(_/
NTMSCI 9, No. 3, 42-50 (2021) BISKA «

http://dx.doi.org/10.20852/ntmsci.2021.452

On binary pre-open sets and binary pre-w-open sets in
binary topological spaces

Carlos Granados

Corporacién Universitaria Latinoamericana, Colombia

Received: 14 June 2020, Accepted: 11 October 2020
Published online: 18 September 2021.

Abstract: As a generalization of binary open sets in binary topological, we used the notions of pre-open sets in topological spaces to
introduce and study the notions of binary pre-open sets and binary pre-@-open sets in binary topological spaces. Furthermore. Besides,
we develop some properties on binary pre-®-compact spaces and binary pre-®-connected spaces. Moreover, we define and discuss the
concepts of binary pre-continuous functions and binary pre-®-continuous functions.

Keywords: Binary topological spaces, binary pre-open sets, binary pre-o-open sets, binary pre-m-compact spaces, binary pre-m-
connected spaces, binary pre-continuous functions, binary pre--continuous functions.

1 Introduction

The notion of binary topological space was introduced by Nithyanantha and Thangavelu in 2011 [4], A binary topology
from X to Y is a binary structure which satisfies the conditions of the Definition 1 that are analogous to the axioms of
topology. This concept has been studied by many mathematicians in different fields of the general topology. In 2017,
Mustafa [6] introduced the concept of binary generalized closed set in binary topological spaces in which he showed
some properties in known open sets such that semi-open, pre-open, b-open, etc., in the next year, Chacko and Susha [1]
used the notion of binary topological space to introduce the concept of binary linear topology in metric spaces. In 2019,
Mehmood et.al. [5] used the notion of soft semi open sets to introduce the notion of soft binary topological spaces in
which showed and proved some applications and characterizations in separation axioms. On the other hand, Hdeib [3]
introduced the concept of  -closed set as generalized of closed sets. A point x € X is said to be a condensation point of
C, if for each V € 7 with x € V , the set V N C is uncountable. C is said to be @ -closed [3], if it contains all its
condensation points. The complement of a @ -closed set is called @ -open. The collection of all @ -open sets of (X, 7)) is
denoted by 7 ® in which is finer than 7 . In this paper, as a generalization of binary open sets in binary topological
spaces, we used the notions of pre-open sets [2] to introduce and study the notions of binary pre-open sets and binary
pre-@ -open sets, as well as, some of their properties and characterizations are shown. Besides, we introduce the notions
of binary pre-continuous functions, binary pre-@® -continuous functions, strongly binary pre-® -continuous functions and
perfectly binary pre-® -continuous functions.

Throughout this paper, P(X ) and P(Y ) are the power sets of X and Y, respectively. Now, we show some definitions
which are useful for the developing of this paper.

Definition 1. [4]. Let X ,Y be any two empty sets and A C X and B C Y. A binary topology from X to Y is a binary structure
M C P(X ) x P(Y ) that satisfies the following conditions:

(1) (0,0) and (X,Y) € M.
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2) (A] NA,, By ﬁBz) S M,(Al,Bl) €M and (Az,Bz) eEM.
(3) If{(As,Bs) : 6 € A} is a family of members of M, then ((SUAAS’ﬁUABS) eM
€ €

Definition 2. [4]. If M is a binary topology from X to Y, then the triplet (X ,Y, M) is said to be a binary topological space
and the members of M are called binary open sets of (X ,Y, M). The elements of XxY are said to be the binary points of
the binary topological space (X ,Y, M).

Definition 3. [4]. Let (X ,Y, M) be a binary topological space and let (x, y) € (X,Y ). The binary open set (A, B) is said to
be a binary neighbourhood of (x, y) ifx € Aandy € B.

Proposition 1. [4]. Let (A, B) C (C, D) C (X ,Y ) and (X ,Y, M) be a binary topological space. Then, the following
statements hold:

(1) Int(A, B) C (A, B).

(2) If (A, B) is binary open, then Int(A, B) = (A, B).
(3) Int(A, B) C Int(C, D).

(4) Int(Int(A, B)) = Int(A, B).

(5) (A, B) C CIl(A, B).

(6) If (A, B) is binary closed, then CI(A, B) = (A, B).
(7) Cl(A, B) C CI(C, D).

(8) CI(Cl(A, B)) = CI(A, B).

