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Abstract: In this paper, Bullen type inequalities for quantum integral are studied and new integral identity including Bullen type
identity for quantum integral is established using q-calculus. Second, some new integral inequalities including Bullen-type inequalities
for quantum integral are generated using q-calculus. In addition, the same results were obtained with the existing studies in the literature.
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1 Introduction

The Hermite-Hadamard inequality: Let ϕ : I ⊆ R→ R be a convex function and u,v ∈ I with u < v.

ϕ

(
u+ v

2

)
≤ 1

v−u

∫ v

u
ϕ (κ)dκ ≤ ϕ (u)+ϕ (v)

2
. (H)

If ϕ is concave, the inequality of H is written in an inverse way. You can see [4,15,16] for details. The Bullen inequality:

1
v−u

∫ v

u
ϕ (κ)dκ ≤ 1

2

[
ϕ (u)+ϕ (v)

2
+ϕ

(
u+ v

2

)]
, (B)

provided that ϕ : [u,v]→ R is a convex function on [u,v] (see [4,8,15,16,17,18,19,20]) for more details.

2 Quantum Fractional Derivative and Integral

Let I = [u,v]⊂ R be an interval and 0 < q < 1 be a constant. We define q−derivative of a function ϕ : I −→ R at a point
x ∈ I on [u,v] as follows[10].

Definition 1.If ϕ : I −→ R is a continuous function and let x ∈ I. Then the following identities

uDq (ϕ)(x) =
ϕ (x)−ϕ (qx+(1−q)u)

(1−q)(x−u)
, x ̸= u,

uDq (ϕ)(u) = lim
x−→u

uDq (ϕ)(x) ,
(1)

is called the q−derivative on I of a function ϕ at a point x. Also, if u = 0 in (1), then 0Dq (ϕ)(u) = Dqϕ , where Dq is the
q−derivative of the function ϕ (x) defined by

Dq (ϕ)(x) =
ϕ (x)−ϕ (qx)

(1−q)x
.

For more details, see [9].
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Definition 2.[12] Assume α ∈ R, then we have

uDq (x−u)α =

(
1−qα

1−q

)
(x−u)α−1 . (2)

Definition 3.Let ϕ : I ⊂ R−→ R be a continuous function. Then, q−integral on I is defined as∫ x

u
ϕ (t)u dqt = (1−q)(x−u)

∞

∑
n=0

qn
ϕ (qnx+(1−qn)u) , (3)

for x ∈ I. If u = 0 in (3), then we have the classical q−integral [9].

Moreover, v ∈ (u,x) then the definite q−integral on I is defined by∫ x

v
ϕ (t)u dqt =

∫ x

u
ϕ (t)u dqt −

∫ v

u
ϕ (t)u dqt

= (1−q)(x−u)
∞

∑
n=0

qn
ϕ (qnx+(1−qn)u)− (1−q)(v−u)

∞

∑
n=0

qn
ϕ (qnv+(1−qn)u) .

Definition 4.[13] For α ∈ R−{−1} , the following formula holds:∫ x

u
(t −u)α

u dqt =
(

1−q
1−qα+1

)
(x−u)α+1 .

In many studies in the literature [1,3,5,6,7,9,11,12,13,14], many integral inequalities have been obtained by using
fractional integrals for differentiable convex functions. In this study, using the properties of q−calculus (fractional
derivative and integral) and the following lemma, Bullen type integral inequality was obtained.

3 New Bullen-Type q-Fractional Integral Inequalities

Lemma 1.Let f : I ⊂R+ →R be a continuous function and 0 < q < 1. If aDq f is an integrable function on I◦(the interior
of I), then the following identity for q− fractional integral holds:

∫ 1

0
(1−2qt)

[
aDq ( f )

(
a+b

2
t +(1− t)a

)
+aDq ( f )

(
bt +(1− t)

a+b
2

)]
0dqt (4)

=− 2
b−a

(
f (a)+ f (b)+2 f

(
a+b

2

))
+

8

(b−a)2

∫ b

a
f (x) adqx (5)
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Proof.From (1) and (3), we have∫ 1

0
(1−2qt)

(
aDq ( f )

(
a+b

2
t +(1− t)a

))
0dqt +

∫ 1

0
(1−2qt)

(
aDq ( f )

