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2Tekirdağ Namık Kemal University, Department of Mathematics, Tekirdağ, Turkey
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Abstract: The first studies of majorization in univalent functions has been investigated by MacGregor in 1967. Later, several
researchers studied majorization problems for univalent and multivalent functions, which are subordinate to the functions having
positive real part, involving various different operators. In this paper, we define a new subclass of Ma-Minda type function class by
using Carlson-Shaffer linear operator and cosine hyperbolic function. We introduce majorization properties for this function class.
Moreover, some corollaries for this function class are presented.
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1 Introduction

Let A denote the class of analytic functions of the form

f (z) = z+
∞

∑
n=2

anzn (1.1)

in the open unit disk D= {z ∈ C : |z|< 1}. Let S be the subclass of A containing all the univalent functions in D. Denote
by S∗ a function f ∈A is said to be starlike if and only if (z f ′(z)/ f (z))> 0 for all z ∈ D.

In 1991, Goodman [4] introduced the concept of uniform starlike functions in S denoted by UST. For k ≥ 0, Kanas et al.
[6] introduced the class of k-uniformly starlike functions denoted by k-UST. Such a class consists of functions f ∈A that
satisfy the inequality

Re
(

z f ′(z)
f (z)

)
> k
∣∣∣∣ z f ′(z)

f (z)
−1
∣∣∣∣ (z ∈ D).

We note that 1-UST ≡ UST and 0-UST ≡ S∗.

Let Ω be the class of Schwarz functions ω which are analytic in D satisfying the conditions ω(0) = 0 and |ω(z)|< 1 for
all z ∈ D. If f and g are analytic functions in D, then we state f is subordinate to g, denoted by f ≺ g, if there exists a
function ω ∈Ω such that f (z) = g(ω(z)) (see [3]).
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The Hadamard product (or convolution) of two functions f given by (1.1) and g(z) = z+∑
∞
n=2 bnzn is defined by

f (z)∗g(z) = ( f ∗g)(z) = z+
∞

∑
n=2

anbnzn.

Let f and g be analytic functions in D, then we say that f is majorized to g in D and write f (z)� g(z) (z ∈ D) if there
exists an analytic function φ in D satisfying

|φ(z)| ≤ 1 and f (z) = φ(z)g(z) (z ∈ D). (1.2)

A majorization problem for the normalized class of starlike functions has been investigated by MacGregor in 1967 (see
[7]). In 1984, Carlson and Shafffer [2] defined a linear operator L(a,c) f : A→A given by

L(a,c) f (z) = ϕ(a;c;z)∗ f (z), (1.3)

where the incomplete beta function ϕ(a;c;z) is defined by

ϕ(a;c;z) = z+
∞

∑
n=2

(a)n−1

(c)n−1
zn, (a ∈ R,c ∈ R\Z−0 ,Z

−
0 = {0,−1, ...})

and the Pochhammer symbol (σ)n is defined by

(σ)n =
Γ (σ +n)

Γ (σ)
=

1, if n = 0

σ(σ +1)...(σ +n−1), if n ∈ N.

In view of (1.3), the following recurrence formula can easily be obtained:

z[L(a,c) f (z)]′ = aL(a+1,c) f (z)− (a−1)L(a,c) f (z). (1.4)

We note that L(a,a) f (z) = f (z) is the identity operator.

Ma and Minda [8] considered analytic functions h with positive real part in D that map the disc D onto regions starlike
with respect to 1, symmetric with respect to real axis and normalized by h(0) = 0 and h′(0)> 0, and they introduced the
class

S∗(h) =
{

f ∈A :
z f ′(z)
f (z)

≺ h(z), z ∈ D
}
.

For h(z) = (1+Az)/(1+Bz), (−1 ≤ B < A ≤ 1) the class S∗(h) reduces to the family of Janowski starlike functions
denoted by S∗(A,B) (see [5]). The special case A = 1−2γ and B =−1 with 0≤ γ < 1 leads to the class S∗(γ) of starlike
functions of order γ . In particular, γ = 0 yields the usual class S∗ of starlike functions. Recently, Alotaibi et al. [1]
considered the subclass S∗cosh of Ma–Minda classes S∗(h) which are associated with the cosine hyperbolic function
h(z) = cosh that is univalent, starlike with respect to 1 and symmetric with respect to real axis.

