Let g : glggo be a Lie crossed module and b : bla—glﬂ)o be its Lie subcrossed module. If g = h +Z(g),
i.e. g1 = b1+ a7 and go = ho+ (Stg, (1) NZ(g0)), then g is isoclinic 1o b.

Proof. See [14] for details.
Remark. If b : by a—’3‘>f)0 is a finite dimensional Lie crossed module, then the converse of Proposition 2 is true.

0
Proposition 3. Let g : g ggo and §y : b —h>h0 be isoclinic crossed modules.

(1) If g and by are aspherical, then gy and b are isoclinic Lie algebras.

(i1) If g and b are simply connected, then g1 and b are isoclinic Lie algebras.

? 0

Proof. Let g : g1 —g>go and b : b —h>h0 be isoclinic Lie crossed modules. Then we have the isomorphisms
% —
(M1,Mo) : (81 — 80) — (b1 — bo)

(E1.E0) : (Dgo(a1) 22 g0, g0]) — (Dyy (1) 2 [0, b))
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which makes diagrams (1) and (2) commutative.

(i) Since g and b are aspherical, we have Z(go) C Stg,(g1), Z(ho) C Sty (h1). Consequently, 7, is an isomorphism
between go/Z(go) and ho/Z(ho). So the pair (1, &) is an isoclinism from g to by.

(i) Since g and b are simply connected, we have g{° = Z(g;), h?o =Z(b1), Dg,(g1) = [g1,91] and Dy (h1) = [h1,b1].
So we have the isomorphisms 1, : g1/Z(g1) — b1/Z(b1), &, : [81,81] — [b1,b1]. The pair (1,&,) is an isoclinism

from g to by, as required.

[ [
Proposition 4. Let g : g1 —>go and b : b, —h>f)0 be isoclinic finite dimensional Lie crossed modules. Then g1 and g are

isoclinic to b and b, respectively.
2 ?
ProofLet g : gj—>go and b : hl—h>ho be isoclinic finite Lie crossed modules. Then we have the crossed module
isomorphisms
%y —
(N1,M0) = (@1 — 80) — (b1 — ho)

(€1,€0) : (Dgo(a1) 22 90, g0]) — (D (B1) — [bo, b))

which makes diagrams (1) and (2) commutative. Since g; and b, are finite dimensional, the restriction & | : [g1,91] —
[h1,b1] is also an isomorphism. Similarly, we have the isomorphisms 1 : g1/Z(g1) — b1/Z(61),n)(aZ(g1)) = d'Z(b1),
N6 : 80/Z(g0) — bo/Z(ho), Ny (bZ(g0)) = b'Z(ho), and &, which make g; and go isoclinic to h; and b, respectively.

4 Class preserving actor of isoclinic Lie crossed modules

In this section, first we recall the definition of actor of Lie crossed module and then define the class preserving actor for
any Lie crossed module. Using these definitions, we can get a relation such that the class preserving actors of isoclinic

Lie crossed modules are isomorphic.

Suppose g : g1 i>go is a Lie crossed module. A derivation from g to g; is the K-linear function 0 : gg — g such that
Ifx,x] =[x, d(X')] - [, 9 (x)],

for all x,x’ € go. The set of all derivations is denoted by Der(go,g1). Der(go,g1) is a K-Lie algebra with the bracket
[01,02] = 01(002) — 2(00), for all dy, d> € Der(go,g1). Furthermore, a derivation of a Lie crossed module g : gli>go
is a pair (o, ) where o € Der(g;) and B € Der(gp) such that:

(i) o€ Der(g)), B € Der(go)
(ii) po=oa
(iii) a([x,y]) = [x,0(y)] + [B (x),]

for all x € gp and y € g;. The set of derivations of the Lie crossed module g : g; i>g0 is denoted by Der(g).

For a given Lie crossed module g : g; 2 9o, we have the corresponding crossed module

A : Der(go,g1) — Der(g)
0 — (d0,00)

with the action of Der(g) on Der(go,g1) given by (a,) -9 = ad — 9B, for all (a, ) € Der(g), d € Der(go,g1). This
crossed module is called the actor of g, and denoted by Act(g).
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As indicated in [18], analogously [23], the actors of isoclinic crossed modules (of groups) are not isomorphic but their
class preserving actors are isomorphic. Now, we obtain a similar result for Lie crossed modules. For this, first we define

the class preserving actor of any Lie crossed module as follows:

Proposition 5. Given any Lie crossed module g : g 2 90, Derg(g0,91) = {6 € Der(go,y) | there exists y € gy such that
0(x) = [—x,y], for all x € go} and Der,(g) = {(a, B) € Der(g) | there exists x € g such that o.(y) = [x,y], B(x') = [x,x'],
forally € g1,x' € go}. Then, we obtain the following:

(a) Derg (g0, 91) is a Lie subalgebra of Der(go, 91)-

(b) Der,,(g) is a Lie subalgebra of Der(g).

Proof. (a) Let §,8" € Derg(go,g1). We first show that [5,8'] € Dery(go,g1). Since 8,8 € Dery(go,g1), there exist
y,y € g1 such that §(x) = [—x,y] and &' (x) = [—x,Y'], for all x € go. Then,

[6,8'](x) = 8(28")(x) - 5'( 6)(x)

=7]
2
—
=
Nay
=
\
\/\

= 69( 2(8(x))

= 50([—x7y’]) 8'0([—x,y])

= 8([-x,0(y)]) — &' ([~x,0(y)]) (0 ~ crossed module)

= [(=2),8(0("))] — (), 8(=x)] = ([(=x), 8" (2())] — [P(¥), 8" (—x)])
= [=x,[-2(y) ] =[P (), [x J]]*[(*X)v[* 0y +D0), xy]]
=[x, p("),y] = 0O) )] = (), ¥+ M), ]]

= [x,O]

= [7)6,0}

i.e. [8,8'] € Derg(go,g1). On the other hand, for any §,8’ € Der4(go, ) we can get § — &' € Derg(go,g1) and (k) €
Ders(g0,01)-

(b) By a similar way, we have [(a,), (!, )], (a0, B) — (&, B'), k(et, B) € Der(g) for all (o, B), (&', ") € Der,,(g),
k € K, as required.