(
bt +(1− t)

a+b
2

))
0dqt

=
∫ 1

0
aDq f

(
a+b

2
t +(1− t)a

)
0dqt −2

∫ 1

0
qt aDq f

(
a+b

2
t +(1− t)a

)
0dqt

+
∫ 1

0
aDq f

(
bt +(1− t)

a+b
2

)
0dqt −2

∫ 1

0
qt aDq f

(
tb+(1− t)

a+b
2

)
0dqt

=2
∫ 1

0

f
( a+b

2 t +(1− t)a
)
− f

( a+b
2 qt +(1−qt)a

)
(b−a)(1−q) t 0dqt −4

∫ 1

0
q

f
( a+b

2 t +(1− t)a
)
− f

( a+b
2 qt +(1−qt)a

)
(b−a)(1−q) 0dqt

+2
∫ 1

0

f
(
bt +(1− t) a+b

2

)
− f

(
bqt +(1−qt) a+b

2

)
(b−a)(1−q) t 0dqt −4

∫ 1

0
q

f
(
bt +(1− t) a+b

2

)
− f

(
bqt +(1−qt) a+b

2

)
(b−a)(1−q) 0dqt

=2
∞

∑
n=0

f
( a+b

2 qn +(1−qn)a
)

(a−b)
−2

∞

∑
n=0

f
( a+b

2 qn+1 +
(
1−qn+1

)
a
)

(b−a)
−4

∞

∑
n=0

qn+1 f
( a+b

2 qn +(1−qn)a
)

(b−a)

+4
∞

∑
n=0

qn+1 f
( a+b

2 qn+1 +
(
1−qn+1

)
a
)

(b−a)
+2

∞

∑
n=0

f
(
bqn +(1−qn) a+b

2

)
(b−a)

−2
∞

∑
n=0

f
(
bqn+1 +

(
1−qn+1

) a+b
2

)
(b−a)

−4
∞

∑
n=0

qn+1 f
(
bqn +(1−qn) a+b

2

)
(b−a)

+4
∞

∑
n=0

qn+1 f
(
bqn+1 +

(
1−qn+1

) a+b
2

)
(b−a)

.

=2
∞

∑
n=0

f
( a+b

2 qn +(1−qn)a
)

(b−a)
−2

∞

∑
n=1

f
( a+b

2 qn +(1−qn)a
)

(b−a)
−4

∞

∑
n=0

qn+1 f
( a+b

2 qn +(1−qn)a
)

(b−a)

+4
∞

∑
n=1

qn f
( a+b

2 qn +(1−qn)a
)

(b−a)
+2

∞

∑
n=0

f
(
bqn +(1−qn) a+b

2

)
(b−a)

−2
∞

∑
n=1

f
(
bqn +(1−qn) a+b

2

)
(b−a)

−4
∞

∑
n=0

qn+1 f
(
bqn +(1−qn) a+b

2

)
(b−a)

+4
∞

∑
n=1

qn f
(
bqn +(1−qn) a+b

2

)
(b−a)

=
2 f

( a+b
2

)
(b−a)

− 2 f (a)
(b−a)

−
4 f

( a+b
2

)
(b−a)

+
4

(b−a)

∫ 1

0
f
(

a+b
2

t +(1− t)a
)

0dqt +
2 f (b)
(b−a)

−
2 f

( a+b
2

)
(b−a)

− 4 f (b)
(b−a)

+
4

(b−a)

∫ 1

0
f
(

bt +(1− t)
a+b

2

)
0dqt

=− 2
(b−a)

(
f (a)+ f (b)+2 f

(
a+b

2

))
+

8

(b−a)2

∫ a+b
2

a
f (x) adqx +

8

(b−a)2

∫ b

a+b
2

f (x) adqx

=− 2
(b−a)

(
f (a)+ f (b)+2 f

(
a+b

2

))
+

8

(b−a)2

∫ b

a
f (x) adqx .

Theorem 1.Let f : I → R be a continuous function and 0 < q < 1. If |aDα f | is a convex and integrable function on I◦,
then the following inequality holds:∣∣∣∣−1

4

(
f (a)+ f (b)+2 f

(
a+b

2

))
+

1
(b−a)

∫ b

a
f (x) adqx

∣∣∣∣≤ (
b−a

16(1+q)

)[
1+2q3

(q2 +q+1)

∣∣aDq ( f )(a)
∣∣

+2q
∣∣∣∣aDq ( f )

(
a+b

2

)∣∣∣∣+ 2q2 +2q−1
(q2 +q+1)

∣∣aDq ( f )(b)
∣∣] .