Definition 4. [4]. Let f: Z — X x Y be a function. Let A C Xand BC Y. We definef —1 (A, B)={z€Z:f(z)=(x, y) €
(A, B)}.

Definition 5. [4]. Let (X ,Y, M) be a binary topological space and let (Z, T ) be a topological space. Now, letf: (Z, T ) —
X x Y be a function, then fis said to be binary continuous if f~' (A, B) is open in (Z, T ) for every binary open set (A, B)
inXxY.

2 Binary pre-open sets and binary pre-continuous functions

In this section, we used the notion of binary open sets to introduce and study the notion of binary pre-open sets.

Definition 6. Let (A, B) be a subset of a binary topological space (X ,Y, M). Then, (A, B) is said to be binary pre-open if
(A, B) C Int(Cl(A, B)). The complement of a binary pre-open set is called binary pre-closed.

Remark. The collection of all binary pre-open sets and binary pre-closed sets are denoted by BPO(X ,Y, M) and BPC(X .Y,
M), respectively.

Proposition 2. Every binary open set is binary pre-open.

Proof. Let (A, B) be a binary open set in (X ,Y, M), then (A4, B) C Int(CI(A, B)), since (A, B) C CI(A, B) = (C, D), indeed
(A, B) C Int(C, D) and this proof that (A, B) is a binary pre-open set.

The converse of the above Proposition need not be true as can be seen in the following example.

Example 1. Let X = {a, b, ¢}, Y ={1, 2,3} and M = {(0, 0), ({a}, {1}), (X,Y)}. Then, ({a, c}, {1, 3}) is a binary
pre-open set, but it is not a binary open set.

Theorem 1. Let (X, T ) and (Y, 6 ) be two any topological spaces. If A and B are pre-open in X and Y , respectively. Then,
(A, B) is binary pre-open in (X ,Y, M).
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Proof. Let A and B be pre-open in X and Y , respectively. Suppose that (A, B) is not binary pre-open in (X ,Y, M), this
implies that (A, B) Int(CI(A, B)). Now, assume that CI(A, B) = (C, D), then (A, B) Int(C, D) and so Int(C, D) = (0, 0),
therefore Int(C) = 0 and Int(D) =0, where A C C = CI(A) and B C D = CI(B), hence A and B are not pre-open sets and
this is a contradiction. Therefore, (A, B) is a pre-open set.

Lemma 1. Let A C X and B C Y. If (A, B) is binary pre-open in (X ,Y, M), then A is pre-open in (X, T ) and B is pre-open
in(Y, o).

Proof. The proof is followed by the Theorem 1.

Theorem 2.Let (A, B) and (C, D) be a binary open set in a binary topological space (X ,Y, M). Then, the following
statements hold:

(1) CI((A, B)U(C, D)) 2 CI(A, B) U CI(C, D).
(2) Cl((A, B)N (C, D)) C Cl(A, B) N CI(C, D).
(3) Int((A, B) U (C, D)) D Int(A, B) U Int(C, D).
(4) Int(A, B) N Int(C, D) D Int((A, B) N (C, D).

Proof. (1) Let (A, B) C (A, B) U (C, D) and (C, D) C (A, B) U (C, D). Then, CI(A, B) C CI((A, B) U (C, D)) and CI(C, D)
CCI((A, B) U (C, D)) and hence CI(A, B) U CI(C, D) C CI((A, B) U (C, D)).

(2) Let (A, B)N(C, D) C (A, B)and (A, B) N (C, D) C (C, D). Then, CI((A, B) " (C, D)) C CI(A, B) and CIl((A, B) N (C,
D)) C CI(C, D) and hence CI((A, B) N (C, D)) C CI(A, B) N CI(C, D).

(3) Let (4, B) C (4, B) U (C, D) and (C, D) C (A, B) U (C, D). Then, Int(A, B) C Int((A, B) U (C, D)) and Int(C, D) C
Int((A, B) U (C, D)) and hence Int(A, B) U Int(C, D) C Int((A, B) U (C, D)).

(4) Let (A, B) N (C, D) C (A, B) and (A, B) N (C, D) C (C, D). Then, Int((A, B) N (C, D)) C Int(A, B) and Int((A, B) N(C,
D)) C Int(C, D) and hence Int((A, B) N (C, D)) C Int(A, B) N Int(C, D).

