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Abstract: In this paper, Bullen type inequalities for quantum integral are studied and new integral identity including Bullen type
identity for quantum integral is established using g-calculus. Second, some new integral inequalities including Bullen-type inequalities
for quantum integral are generated using q-calculus. In addition, the same results were obtained with the existing studies in the literature.

Keywords: Bullen type inequality, fractional integrals, integral inequalities, g—calculus

1 Introduction

The Hermite-Hadamard inequality: Let ¢ : I C R — R be a convex function and u,v € I with u < v.

vV—u

If ¢ is concave, the inequality of H is written in an inverse way. You can see [4, 15, 16] for details. The Bullen inequality:

! /uvfp(%)dzgé[wﬂp("”)} (B)

V—u 2 2

provided that @ : [u,v] — R is a convex function on [u,v] (see [4,8,15,16,17,18,19,20]) for more details.

2 Quantum Fractional Derivative and Integral

Let I = [u,v] C R be an interval and 0 < g < 1 be a constant. We define g—derivative of a function ¢ : I/ — R at a point
x € I on [u,v] as follows[10].

Definition 1.If ¢ : I — R is a continuous function and let x € I. Then the following identities

_ () —¢(gxt+(1-q)u)
qu((p)(x)— (lfq)(xfu) 7x7éuv (1)

Dy(9) () = lim Dy (9) ().
is called the g—derivative on I of a function @ at a point x. Also, if u =0 in (1), then oDy (@) (1) = Dy, where D, is the
q—derivative of the function @ (x) defined by

¢ (x) — ¢ (gx)

D(9) () = P

For more details, see [9].
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Definition 2./12] Assume o € R, then we have

) (x—u)* " 2)

Definition 3.Ler ¢ : I C R — R be a continuous function. Then, g—integral on I is defined as

[ o0 =1-0) =) ¥ qodx+ (1)), @

n=0

forx e l. Ifu=0in(3), then we have the classical q—integral [9].

Moreover, v € (u,x) then the definite g—integral on I is defined by

/V(p(t)udqt:/u (p(t)udqt_A (p(t)udqt

=(1—-q)(x—u) ;)q”qo(q"xﬂl —q")u)—(1-q)(v—u) i)CJ"fp(fI”H(l —q")u).

Definition 4./13] For o« € R — {—1}, the following formula holds:

X 1—
/M (t—u)fqut = <1_q06q+1> (X—M)OH_I .

In many studies in the literature [1,3,5,6,7,9,11,12,13,14], many integral inequalities have been obtained by using
fractional integrals for differentiable convex functions. In this study, using the properties of g—calculus (fractional
derivative and integral) and the following lemma, Bullen type integral inequality was obtained.

3 New Bullen-Type q-Fractional Integral Inequalities

Lemma 1.Let f : 1 C RT — R be a continuous function and 0 < q < 1. If 4Dy f is an integrable function on I°(the interior
of I), then the following identity for q— fractional integral holds:

/01 (1—2qt) [aDq (f) (a;b,+(1—t)a) +4Dy (f) (bt+(1 —t)a;bﬂ odyt @)
B 719361 <f(a)+f(b)+2f<a;rb>) + (b_Sa)z /abf(x) adgx (5)
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Proof.From (1) and (3), we have
/1(1—2(]1‘) (aD () <a+bt+(l—t)a)>odt—|—/l 1 —2q1) (ao (f
0 2
7/ 2D, f<a+bt+(1t) )Odrz/ gt oD f(“b +(1-1)a