Proof.Since |aDα f | is a convex function on I◦, by the using Lemma 1 and using the well known absolute value inequality,
and we have
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∣∣∣∣−1
4

(
f (a)+ f (b)+2 f

(
a+b

2

))
+

1
(b−a)

∫ b

a
f (x) adqx

∣∣∣∣
=

∣∣∣∣(b−a
8

)∫ 1

0
(1−2qt)

[
aDq ( f )

(
a+b

2
t +(1− t)a

)
+aDq ( f )

(
bt +(1− t)

a+b
2

)]
0dqt

∣∣∣∣
≤
(

b−a
8

)∫ 1

0
|1−2qt|

∣∣∣∣aDq ( f )
(

a+b
2

t +(1− t)a
)∣∣∣∣ 0dqt +

(
b−a

8

)∫ 1

0
|1−2qt|

∣∣∣∣aDq ( f )
(

bt +(1− t)
a+b

2

)∣∣∣∣ 0dqt

≤
(

b−a
8

)∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣∫ 1

0
|1−2qt| t 0dqt +

(
b−a

8

)∣∣aDq ( f )(a)
∣∣∫ 1

0
|1−2qt|(1− t) 0dqt

+

(
b−a

8

)∣∣aDq ( f )(b)
∣∣∫ 1

0
|1−2qt| t 0dqt +

(
b−a

8

)∣∣∣∣aDq ( f )
(
(1− t)

a+b
2

)∣∣∣∣∫ 1

0
|1−2qt|(1− t) 0dqt

=

(
b−a

16

)
2q2 +2q−1

(1+q)(q2 +q+1)

∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣+(
b−a

16

)
1+2q3

(1+q)(q2 +q+1)

∣∣aDq ( f )(a)
∣∣

+

(
b−a

16

)
2q2 +2q−1

(1+q)(q2 +q+1)

∣∣aDq ( f )(b)
∣∣+(

b−a
16

)
1+2q3

(1+q)(q2 +q+1)

∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣
=

(
b−a

16(1+q)

)[
1+2q3

(q2 +q+1)

∣∣aDq ( f )(a)
∣∣ +2q

∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣+ 2q2 +2q−1
(q2 +q+1)

∣∣aDq ( f )(b)
∣∣]

where

∫ 1

0
|1−2qt| t 0dqt =

∫ 1
2q

0
(1−2qt) t 0dqt +

∫ 1

1
2q

(2qt −1) t 0dqt

=
∫ 1

2q

0
(1−2qt) t 0dqt +

∫ 1

0
(2qt −1) t 0dqt −

∫ 1
2q

0
(2qt −1) t 0dqt =

1
2

2q2 +2q−1
(1+q)(q2 +q+1)

and

∫ 1

0
|1−2qt|(1− t) 0dqt =

∫ 1
2q

0
(1−2qt)(1− t) 0dqt +

∫ 1

1
2q

(2qt −1)(1− t) 0dqt

=
∫ 1

2q

0
(1−2qt)(1− t) 0dqt +

∫ 1

0
(2qt −1)(1− t) 0dqt −

∫ 1
2q

0
(2qt −1)(1− t) 0dqt =

1
2

1+2q3

(1+q)(q2 +q+1)

Remark.If we choose q = 1 in Theorem (1), then we obtain Remark 14 in [3] see also [[3] , page 7].

Theorem 2.Let f : I → R be a continuous function and 0 < q < 1. If |aDα f |r is a convex and integrable function on I◦and
p,r > 1, 1/p+1/r = 1, then the following inequality holds:

∣∣∣∣−1
4

(
f (a)+ f (b)+2 f

(
a+b

2

))
+

1
b−a

∫ b

a
f (x) adqx

∣∣∣∣≤ (b−a)
8


(
(2q−1)p+1 +1

)
(1−q)

2q(1−qp+1)


1
p

×

[
1

1+q

[∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r +q
∣∣aDq ( f )(a)

∣∣r] 1
r

+
1

1+q

[∣∣aDq ( f )(b)
∣∣r +q

∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r] 1
r
]
.

Proof.Since |aDα f |r is a convex function on I◦, by the using Lemma 1 and using the well known Hölder inequality, and
we have
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∣∣∣∣1
4

(
f (a)+ f (b)+2 f

(
a+b

2

))
− 1

b−a

∫ b

a
f (x) adqx

∣∣∣∣≤ (b−a)
8

[∫ 1

0
|1−2qt|

∣∣∣∣aDq ( f )
(

a+b
2

t +(1− t)a
)

+aDq ( f )
(

bt +(1− t)
a+b

2

)∣∣∣∣ 0dqt
]
≤ (b−a)

8

(∫ 1

0
(|1−2qt|)p

0dqt
) 1

p

×
(∫ 1

0

(∣∣∣∣aDq ( f )
(

a+b
2

t +(1− t)a
)∣∣∣∣)r

0dqt
) 1

r

+
(b−a)