The equality in part (1), (2), (3) and (4) in the above Theorem need not be true as can be seen in the following example.

Example 2. Let X = {1, 2,3}, Y ={4, 5} and M = {(0, 0), X, Y), {1}, {5}, {2L.Y), ({1, 2},Y)}.

Then, CI({1}, 0) U CI({2}, 0) = ({1, 3}, 0/) U ({2, 3}, {4}) = (X, {4}), but CI({1}, 0) U ({2}, 0)) = (X,Y ).
Besides, CI(({1, 2}, {4}) N ({3}, {5}) = ({3}, 0), but CI({1, 2}, {4}) N CI({3}, {5}) = (X.Y).

Now, Ini({1}, {4}) U In({2}, {5}) = (0, 0), but Ine(({1}, {4} U ({2}, {4}) = ({1, 2}, ).

Besides, Inf({1}, {3}) N ({2},Y ) = (0, 0), but Inr({1}, {3}) N Int({2},Y ) = (0, {2}).

Theorem 3. Arbitrary union of binary pre-open sets is binary pre-open.

Proof. Let {(A, B)d : § € A } be a collection of family of binary pre-open sets of (X,¥,M), then (A, B)d C Int(CI((A, BS
). Now, let Usca(A,B)s C Ugealnt(CI((A,B)s))), by the Theorem 2 parts (1) and (3), we have that
Usea(A,B)s C Int(Cl(Usea(A,B)s))). Therefore, Ugca (A, B)s is a binary pre-open set.

The following example shows that arbitrary intersection of binary pre-open sets need not be a binary pre-open set.

Example 3. Let X = {a, b, ¢}, Y ={1,2,3} and M = {(0, 0), ({a}, {1}), ({p}, {2}), ({a, b}, {1, 2}), (X,Y )}. Then, ({q,
b}, {1, 2}) and ({a, 0/ }, {1, 2}) are binary pre-open sets, but ({a, b}, {1,2H) N ({a, 0}, {1, 2})=({a 0 }, {1, 2}) is not
a binary pre-open set.

Definition 7. Let (A, B) be a subset of a binary topological space (X ,Y, M). Then, (A, B) is said to be binary pre-closed if
(A,B) D Int(CI(A,B)).

Theorem 4. Arbitrary intersection of binary pre-closed sets need not be a binary pre-closed set.
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Proof. Let {(A,B)s : 6 € A} be a collection of family of binary pre-closed sets of (X,Y,M), then
(A,B)s D Int(CI((A,Bs))). Now, let Nscp (A, B)s 2 Nsealnt(CI((A,B)s))). by the Theorem 2 parts (2) and (4), we have
that Ngea(A,B)s 2 Ngealnt(CL((A,B)s))) 2 Int(Cl(Ngcp(A,B)s))). Therefore, Ngca (A, B)g is a binary

The following example shows that arbitrary union of binary pre-closed sets need not be a binary pre-closed set.

Example 4. By the example 3, ({a}, {1}) and ({b}, {2}) are binary pre-closed sets, but ({a}, {1}) U ({0}, {2}) = ({a
b}, {1, 2}) is not a binary pre-closed set.

Definition 8. Let (X ,Y, M) be a binary topological space and let (Z, T ) be a topological space. Now, letf: (Z, T) - X xY
be a function, then f is said to be binary pre-continuous if f~'(A,B) is open in (Z, T ) for every binary pre-open set (A,
B)inX xY.

Theorem 5. Every binary continuous function is binary pre-continuous.
Proof. It follows form the fact that every binary open is binary pre-open.

The converse of the above Theorem need not be true as can be seen in the following example.

Example 5.Let X = {a, b, c}, Y = {0, 1}, M = {(0, 0), {a}, {1}), ({6}, {0, 1}), (X,Y)}.Z={q. w e} and T = {0, Z
{q}, {w}, {¢. w} }. Define the functionf : (Z, 7) = X x Y by f (¢) =(a, 1), f (w) = (b, 0) and f (¢) = (¢, 1). Then, f is
a binary pre-continuous function, but it is not a binary continuous function, because f~!({a,c},{2}) = {g,w} is not an
open set.

3 Binary pre-w-open sets and binary pre-@-continuous functions

In this section, we used the notion of binary open sets and binary pre-open sets to introduce and study the notion of binary
pre-m -open sets.

