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Abstract: We study the boundedness of non regular pseudodifferential operators, with symbols belonging to certain vector-valued
Besov space, on Besov spaces with variable smoothness and integrabilty. These symbols include the classical Hormander classes.
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1 Introduction

Pseudo-differential operators play an import role in Harmonic analysis and in nonlinear partial differential. The
boundedness these operators has been extensively addressed in several works. In Lebesgue spaces with symbols in the
Hormander classes can be found in [5-8, 10-11, 20-22, 35, 41] and references therein. In another function spaces, such
that Besov spaces, Triebel-Lizorkin spaces, BMO spaces and Hardy spaces, see [23, 28-29, 32, 39-40].

In [9] J. Marschall introduced the class SBY (r, i, v; N, 4 ), which is defined by means of vector-valued Besov spaces, and
proved the boundedness of the corresponding pseudodifferential operators on Besov spaces and Triebel-Lizorkin spaces.

Boundedness of pseudodifferential operators, with symbols in the Hérmander classes, on weighted variable exponent
Lebesgue and Bessel potential spaces was studied by V.S. Rabinovich and S. Samko [30-31] and by A. Yu. Karlovich
and I. M. Spitkovsky in [8] (in variable Lebesgue space). Since Besov spaces can be written as a (real) interpolation
space between appropriate Bessel potential spaces, Almeida and Hasto [2] extend the results of V.S. Rabinovich and S.
Samko to Besov spaces with variable integrability B; ()
Our main result in this paper concerns the boundedness properties of the pseudodifferential operators on Besov spaces
with variable smoothness and integrability with symbols in the class SBY (r, it,v; N, 4 ).

2 Preliminaries

As usual, we denote by R” the n-dimensional real Euclidean space, N the collection of all natural numbers and Ny = NU
{0}. The letter Z stands for the set of all integer numbers. The expression f < g means that f < ¢ g for some independent
constant ¢ (and non-negative functions f and g), and f = g means f < g < f. As usual for any x € R, [x] stands for the
largest integer smaller than or equal to x.
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By suppf we denote the support of the function f , i.e., the closure of its non-zero set. If E C R” is a measurable set,
then |E| stands for the (Lebesgue) measure of E and )z denotes its characteristic function.

The Hardy-Littlewood maximal operator .# is defined on LllOC by
A =sp [ |f0)]a
X) =su y)ay
r>0 [B(x,r)[ JB(x.r)

and Ao f = (M |f|") '/ 0 < 1 <. The symbol . (R") is used in place of the set of all Schwartz functions on R". We
denote by ./ (R") the dual space of all tempered distributions on R”. The Fourier transform of a tempered distribution f
is denoted by .Z f while its inverse transform is denoted by .7 ! f.

2.1 Variable exponents.

The variable exponents that we consider are always measurable functions p on R” with range in [c,eo[ for some ¢ > 0.
We denote the set of such functions by 7). The subset of variable exponents with range [1,o[ is denoted by 2. We use

the standard notation p~ := ess-inf p(x), pt :=ess-sup p(x).
xeR”? xeRn

The variable exponent Lebesgue space L? () is the class of all measurable functions f on R” such that the modular

por(h) = [ 15800

is finite for some A > 0. This is a quasi-Banach function space equipped with the quasi-norm
. 1
11y i=inf{ > 0: py (Ef) <1}.
If p(x) := p is constant, then LP(") = L” is the classical Lebesgue space.

Let p,q € Z,. The mixed Lebesgue-sequence space £4) (Lr (‘)) is defined on sequences of LP)-functions by the modular

Prat) 10y (Fo)v) = ;inf{% >0:p,) (kvlj/c”q()) < 1}.