+/ oD f<bt+(1—z) ;b) odt—Z/ gt oDy f(zb+(1—t)a;rb odgt

\_/v
— =
=+
—
|
=
Q
o+
S
N———
N—
(=4
S
N

_2/1f (45224 (1 (b> )a)(f(afg!;qwr 1—gt)a 0dr—4/ . f(elr4(1- [)9 a) )(1(i+b)qt+(lqt) )Odqt
Uf (br+ (1 —1) “42) — f (bgt + (1 - q1) “42) f b+ (1—1) 52) — f (bgr + (1 —gr) 3°)
+2/ ()dqt —4/ q Odqt
(b a)(1—q)t : (b a)(1-q)
oo " (a+bq —I—(l— ) ooq <a+bqn+l+(1_qn+l)a; oo f(zz+bq +(1 q)a)
_ZZ 2 ) 22 2 (b_a) _4an+1 2 (b a)
n+1f(u+hqn+l+(1_qn+l> ) (bq +(1_ )%) ( n+l_|_(1 qn+l)u+h)
+4Z = ZZ b—a) 22 b—a)
oo n ny\ atb n+1 _ n+1) atb
_4nzbqn+1f(bq +<l51 a§1) 2 )+4an+1f( +(151a§1 ) 5%)

oo a+bn 1_ oo a+bn 1— oo a+b "4 (1—ga
_22 qu+(a) ; qu+(a) ) 4an+1f(2q(b (a) q")a)
= (“ﬁbq +(1—¢")a) fFbg"+ (=g F) & fbg"+(1-¢")42)
ML e T 3
e (b (=) 5P & f (b (1-4") 5P)
4,§0q ba Ttk b-a)

() op@ (), 4 [ farb . 2f () 2/(3") Af(b)
b-a) B-a) (-a +<ba>./of( y )0"’4”(17) b-a) (b-a)

4 1 a+b

(b—a
ath

:_ﬁ (f(a)—f—f( )+2f(“+b>>+(bga)2/abf(x) dyx

Theorem 1.Ler f : I — R be a continuous function and 0 < g < 1. If |uDo.f | is a convex and integrable function on I°,
then the following inequality holds:

1 (r@ s (0)) 4 g [ 10 st

D, (1) (442) |+ 2522 oy ) 0

b—a 1+24°
(16(1+q)> {(q2+q+1) [aPa (1) (@)

+24q|a

Proof.Since |,Dg f | is a convex function on I°, by the using Lemma 1 and using the well known absolute value inequality,
and we have

© 2021 BISKA Bilisim Technology


www.ntmsci.com/jacm

11 BISKA Musa CAKMAK: On Some Bullen Type Quantum Integral Inequalities

l(f +2f(“ b)) (x)adqx

4
(%5%) [ a-2a [a,(ﬁ(”b (1-0)a) 4o, (1) (b1 (1012 ) ]
< (bga)/ 11— 2qt] [ D ( ) odqt+(b_8a) /01|1—2qt| aDg (f) (bt+(1—t)a+2b>
(b a) Dy (f <a+b>’/ |1—2qt|todt—|—<b >| Dy ( (a)|/1\1_2‘1t|(1_’)°dqt

<b a)‘a |/ |1—2qt|t0dt+(b a) aDq(f)((l_t)a+b>’/ |1—2qt|(1—1) odyt
b— b

16 ) 1qu Zzi;ll) aa,(f)(a;b)’ ( 1—6a> (Hq;(}ziq“) Dy (f) (a)]
. aDq(f)(b)|+<b1_6a> (Hq;(“;fq:qﬂ) aDq(f)<a;b>’

N
~(

+<b16 (2‘1 +2g—1 |

< Dq(f)<a;b>’+zq2+2q1‘qu(f)(b)|]

1_

()dqt

t
8
+

14+4q) (4> +q+1)

b—a 142q
16(1+q)) {(q2+q+l) |aDq (f) (@)] +24 |a

(> +q+1)
where
1 % 1
/0 |1 —2qt|t odyt :/0 (1—2qt)todqt—|—/21q (2gt — 1)t odyt
x 1 % 1 2¢4*+2g—1
:/0 (1 —2qt)t odyt +/0 (2gt — 1)t odyt —/0 (2gt — 1)t odyt = 30T @ et
and

1 ~ 1
/0 11— 2qt] (1 — 1) odyt :/02q(1—2qt)(1—t)odqt+/l (2t — 1) (1—1) odyt
%

1 1 1 3
2 2 1 1+4+2q
= 1—2gt)(1—t dt+/ 2t —1)(1—1 dt—/ 2gt — 1) (1 —1) odyt = =
/0 ( Q)( )061 0(q )( )Oq 0 (C] )( )Ofl 2(1+q)(q2+q+1)

Remark.If we choose ¢ = 1 in Theorem (1), then we obtain Remark 14 in [3] see also [[3] , page 7].