Definition 9. Let (X ,Y, M) be a binary topological space and (A, B) C X x Y. Then (A, B) is said to be binary pre-®
-open if for each (x, y) € (A, B) there exits a binary pre-open set (V,U )x containing (x, y) such that (V,U )x — (A, B) is a
countable set. The complement of a binary pre-® -open set is called binary pre-® -closed set.

Remark. The collection of all binary pre-@ -open sets and binary pre-® -closed sets are denoted by BPw O(X ,Y, M) and
BPoC(X .Y, M).

Lemma 2.Every binary pre-open set is binary pre--open.
Proof.The proof is followed by the Definition 9.
The converse of the above Lemma need not be true as can be seen in the following example.

Example 6. Let X = {a, b, ¢, d}, Y ={q, w, ¢, r} and M = {(0, 0), ({a}, {w}), {c}, {r}), X.,Y), {a c}, {w rH}.
Then,({d}, 0) is a binary pre-e -open set, but it is not a binary pre-open set.

Lemma 3. Let (X ,Y, M) and (X1 ,Y1, M) be two binary topological spaces such that (A, B) C (X1 ,Y1 )and X1 C X and Y,
C Y. If(A, B)is a binary pre-® -open set of (X ,Y, M), then (A, B) is a binary pre-® -open set of (X1 ,Y1, M).

Proof. Let (A, B) be a binary pre-@ -open set of (X ,Y, M). Then, for every (x, y) € (4, B), there exits a pre-@® -open set
(U, V) of (X,Y, M) containing (x, y) such that (U,V ) — (A, B) is a countable. In consequence, we have that (U,V ) is a
pre- -open set of (X; ,Y; , M) containing (x, y). This proofs that (A, B) is a pre-® -open set of (X; ,Y; , M).
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Theorem 6. Let (X,Y, M) be a binary topological space and (A, B) C (X ,Y ). Then (A, B)is said to be binary pre-®
-open if and only if for every (x, y) € (A, B), there exits a binary pre-open set (U,V ) x containing (x, y)and a countable
subset (A, B) such that (U,V )x — (C, D) C (A, B).

Proof. Necessary: Let (A, B) be a binary pre-® -open set and (x, y) € (A, B), then there exits a binary pre-open set (U,V
)x containing (x, y) such that (U,V )x — (A, B) is countable. Now, let (C, D)= U,V )x — (A, B)=U,V )xN (X — A), X —
B)). Then, (U,V )x — (C, D) C (A, B).

Sufficiency: Let (x, y) € (A, B). Then, there exits a binary pre-m -open sets (U,V )x containing (x, y) and a countable set
(C, D) such that (U,V )x — (C, D) C (A, B). Therefore, (U V )x — (A, B) C (C, D) and (U,V )x — (A, B) is countable.

Definition 10. Let {yS : 0 € A } be a collection of binary pre-open sets in a binary topological space (X ,Y, M) is said to
be a binary pre-open cover of a subset (A, B) of (X,Y ) if (A, B) (A,B) C Usca Vs

Definition 11. Let (X ,Y, M) be a binary topological space. Then, (X ,Y ) is said to be binary-pre-Lindeloff, if every binary

pre-open cover of (X ,Y ) has a countable sub-cover.

Theorem 7. Let (X ,Y, M) be a binary topological space. Then, the following statements are equivalent:

(1) (X,Y ) is binary-pre-Lindeloff.
(2) Every countable cover of (X ,Y ) by binary pre-open sets has a countable sub-cover.

Proof.(2) = (1): Since every binary pre-open set is binary pre-® -open set, the proof follows.

()= (2): Let{ys : 6 € A } be a cover of (X,Y ) by binary pre-® -open sets of (X,Y ). Now, for each (x, y) € (X,Y)
there exits a §(x,y) € A such that (x, y) € l[/gx.y). Since (U,V )8(x,y) is a binary pre-® -open. Then, there exits a binary
pre-open set (N,M)s =~ such that (x, y) € (N,M)s , and (N,M)s  — (U,V)s,, is countable. Then, the family
{(N,M)g : 6 € A} is a binary cover of (X ,Y ) and (X ,Y ) is binary-pre-Lindeloff. Therefore, there exits a countable
sub-cover J( ,), with i € I such that (X,Y) = igI(N M )5(%”'_, since

00) = QI M3, , = UV, JUOV)s,, | = GINMs,, = UV )a, )OOV, )
1

Since (N, M) Sy (u,v) §s, 18 @ countable set, for each 0((x,)i), there exists a countable subset Ag(y.,),) of A such
that (N,M)8.y), = (U,V)s,, S U (U,V)sand therefore (X,Y) S U( U  (U,V)s)UUWU, V)5, )-

T sy €1 81y, icl i
Theorem 8. Let (X ,Y, M) be a binary topological space and (C, D) C (X,Y ). If (A, B) is a binary pre- -closed set. Then,

(C, D) C (J, K) U (A, B), for some binary pre-o -closed set (J, K) and a countable set (A, B).