The (quasi)-norm is defined from this as usual:
1
Dol gty ) - lnf{ﬂ > 02 Pty 100 <u {fv}v) < 1}~ M

()" Furthermore, if p and g

|£i]40)
q()

are constants, then ¢4()(LP()) = ¢4(LP). The case p := oo can be included by replacing the last modular by

P£4<-)(L°°)((fV)V) IZXV‘«H |fV|q(.) Hoo

We say that g : R" — R is locally log-Hélder continuous, abbreviated g € C\°8

loc>

If gt < oo, then we can replace (1) by the simpler expression P (100 (i) =X
4

if there exists cjog(g) > 0 such that

Clog (g)

< Toglet 1/ k) @

lg(x) —g(y)
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for all x,y € R". We say that g satisfies the log-Holder decay condition, if there exists g.. € R and a constant cjog > 0 such
that

Clog
—ge| S ——2
g(x) —g |_log(e X))

for all x € R". The constants ciog(g) and cjog are called the locally log-Holder constant and the log-Holder decay constant,
respectively. We note that all functions g € Cllgf always belong to L™.

We say that g is globally-log-Holder continuous, abbreviated g € C'°¢, if it is locally log-Holder continuous and satisfies
the log-Holder decay condition. We define the following class of variable exponents

Phoe . — {p IS ! € Clog},
p
were introduced in [7, Section 2]. We define 1/p.. := limj, _,., 1 /p(x) and we use the convention L — 0. Note that although
% is bounded, the variable exponent p itself can be unbounded. It was shown in [6], Theorem 4.3.8 that ./ : LP¢) — LP()
is bounded if p € 2'°¢ and p~ > 1, see also [7], Theorem 1.2. Also if p € 22!°¢, then the convolution with a radially
decreasing L'-function is bounded on LP(): ¢ * fllpey < cll@llill fllp.)- We also refer to the papers [3] and [4], where
various results on maximal function in variable Lebesgue spaces were obtained. Recall that 1, ,, (x) := 2™ (1 +2" |x]) ™™,

for any x € R", v € Ny and m > 0. Note that 1,,,, € L' when m > n and that |Mvmll; = cm is independent of v.

2.2 Variable Besov spaces
)

first need the concept of a smooth dyadic resolution of unity. Let ¥ be a function in.7" (R") satisfying ¥ (x) = 1 for |x| <1
and ¥(x) =0 for [x| > 2. We put & @o(x) =¥ (x), F @1 (x) = ¥(x) =¥ (2x) and F @, (x) = F @1 (27x) for v=2,3,....
Then {.Z ¢, },¢n, is a smooth dyadic resolution of unity, 7> (.% ¢, (x) = 1 for all x € R”". Thus we obtain the Littlewood-
Paley decomposition

In this subsection we present the Fourier analytical definition of the spaces B’ ., and recall their basic properties. We

f= Z ¢y f
v=0
of all f € .%/(R") (convergence in .’ (R")).

We are now in a position to state the definition of the spaces B;(('.))‘q(_).
)

Definition 1.Let {7 (pv}veN0 be as resolution of unity. For s : R" — R and p,q € &, the Besov space B;(') 0 consists of
all distributions f € ' (R") such that

00 < oo, 3)

o =@ g,
p()a()

For any p,q € @(l)og and s € Cllgcg, the space B;(('.))Aq(.) does not depend on the chosen smooth dyadic resolution of unity
{F ¢, }yen, (in the sense of equivalent quasi-norms) and

n s(-) ! (Ton
Z(R") (—>Bp(-),q(~) — S (R").

3 Boundedness of pseudodifferential operators

For a function a : R” x R" — C, we write

a;j(x.§) = F; . (9;(0) Fa(»,8)).
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Let0 < pt oo, 1 <A <oo, 1> i and N > 7. The space BL,V(me) consists of all distributions a € .%”/(R" x R") such
that

el my_y = [ {2 llas )y

Notice that these spaces are just the spaces SB; - with 7 = (N,r), p = (4, ) and § = (o, v), see [?] for further properties
of these function spaces. Let m,,N € R, 0< 6 <1,0< u < oo, r > ﬁ and N > 7. We say that a symbol a belongs to
SBY (r, 1, v;N, ) if

27| fla (5.2t o (2)
sup a(x2") o w

TEINE

which, introduced by J. Marschall [9] and [10]. Choosing 4 = v =N = A = o, these symbols include the classical

(LK)

< oo
L= (dx)

(m+6r)

sup 27k < oo,
k

B (B

Hormander classes ST 5. Moreover the class SByy (r, 4, v;00,1) equal the class S’ (Bﬁjv'“’l) ’r)’” of M. Yamazaki [11]. Notice
that
SBg (r,1t,viN,A) < SBg (r1,1,v;N, 1), 4)

if0<,u<u1§oo,0<v§oo,r—ﬁ:rl—ulland6r:61r1,see[10,Lemma10].