A,
Proposition 6.Suppose g : g, 2 o is a Lie crossed module. Acty(g) : Derg(go,g1) —= Der,,(g) is a crossed module
with the action induced from the action of Der(g) over Der(go,81) such that

Der,,(g) x Derg(go,81) — Dere(go, 1)
(((X,ﬁ),6) '—>(a7ﬁ)'6:a6_6ﬁ'
Proof. It can be shown by a direct calculation.
Definition 3. The crossed module

A
Act(g) : Der(g0,01) — Der,(g)

defined in Proposition 6 is called the class preserving actor of g and is denoted by Actg(g) for a Lie crossed module
?
9981 — go-
?
Theorem 1. Let g : g ﬁ> go and b : hl—h>h0 be isoclinic Lie crossed modules. Then, we have

Der(f(g(bgl) gDer(g(hOahl)'

Proof-We have the following isomorphism, such that

¢ : Derg(go,91) — Derg(ho,b1)
1) — A.
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Since g and § are isoclinic, we have the isomorphisms

(M1.10) * (@ 2 52) —> (b1 2 Bo)

(E1.E0) * (Dgo(81) 2 a0, g0]) —> (D (51) -2 o, b))

which make the diagrams (1) and (2) commutative. Let § € Dery (go, 1), a € ho — (Sty,(h1) NZ(ho)) and @ € by. Define
-y

0)
X =1, ' (@). Since x € go, there exists an element y € g; such that §4(x) = [—x,y]. Let 1, (7) . Defining

Aa) = 4 [70YT @€ bo = (St (01)NZ(bo)
0 a € Sty (b1) NZ(bo),

the result follows.
Proposition 7. If g and by are finite dimensional non-abelian isoclinic Lie crossed modules, then Der,(g) = Der,,(b).

Proof. See [22], for details.

0
Corollary 1. Let g : g1 &> goand b : by —h>bo be two finite dimensional non-abelian isoclinic Lie crossed modules. Then
Actg(g) = Acte ().

Proof.Follows from Theorem 1 and Proposition 7.

5 Commutativity degree of isoclinic Lie crossed modules

In this section, first we define the commutativity degree of Lie algebras analogous to groups. Then we get a definition of
commutativity degree of Lie crossed modules. Consequently, we give a relation of commutativity degrees of isoclinic Lie

crossed modules.
Recall that, given any finite Lie algebra g, g is a commutative Lie algebra if [x,y] = 0 for x,y € g.
It is well known that the probability of the event that two elements of G commute is called commutativity degree and

denoted by d(G). We can define commutativity degree of Lie algebras analogously as follows:

Definition 4. The probability of the event that two elements of g commute is called commutativity degree of g and denoted
by d(g). Formally, this probability can be calculated by

[{(xy) €gxg| )] =0}

d(a) =
2 of

Obviously, g is Abelian if and only if d(g) = 1.

In order to define the commutativity degree of a Lie crossed module, we need to calculate the probability of the event

that a randomly chosen pair of Lie crossed modules between Lie algebras gjand gg commute.

Definition 5. Let g : g1 SN go be a finite Lie crossed module. The commutativity degree of g is defined by

d(g) = H{(x,y) €goxa1 | [yl =y} [{(xx) €goxgol [xx]=0}
|gol|g1] ’ gol |gol '
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Now, we will show that isoclinic Lie crossed modules have the same commutativity degree.

2
Theorem 2. If g : g, 2 go and b : b1 —ho are two isoclinic finite crossed modules, then d(g) =d(b').

Proof. Suppose that g and h are isoclinic. From Proposition 12 in [14], g; and gg are isoclinic to h; and b, respectively.

So, we can get d(g;) = d(h;) and d(go) = d(bp). Furthermore, we have

e SR = e () €90 x| eyl =)

1
g?o ><A‘

wweﬁwaMmm:thmw

[{(x,y) € gox g1 | c1(vg*,xA) = 1}

>|

I I
—
L=}

(aﬁ)e%QX%kKnvwmxaﬁ)=lHCrwmdm@

:{mme%x%mmme»ﬁH

—[{rr et i ro) =1} e mimo o)

1

= o] {0) € R xS 1] =)
1

where A = Sty (91) NZ(go) and A" = Sty (1) NZ(ho). Since g1 /g{° = hl/b?o and go/A = ho/A’, we can write

g1 < gol _ Ih1 x bol
|a7" x A ‘b?oxA’

Thatis d(g) =d(h).
Corollary 2. Let by : b ~25h be a Lie subcrossed module of g: 9 2 go and g =bH+Z(g). Then d(g) = d(h).
Proof. 1t is clear from Proposition 9 of [14].

We can generalize Theorem 2 by using the analogous definition of n-th commutativity degree defined in [4] and the notion

n-isoclinic Lie crossed module given in [14]. Now, we define the n-th commutativity degree of a Lie crossed module.

Definition 6. Given a Lie crossed module g : g1 &> @0, the n-th commutativity degree of g is defined by

[{Ge1 %250 X0 31,320 EGEX @1 220060, (V172 Y )= (01 Y2090 |
gol"|g1[" ’

1
lgol"*

0
Corollary 3.If g : g; s, goand b : b i>ho are two finite n -th isoclinic finite crossed modules, then d,(g) = d,(h).
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