Proof. If (C, D) is a binary pre-o -closed set. Then, (X — C, X — D) is a binary pre-® -open set and hence by Theorem 6,
for every (x, y) € (X — C, X — D), there exits a binary pre-® -open set (U,V ) containing (x, y) and a countable set (4, B)
suchthat (U—-A,V—B)C(X—C, X—D). Thus,(CCD)C(X—(U—-A),X—(V-B)=X—((UV)N((X—-A), X
-B)=(X—-U) X—-V)H)U@A B),let(J,K)=(X — U, X — V). Then, (J, K) is a binary pre-® -closed set such that
(C,D)C (U, K)U(A, B).

Theorem 9. The union of any family of binary pre-® -open sets is binary pre-® -open set.

Proof. Let {(A,B)s : 6 € A} is a collection of binary pre-@-open subsets of (X,Y).Then, for every (x, y) € U (A,B)s,
deA

S
(x,y) € (A,B)s, for some § € A. Hence, there exits a binary pre-@-open subset (U, V) containing (x,y), such that U —
A,V —B); is countable. Now, as (U — ( U As),(V—(U Bs)) C(U—A,V—B)s,and thus (U—( U As),(V—( U Bs))
deA deA deA deA

is countable. Therefore, |J (A,B)s is a binary pre--open set.
deA
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Definition 12. The union of all binary pre-® -open sets contained in (A, B) C (X ,Y ) is called binary pre-® -interior of
(A, B) and is denoted by Intpw (A, B).

Definition 13. The intersection of all binary pre-® -closed sets of (X ,Y ) containing (A, B) is called binary pre-® -closure
of (A, B) and is denoted by Clp® (A, B). The Intpw (A, B) is a binary pre-® -open set and the Clpw (A, B) is a binary
pre-o -closed set.

Theorem 10. Let (X ,Y, M) be a binary topological space and (A, B), (C, D) C (X ,Y ). Then, the following statements
hold:

(1) Intpo (Intpw (A, B)) = Intpw (A, B).
(2) if (A, B) C (C, D), then Intpw (A, B) C Intpw (C, D).
3) Intpw ((A, B) N (C, D)) C Intpw (A, B) N Intpw (C, D).
@) Intpw (A, B) U Intpw (C, D) C Intpo ((A, B) U (C, D)).
(5) Intpw (A, B) is the largest binary pre-® -open subset of (X ,Y ). contained in (A, B).
(6) (A, B) is binary pre- -open if and only if (A, B) = Intpw (A, B).
(7) Clpw (Clpw (A, B)) = Clpw (A, B).
®) If(A, B) C (C, D), then Clpw (A, B) C Clpw (C, D).
) Clpw (A, B)U Clpw (C, D) C Clpw ((A, B) U (C, D)).
(10) Clpw ((A, B) N (C, D)) C Clpw ((A, B)) N Clpw (C, D).

Proof. (1), (2), (6), (7) and (8) are follow directly from the Definition 9. (3), (4) and (5) are follow from part (2) of this
Theorem. (9) and (10) are follow by applying part (8) of this Theorem.

Theorem 11. Let (X ,Y, M) be a binary topological space and (A, B) C (X ,Y ). Then, the following statements hold:

(1) Clpw (X —A)Y — B)) = (X,Y ) — Clpo (A, B).
) Intpo (X — A), (Y — B)) = (X,Y ) — Intpe (A, B).