A pseudo-differential operator with symbol a € SBY (r, u; N, A) is defined by

1
1)’

where f € .7 (R"). Besov estimates, with fixed exponents, for such operators were given by J. Marschall [10].

a(x.D)f(x) = o [ 508 FF (E)dE,

The following lemma is from A. Almeida and P. Histo [1, Lemma 4.7] (we use it, since the maximal operator is in general
not bounded on £4¢)(LP()), see [1, Example 4.1]).

Lemma 1. Let p € 2'°¢, g € @éog with0 < g~ <gq" <eoand p~ > 1. For m > n+ciog(1/q), there exists ¢ > 0 such that
(v * )l g @1y < €10 )vl g o0y -
The the next three lemmas are used in the proof of our result, see [10] for the constant exponents.
Lemma 2. Let A,B>0, p, g € W(I)Og and s € Cllscg such that g* < oo, Let { f3 } ren, be a sequence of functions such that
supp-Z fo C{& € R": [§| <A}

and
supp-Z fi C {é eR™: B2H < |¢| §A2k+1}.

Then it holds that:

|0
k=0

< [[@ 0 s
()

s() . AT
BP(') va( )(U’( )

Lemma 3. Let A > 0,p,q € Q(I)Og and s € Cllgf such that 0 < g* < eo. Let s~ > n(max{1,1/p~} —1). Let { fy}4cn, be @
sequence of functions such that supp.Z f, C {& e R" : |€| < A2kt }. Then it holds that

1Y fi
k=0

S H (2k§(')fk)kH ~
s() ~ . .
Byt a0 Lrt)
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Lemmad. LetA > 0,p,q € ,@éog such that 0 < gt < oo. Let { f3 } keN, be a sequence of functions such that

supp.Z fi C {& eR": €] §A2k+l}.

Let o = n(max{1,1/p~} —1). Then it holds that, for some constant ¢ > 0,

<||@ s

®)

B min(Lp™) (Lp())

p()ee

H Y &
k=0
Moreover if the right-hand side inequality in (5) is finite, then {ZQ/:O Jr } y converges in "(R") to a distribution Y5_ fx
satisfying this inequality.
The following proposition plays a fundamental role.

ags log log . 1 1 1 .
Proposition 1. Let s € C 0, p1, p2, 4 € &P, ,O<u§oocmd1g).goowzthm—m+ﬁ.Leta.R"xR”—>Cbe

a bounded and measurable symbol such that
suppa (x,) C {§ € R" : [§] < 2}
Ifpy 21orif0<p; <land
supp.Z f C {E€ e R": |E] < 2},

and if N > nmax{%, %, 17%} + Clog (5) Jrclog(é), then
2

s s, , < lo( )

B HqukS(-)Siﬁf P, ()

forany k € Ny and any 6 € [Z’k, 1+ 271‘], with the implicit constant not depending on k.
Now we are ready to formulate our main result.

Theorem 1. Let s € Cllgcg, P, g€ PYE with 0 < gt < oo Leta € SBE (r,t,viN,A) be such that 0 < p,v < oo, r >0,
(1=68)r>{and1 <A <eo Let N> nmax{%,%,p%}—|—c10g(s)+clog(é).

(i) If L
nmax{l,ﬁ+pi}—n—(1—5)r<s,

and { 1
st < r—nmax{— - T’O}’
uop
then a(x,D) is a continuous linear mapping from B;((.‘))ZZ) to B;(('.)) a0
) Ifr1-98)r> i V<q <eoand

1 1
s::r—nmax{—_—T,O},
u p

. . . . s+m S
then a (x,D) is a continuous linear mapping from Bp(.) a0 10 Bp(.),q(_).

(iii) Wesupposethatﬁ—&—p%g10r0<p+§1andﬁ+1%> 1.If(1—5)r>ﬁ,0<q+§min{1,p’}and

s::nmax{l,%+1%}*n*(1*5)"a
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then a(x,D) is a continuous linear mapping from B;((_);?_) to B;<(?)7q<').
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