8

(∫ 1

0
(|1−2qt|)p

0dqt
) 1

p

×
(∫ 1

0

(∣∣∣∣aDq ( f )
(

bt +(1− t)
a+b

2

)∣∣∣∣)r

0dqt
) 1

r

=
(b−a)

8


(
(2q−1)p+1 +1

)
(1−q)

2q(1−qp+1)


1
p

×

[
1

1+q

[∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r +q
∣∣aDq ( f )(a)

∣∣r] 1
r

+
1

1+q

[∣∣aDq ( f )(b)
∣∣r +q

∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r] 1
r
]

where ∫ 1

0
(|1−2qt|)p

0dqt =
∫ 1

2q

0
(1−2qt)p

0dqt +
∫ 1

1
2q

(2qt −1)p
0dqt

=
∫ 1

2q

0
(1−2qt)p

0dqt +
∫ 1

0
(2qt −1)p

0dqt −
∫ 1

2q

0
(2qt −1)p

0dqt

=

(
(2q−1)p+1 +1

)
(1−q)

2q(1−qp+1)

and since
∣∣aDq f

∣∣r is convex, we have

∫ 1

0

(∣∣∣∣aDq ( f )
(

a+b
2

t +(1− t)a
)∣∣∣∣)r

0dqt ≤
∣∣∣∣aDq ( f )

(
a+b

2

)∣∣∣∣r ∫ 1

0
t 0dqt +

∣∣aDq ( f )(a)
∣∣r ∫ 1

0
(1− t) 0dqt

=
1

1+q

[∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r +q
∣∣aDq ( f )(a)

∣∣r]
with the same way,∫ 1

0

(∣∣∣∣aDq ( f )
(

bt +(1− t)
a+b

2

)∣∣∣∣)r

0dqt ≤ 1
1+q

[∣∣aDq ( f )(b)
∣∣r +q

∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r]
Corollary 1.If we choose q = 1 in Theorem 2, then we obtain Corollary 16 in [3], see also [[3], page 9].

Theorem 3.Let f : I → R be a continuous function and 0 < q < 1. If |aDα f |r is a convex and integrable function on I◦and
r ≥ 1, then the following inequality holds:

∣∣∣∣−1
4

(
f (a)+ f (b)+2 f

(
a+b

2

))
+

1
b−a

∫ b

a
f (x) adqx

∣∣∣∣
≤ (b−a)

8

(
q

1+q

)1− 1
r
(

1
2(1+q)(1+q+q2)

) 1
r

×

[((
2q2 +2q−1

)∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r + (
1+2q3)∣∣aDq ( f )(a)

∣∣r) 1
r

+

((
2q2 +2q−1

)∣∣aDq ( f )(b)
∣∣r + (

1+2q3)∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r) 1
r
]
.
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Proof.Since |aDα f |r is a convex function on I◦, by the using Lemma 1 and using the well known power-mean inequality,
and we have

∣∣∣∣−1
4

(
f (a)+ f (b)+2 f

(
a+b

2

))
+

1
b−a

∫ b

a
f (x) adqx

∣∣∣∣≤ (b−a)
8

(∫ 1

0
|1−2qt| 0dqt

)1− 1
r

×

[(∫ 1

0
|1−2qt|

∣∣∣∣aDq ( f )
(

a+b
2

t +(1− t)a
)∣∣∣∣r 0dqt

) 1
r

+

(∫ 1

0
|1−2qt|

∣∣∣∣aDq ( f )
(

bt +(1− t)
a+b

2

)∣∣∣∣r 0dqt
) 1

r
]

≤ (b−a)
8

(
q

1+q

)1− 1
r

×
[(∣∣∣∣aDq ( f )

(
a+b

2

)∣∣∣∣r ∫ 1

0
|1−2qt| t 0dqt +

∣∣aDq ( f )(a)
∣∣r ∫ 1

0
|1−2qt|(1− t) 0dqt

) 1
r

+

(∣∣aDq ( f )(b)
∣∣r ∫ 1

0
|1−2qt| t 0dqt +

∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r ∫ 1

0
|1−2qt|(1− t) 0dqt

) 1
r
]

(b−a)
8

(
q

1+q

)1− 1
r
(

1
2(1+q)(1+q+q2)

) 1
r

×

[((
2q2 +2q−1

)∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r + (
1+2q3)∣∣aDq ( f )(a)

∣∣r) 1
r

+

((
2q2 +2q−1

)∣∣aDq ( f )(b)
∣∣r + (

1+2q3)∣∣∣∣aDq ( f )
(

a+b
2

)∣∣∣∣r) 1
r
]
.

Corollary 2.If we choose q = 1 in Theorem 3, then we obtain Corollary 19 in [3], see also [[3], page 11].
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