Proof. We will prove (1) and (2), then:

(1) Let (x, y) € (X,Y ) — Clpw (A, B). Then, there exits (U,V ) € BP® O(X ,Y, M) such that (U,V ) N (A, B) = 0/ and
hence it has (x, y) € Intpw (A, B). This shows that (X,Y ) —Clpw (A, B) C Intpw (X — A), (X — B)). Now, take (x,
y) € Intpw (X — A), (X — B)). Since Intpw (X — A), (X — B)) N (A, B) =0/, it gets that (x, y) €/ Clpw (A, B). In
consequence, Clpw (X — A), X — B))=(X,Y ) — Intpw (A, B).

(2) Let (x, y) € (X,Y ) — Intpow (X — A), (X — B)). Since Intpw (X — A), (X — B)) N (A, B) =0/, we have that (x, y)
€/ Clpo (A, B) and this implies that (x, y) € (X,Y ) — Clp® (A, B). Now, take (x, y) € (X,Y ) — Clpw (A, B). Then,
there exist (U,V ) € BPow O(X ,Y, M) such that (U,V ) N (A, B) =0. Therefore, Intpow (X — A), X — B)=X,Y ) —
Clpw (A, B).

Definition 14. Let (X ,Y, M) be a binary topological space and (A, B) C (X,Y ). Then (A, B) is said to be binary pre-® -
neighbourhood of a point (x, y) € (X,Y ) if there exists a binary pre-® -open set (J, K) such that (x, y) € (J, K) C (A, B).

Theorem 12. Let (X ,Y, M)) be a binary topological space and (A, B) C (X,Y ). Then, (A, B) is binary pre-® -open set if
and only if it is a binary pre-w -neighbourhood of each of its points.

Proof. Necessary: Let (A, B) be a binary pre-m -open set of (X,Y ). Then by the Definition 14 (A, B) is a binary pre-® -
neighbourhood of each of its points.

Sufficiency: If (A, B) is a binary pre-® -neighbourhood of each of its points. Then, for each (x, y) € (4, B), there exits (C,
D)x € BPow O(X ,Y, M) such that (C, D)x C (A, B). In consequence, (A, B) = {(C, D)x : (x, ¥) € (A, B)}. Since, each (C,
D)x is a binary pre-® -open and arbitrary union of binary pre-® -open sets is a binary pre-® -open set. therefore, (A, B) is
a binary pre-® -open set of (X,Y ).
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Definition 15. Let (X ,Y, M) be a binary topological space, then (X ,Y, M) is said to be binary pre-® -compact if every
cover of (X ,Y ) by binary pre-® -open sets has a finite subcover.

Theorem 13. Let (X ,Y, M) be a binary topological space, then (X ,Y, M) is binary pre-® -compact if and only if for every
collection {(A,B)y : 00 € A} of binary pre-o -closed sets in (X ,Y, M) satisfying N{(A,B)q : 0t € A} =0, there is a finite
subcollection (A,B) g, ,(A,B)ay; -, (A, B)a, with (\{(A,B)g, :k=1,...,n} =0.

Proof. Let {(A,B)q : 0t € A}be a collection of binary pre-@-closed sets such that (J{(4,B)q : @ € A} =0, then {(X —
A,Y —B)q : 00 € A} is a collection of binary sets such that

(X,Y)=(X.Y)—0=(X,Y)—N{(4,B), : aeA} =U{(X—AY —B), : aeA},

Thatis {(X —A,Y —B), : a€A} isacover of (X,Y) by binary pre-m-open sets. Since (X,Y, M) is binary pre-®-compact,
there exists a finite subcollection (X —A,Y —B),, , (X —A,Y —B) X —A)Y —B),, such that

oo
(X,Y)=U{(X—-AY —B)og:k=1,....n} = (X,¥) —N{(A,B) g :k=1,....n}.

This shows that N {(A,B) o4 : k = 1,...,n} = 0. Conversely, suppose that {(U,V)q : @ € A} is a cover of (X,Y) by binary
pre-w-open sets, then {(X —U,Y —V)q : & € A} is a collection of binary pre-w-closed sets such that N{(X —U,Y —V),, :
acA=(X,Y)-U{(U)V),:aeA}=(X,Y)—(X,Y)=0. By hypothesis, there exists a fine subcollection

X-UY-V),, X-UY-V) X-UY-Y),

apr-es

such that
ﬂ{(X—U,Y—V)ak:k:l,...,n}:O.

Follows
(X,Y):(X,Y)fO:(X,Y)fﬂ{(XfU,YfV)ak :k:l,...,n}
:(X,Y)—((X,Y)—U{(U,V)ak k=1,...n ):U{(U,V)ak:kzl,...,n}.
This shows that (X,Y,M) is binary pre-®-compact.