Theorem 2.Let f : I — R be a continuous function and 0 < g < 1. If |uDqa f |" is a convex and integrable function on I°and
p,r>1,1/p+1/r=1, then the following inequality holds:

(b-a) (((zq—1>f’+'+1)<1—q>)”

i (r@r s (50)) 45 [ o] < B ——
2,0 (50| 2,1 (5" H

Proof.Since |,Dg f | is a convex function on I°, by the using Lemma 1 and using the well known Holder inequality, and
we have

+alDy (D@ |+ 5 12y O +al,

|
1+¢
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_a) -1
1 —2gt
8 |:./0 ‘ q ‘ a

’i(f@)+f()+2f<a+b>)

+uDy (1) (41032 } b ( (11~ 2q1))" odqr)’i
(o) ) 52 e
o))

(b—a) (((2q ”“+1
- 2q

Dq(f)(a;bt—f—(l—t) )

&&.

1
7

1

o (50)]

T alDy () (@) |’}

8 l—ql’Jrl 1+q

1 a+b
+1+q[!aDq )| +4|a (f)< 3 ) ]
where

S—

> 1
2
(1120t odt = [ (1-2a0)" odyt + [, Gar=1)" odyt
2q

1 1 1
= /02" (1—2q1)" od,t +/0 (2qt — 1) odyt —/qu (2t —1)F odgt

((261— 1)”“+1) (1-q)
2q(1—-¢"*")

and since |qu f ’r is convex, we have
: a+b\|" ! rofl
t—|—(1—t)a>) odgt < aDq(f)( 7 >‘/Otodqt+|aDq(f)(a)| /0 (1—1) odgt

/i
= oo (S50 +alepanrar

with the same way,

/01( ) odyt < 1i [|anq<f><b>|’+q aDq<f>(a;b)

Corollary 1.If we choose g = 1 in Theorem 2, then we obtain Corollary 16 in [3], see also [[3], page 9].

D) (5"

D,(1) (w152

|

Theorem 3.Let f : I — R be a continuous function and 0 < q < 1. If ;Do f |" is a convex and integrable function on I°and
r > 1, then the following inequality holds:

3 (r@r s (50)) 45 [0
<3 (fiq) <2<1+q><i+q+42>)r [((2‘1 241Dy

p,(n (57 )]

+ <(2q2—|—2q—1) luDg (f) )]+ (1+24°) |a
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Proof.Since |,Dq f | is a convex function on I°, by the using Lemma 1 and using the well known power-mean inequality,
and we have

‘i(f(aHf( )+2f(“+b)> - a/f

[(/ 120, (1) (500 + 1-0a)
b8 a) (1zq>lix KaDq(f)(a;b) r
+<|aDq(f)(b)}r/Ol|1—2qt|t0dqt +aDq(f)<a+b>

(bga) (&)H <2(1 +qr)(i+q+q"‘)>i - [(Qququ)

Dq(f)(a;rb) r):].

Corollary 2.If we choose g = 1 in Theorem 3, then we obtain Corollary 19 in [3], see also [[3], page 11].

*“) </1|12qt|odqt>11
odqt> (/ 11— 2q1||D ()(bz+(1—t)‘“;b>rodqt)11

1 , 1 7
=2l ody +1a2y ()@ 11 =2a11 (1 1) o
/|1—2qt|(1—t)0dt)]

r

| /\

7

+(1+2¢°) |uDq (f) (a)!’)

+ <(2q2+2q1)|aDq(f)(b)|r+(l+2q3) u
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