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Abstract: In this study, we introduce Bell-based Genocchi polynomials of order o and then derive multifarious correlations and
formulas including some implicit summation formulas and derivative properties.
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1 Introduction

Throughout this paper, the familiar symbols C, R, Z, N and Ny are referred to the set of all complex numbers, the set of

all real numbers, the set of all integers, the set of all natural numbers, and the set of all non-negative integers, respectively.
The Bernoulli polynomials B,(la) (x) of order & and the Genocchi polynomials Gﬁ,a) (x) of order « are defined as follows

(cf- [11, [2], [5]-[7D):
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Letting x = 0 in (1) and (2), we get B 0) := B{* and G\ 0):= G known as the Bernoulli numbers of order & and
the Genocchi numbers of order &. When o = 1 in (1) and (2), not only the polynomials B,(,“> (x) and numbers BS,O‘)
reduce to the classical Bernoulli polynomials B, (x) and numbers B, but also the polynomials G,(,‘” (x) and numbers

GSIOO reduce to the familiar Genocchi polynomials G, (x) and numbers G,,.

The Stirling polynomials S (n,k : x) and numbers S, (n,k) of the second kind are given by the following exponential
generating functions (cf. [5], [6], [8]):
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The Stirling numbers of the second kind can also be derived by the following recurrence relation for n € Ny (cf. [5], [6],
[8]): .
X' = ZSZ (n,k) (x)g, 4

k=0

where (x), =x(x—1)(x—2)---(x— (n—1)) for n € N with (x), = 1.
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The bivariate Bell polynomials are defined as follows (cf. [5], [8], [9]):

n

> t '
Y Bel, (x;y) — = =N (5)
n!
n=0

When x = 0, Bel, (0;y) := Bel, (y) called the classical Bell polynomials given by means of the following generating
function (cf. [3], [5], [6], [8]-[10]):

Z Bel, (y) — ) (6)
n=0 n!

The Bell numbers Bel, are acquired by taking y = 1 in (6), that is Bel, (0;1) = Bel, (1) := Bel,, and are given by the
following exponential generating function (cf. [4]):

" Bel, - — @) 7
’;O ely— = eV, (7)

The Bell polynomials have been intensely investigated and studied by several mathematicians, cf. [2]-[4], [9] and see
also the references cited therein.

The Bell-based Stirling polynomials of the second kind are defined as follows (cf. [5]):

= (e =1k

BeS2 (n,k : x,y) iy aariCont )

n=0

For more detailed information about the properties of Bell-based Stirling polynomials of the second kind, see the reference

[5].

2 Bell-based Genocchi polynomials of order o

Recently, Duran et al. introduced the Bell-based Bernoulli polynomials of order o by the following exponential generating

function (cf. [5]):
oo n o
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Diverse properties and relations of the Bell-based Bernoulli polynomials of order & have been examined in [5]. Also
recently, Khan et al. [8] defined Bell-based Euler polynomials and investigate some of their porperties. By the same
motivation, we now introduce the Bell-based Genocchi polynomials of order & as follows.

Definition 1. The Bell-based Genocchi polynomials of order o are introduced by the following exponential generating
function:

S G(U‘) . " _ 2t * xt+y(e' —1) 10
ZUBBZ n (x,y)a— 11 € (10)

Some particular circumstances of g,; Gﬁ,a) (x;y) are examined below.

Remark 1. In the special case x = 0 in (10), we acquire Bell-Genocchi polynomials BelGﬁ,a) (y) of order o, which are
also new extensions of the Genocchi numbers of order o in (2), as follows:
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We also note that
8GY (%) i= 3G (%)

which we call the Bell-based Genocchi polynomials.

Theorem 1. Each of the following summation formulae

Gy (5y) = Y <Z> G\ Bel,_ (x:y) (12)
k=0
G (x3y) = ¥ (Z) G\ (x) Bel, 1 (y) (13)
k=0
G (y) = Y <’;> 5aGLY () X"+ (14)
k=0

hold for n € N.

Proof. By (10), we have

which implies the desired result (12). The others are similar to (12). So, we omit them. We give some theorems without
their proofs which are similar to Theorem 1. So, we omit them.

Theorem 2. The following relationship

n
G+ (x14+xuy+y2) =), < ) BelG )(x1§)’1) BelGS,Oizk) (x2:y2) (15)
k=0

is valid for n € Nj.

Theorem 3. The difference operator formulas for the Bell-based Genocchi polynomials

P
35 816Gy (1) = 1 3G, () (16)
and 5
o 380Gy (5:3) = Gy (x+ 1;y) — paGY (x:y). (17)
hold for n € N.
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Theorem 4. The following summation formula

BelGn+1 ()H- l;y) + BetGni1 (xé}’)
2(n+1)

Bel, (x;y) = (18)
holds for n € Nj.

Theorem 5. The following formula including the Bell-based Genocchi polynomials of higher-order and Stirling numbers
of the second kind

|
Bel, (x;y) = ——— kZ( ) BelGn+k(x+ly) (19)

is valid for n € Ng and k € N.

Theorem 6. The following correlation

G ) =Y ¥ (7) (%) S2 (1K) 8aGL) (v) (20)

holds for non-negative integers n.

Proof. By means of Definition 1 and, using (3) and (11), we obtain

t” 20% X 20% i e
ZBelG _—(eEJF)I)aey( V(e —1+1) :%6’( DY

which gives the asserted result (20).

Theorem 7. The following summation formula

& [k ) nl  "Hn+k (k)
— -1 Gy (x1+xy1+0n)=—— G, (x2; So(n+k—1k:x, 21
k!l(,(l)( ) BetGn’ (X1 4+x2;y1 +2) (n+k)!l§() | Bl (x2:y2) BerS2 ( Lyt) Q2D
holds for non-negative integers k and n with n > k.

Proof. The proof is similar to that of Theorem 13 in reference [5]. So, we omit it.

The following series manipulation formula holds (cf. [5]):

Zf Hy) = i f(n+m)xfnﬂ~ (22)

n,m=0

Theorem 8. The following implicit summation formula holds:

k!
: k / nm
G () = Y ( ) ( ) (=)™ pa Gl (@) (23)
n,m=0 i m
Proof. Upon setting ¢ by t + u in (10), we derive
Zt o (! —1 _ t+u ) tk
(ams) o= E meltien i
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Also, changing z by x in the last equation, and using (22), we get

(a) tk 2t ¢ (etu—1)
x(t+u) G x: _ < ) & eltu—1

By the last two equations, we obtain

t* ! _ o t* !
Z Bele+>1 (x5 )’)k, T = 2 Y BelG]E(_?] (Z;y)ﬁlT’
k=0 k=0 s
which yields
Z G, )(xy)tk i(x grem 1 Z G, )(”)Ik
Bel Yy = - Bel Yy
k=0 i kI 0 ntm! = i k1!
SN G G (@)
KT0n 0 nm! (k—1)! (I —m)! ’
which implies the asserted result (23).
Theorem 9. The following symmetric identity holds for a,b € R and n > 0:
L) _ " (n e
kZO ( k) 5 G\" ) (bx:y) pa G (axiy)a" % = kZO < k) 5 G") (bx:y) pa G (ax:y) b2, (24)

Proof. The proof is based on the expression

a
= (22[2 ezabxt+y(e“f,1)+y(eht71)
(e4 +1) (et +1) .

and is similar to that of Theorem 15 in reference [5].
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