Definition 16. Let (X ,Y, M) be a binary topological space, then (X ,Y, M) is said to be binary pre-connected if (X ,Y )
cannot be written as a disjoint union of two non-empty binary pre-open sets.

Definition 17. Let (X ,Y, M) be a binary topological space, then (X ,Y, M) is said to be binary pre-® -connected if (X ,Y )
cannot be written as a disjoint union of two non-empty binary pre-® -open sets.

Theorem 14. Let (X ,Y, M) be a binary topological space. If (X ,Y, M) is binary pre-® -connected, then (X ,Y, M) is binary
pre-connected.

Proof. Let (X ,Y, M) be binary pre-m -connected. Now, Suppose that (X ,Y, M) is not binary pre-connected, then there exist
non-empty binary pre-open sets (A, B) and (C, D) such that (A, B) N (C, D) =0 and (A, B) U (C, D) = (X,Y ). Then, by the
Proposition 2, we have that (A, B) and (C, D) are binary pre-® -open sets and so, (X, ¥, M) is not binary pre-® -connected
and this is a contradiction, therefore (X ,Y, M) is binary pre-connected.

Theorem 15. For a binary topological space (X ,Y, M), the following statements are equivalent:

(1) (X,Y, M) is binary pre-® -connected.
2) (0,0 )and (X,Y ) are the only subsets of (X ,Y ) which are both binary pre-® -open and binary pre-@® -closed.
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Proof. (1) = (2) Let (VU ) be a subset of (X ,Y ) which is both binary pre-® -open and binary pre-® -closed, then (X —
V, X — U) is both binary pre-m -open and binary pre-® -closed, so (X,Y )= (VU)U X —V, X — U ). Since (X,Y, M) is
binary pre-® -connected, then one of those sets is (0, 0 ). Therefore, (VU )=(0,0)or (VU )=(X,Y ).

(2) = (1) Suppose that (X ,Y, M) is not binary pre-® -connected and let (X ,Y ) = (U, N) U (V, M), where (U, N) and (V,
M) are disjoint non-empty binary pre-w-open sets in (X ,Y, M), then (U, N) = (X,Y ) — (V, M) is both binary pre-w -open
and binary pre-m -closed. By hypothesis, (U, N) = (0, 0) or (U, N) = (X,Y ), which is a contradiction. Therefore, (X,Y,
M)) is binary pre-@® -connected.

Now, in this part, we define the concepts of binary pre-@ -continuous functions. Moreover, we prove some of their
properties.

Definition 18. Ler (X ,Y, M) be a binary topological space and let (Z, T ) be a topological space. Now, letf: (Z, T ) — X
XY be a function, then f is said to be binary pre-® -continuous if f~' (A, B) is open in (Z, T ) for every binary pre-w-open
set (A, B)inX x Y.

Theorem 16. Every binary pre-continuous function is binary pre-@ -continuous. Proof.It follows form the fact that every
binary pre-open is binary pre-@ -open.

The converse of the above Theorem need not be true as can be seen in the following example.

Example 7. Let X = {a, b, ¢}, Y ={0, 1}, M ={(0, 0), ({a}, {1}), ({b}, {0, 1}), X,Y)},Z={g w e} andT={0, Z
{q}, {w}, {g, w} }. Define the functionf : (Z, ) = X x Y by f (¢) =(a, 1), f (w) = (b, 0) and f (¢) = (¢, 1). Then, f is
a binary pre-® -continuous function, but it is not a binary pre-continuous function, because f~! ({a, ¢}, {1}) = {g, e} is
not a semi-open set.

Theorem 17. For a function f: (Z, © ) — X X Y, the following statements are equivalent:

(1) fis binary pre-® -continuous.

(2) f—1 (A, B) is a closed set in (Z, T ) for each binary pre-® -closed set (A, B)in X X Y.

(3) Foreach (x,y) € (X,Y ) and each binary pre-@ -open set (V,U ) in X X Y containing ( f (x), f(y)) there exists an open
set (N, M) in (Z, T ) containing (x, y) such that f (N, M) C (V.U ).

Proof. (1) =(2) Let (A, B) be any binary pre-® -closed setin X x Y, then (VU )= (X,Y )\ (4, B) is a binary pre-® -open
set in X x Y and since f is binary pre-m -continuous, f~! (VU )) is an open subset in (Z, ), but f~! (VU )) = f~' (X
YINA B =X, Y)\f ' (A B)=X,Y)\ f' ((A, B)) and hence, f~! (4, B)) is a closed set in (Z, 7).

(2) = (1) Let (VU ) be any binary pre-® -open setin X x Y, then (A, B) = (X,Y )\ (V,U ) is a binary pre-m -closed set
in X x Y . By hypothesis, we have f~! (A, B))is a closed set in (Z, 7 ), but f~! (A4, B)) = f~ (X, Y)\(VU ) =f!
(X YD\ LU ) =X, Y)\fL (VU )) and so, f~' (VU )) is an open set in (Z 7 ). This shows that f is binary
pre- -continuous.

(1) = (3) Let (x, y) € (X,Y ) and (VU ) any binary pre-® -open set in X x Y such that (f (x), f (y)) € (VU ), then (x, y)
€ f~1 (VU )) and since f is a binary pre-® -continuous function, f~! (VU )) is an open set in (Z, 7). If (N, M) = f~!
((VU)), then (N, M) is an open set in (Z, T ) containing (x, y) such that f (N, M))=f ( f~1 (VU )) C (VU).

(3) = (1) Let (VU ) be any binary pre-m -open set in X x Y and (x, y) € f~! (VU )), then (f (x), f (¥)) € (V.U ) and by
(3) there exists an open set (N, M)x in (Z, T ) such that (x, y) € (N, M)( x, ¥) and f (N, M)(x,y) ) C (V,U ). Thus, (x, y) €
N, M)(xy) C f7H(fF (N, M)(xy) ) C f~1 (VU )) and hence f~! (VU ) = {(V, M)(xy) : (x, y) € f~ (VU )} Then,
we have f “T((VU))is an open set in (Z, 7T ) and so f is a binary pre- -continuous function.
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Proposition 3. Let f : (Z, © ) — X x Y be a binary pre-o -continuous if and only if for each A C X and BC Y, £~ (Intpw
(A, B)) C Intpo> ( f~' (A, B)).

Proof. Necessary: Let f : (Z, T) — X X Y be a binary pre-® -continuous and let A C X and B C Y . Then, Intp® (A, B)
is a binary pre-o -open set of (X ,¥, M) and contained in (A, B). Hence, f~' (Intpw (A, B)) is a pen set of (Z, T ). Now,
Intpw (A, B) C (A, B)

= f~' Untpw (A, B)) C f~' (A, B)

= Intpw ( f~! (Intpw (A, B))) C Intpw ( f~' (A, B))

= ! (Intpw (A, B)) C Intpw ( f~! (A, B)).

Sufficiency: Suppose that f~! (Intpw (A, B)) C Intpw ( f~' (A, B)) foreach A C X and B C Y . Now, let (4, B) € (X .Y,
M), this implies that Intpw (A, B) = (A, B). Hence, f~! (A, B) = f~! (Intpw (A, B)) C Intpw ( f~' (A, B)). Therefore,
Intp® ( £~ (A, B)) is an open set of (Z, 7).

Definition 19. Let f: (Z, T ) — X X Y be a function, then f is said to be:

(1) Strongly binary pre-® -continuous if the inverse image of every binary pre-® -closed set in X XY is closed set in (Z,
T).

(2) Perfectly binary pre-® -continuous if the inverse image of every binary pre-® -closed set in X XY is both open a
closedin (Z, © ).

Theorem 18. Let f: (Z, T ) — X X Y be strongly binary pre-® -continuous, then f is binary continuous.

Proof. Let (V,U ) be any binary closed setin X x Y, since every binary closed set is binary pre-closed and it is well known
that every binary pre-closed is binary pre-@ -closed, (V,U ) is binary pre-m -closed set in X x Y. Since f is strongly binary
pre- -continuous, f -1 (VU ) is closed set in (Z, 7). Therefore, f is binary continuous.

Theorem 19. Let f : (Z, T ) — X X Y be perfectly binary pre-® -continuous, then f is strongly binary pre-® -continuous.
Proof.Let (V.U ) be any binary pre-o -closed set in X x Y . Since f is perfectly binary pre-o -continuous, f~' (VU ) is
closed in (Z, T ). Therefore f is strongly binary pre-® -continuous.
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