Making use of the Carlson-Shafffer linear operator and principle of subordination, we define the following new
Ma-Minda type function class related to the cosine hyperbolic function.
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Definition 1. Let k ≥ 0, a ∈ C, c ∈ C\Z−0 . A function f ∈A is in the class USTcosh(k,a,c) if and only if

z[L(a,c) f (z)]′

L(a,c) f (z)
− k
∣∣∣∣ z[L(a,c) f (z)]′

L(a,c) f (z)
−1
∣∣∣∣≺ coshz, (1.5)

where L(a,c) f is given by (1.3) and z ∈ D. For special values of parameters, we get the following classes:

(1) For a = c = 1, we have the function class

USTcosh(k) :=
{

f ∈A :
z f ′(z)
f (z)

− k
∣∣∣∣ z f ′(z)

f (z)
−1
∣∣∣∣≺ coshz

}
.

(2) For a = c = 1 and k = 0, we have the function class S∗cosh defined in [1].

In this paper, we use a new subordination related to the cosine hyperbolic function and introduce a new subclass of
univalent functions involving the Carlson-Shafffer linear operator. We obtain majorization properties and some related
corollaries for this new function class.

2 Majorization Property For The Class USTcosh(k,a,c)

For proving our theorems, we need the following lemma given by Nehari [9, p.168].

Lemma 1. If φ is analytic and bounded in D, then

|φ ′(z)| ≤ 1−|φ(z)|2

1−|z|2
, (2.1)

where |z|< 1.

Theorem 1. Let f ∈ A and suppose that g ∈ USTcosh(k,a,c) with L(a,c) f (z)� L(a,c)g(z) for all z ∈ D. Then, for
|z| ≤ r1 we have

|L(a+1,c) f (z)| ≤ |L (a+1,c)g(z)|,

where r1 is the smallest positive root of the equation

(1− r2)(cosr+ |a|(1+ k)−1)−2r(1+ k) = 0. (2.2)

Proof Since g ∈ USTcosh(k,a,c), then from (1.5) we write

z[L(a,c)g(z)]′

L(a,c)g(z)
− k
∣∣∣∣ z[L(a,c)g(z)]′L(a,c)g(z)

−1
∣∣∣∣= coshω(z), (2.3)

where ω is a Schwarz function in D satisfying ω(0) = 0 and |ω(z)| ≤ |z|. Letting

η =
z[L(a,c)g(z)]′

L(a,c)g(z)
, (2.4)

then (2.3) can be written as
η− k|η−1|= coshω(z),
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which leads to

η =
coshω(z)− ke−iθ

1− ke−iθ (θ ∈ R). (2.5)

Substituting (2.4) into (2.5), using (1.4) and by applying the condition |ω(z)| ≤ |z|, we arrive at

|L(a,c)g(z)| ≤ |a|(1+ k)
|coshω(z)|+ |a|(1+ k)−1

|L(a+1,c)g(z)|. (2.6)

Because L(a,c) f is majorized by L(a,c)g, there exists an analytic function φ given by (1.2) in D with |φ(z)| ≤ 1 satisfying

L(a,c) f (z) = φ(z)L(a,c)g(z). (2.7)

Differentiating on both sides of (2.7) with respect to z and multiplying by z, we obtain

z[L(a,c) f (z)]′ = zφ
′(z)L(a,c)g(z)+ zφ(z)[L(a,c)g(z)]′. (2.8)

By using (1.4) and (2.7) in (2.8), we get

L(a+1,c) f (z) =
1
a

zφ
′(z)L(a,c)g(z)+φ(z)L(a+1,c)g(z). (2.9)

Substituting (2.6) into (2.9) and applying Lemma 1, we get

|L(a+1,c) f (z)| ≤
[
|z|(1−|φ(z)|2)

(1−|z|2)
(1+ k)

|coshω(z)|+ |a|(1+ k)−1
+φ(z)

]
|L(a+1,c)g(z)|, (2.10)

Let ω(z) = Reit with R≤ |z|= r, −π ≤ t ≤ π . A computation shows that

|cosh(Reit)|2 = cosh2(Rcos t)cos2(Rsin t))+ sinh2(Rcos t)sin2(Rsin t)]2 =: Ψ(t).

It is easy to evaluate that Ψ ′(t) = 0 has five roots as 0,∓π and ∓π/2 in [−π,π]. Since Ψ(t) is symmetric with respect to
real axis, it is sufficent to consider the roots in [0,π]. It follows from

max{Ψ(0),Ψ(π)}= cosh2 R, min{Ψ(π/2)}= cos2 R

that
cosr ≤ cosR≤ |coshω(z)| ≤ coshR≤ coshr.

Upon setting |z|= r and |φ(z)|= ρ (0≤ ρ ≤ 1), the inequality (2.10) can be written as

|L(a+1,c) f (z)| ≤Θ(r,ρ)|L(a+1,c)g(z)|,

where

Θ(r,ρ) =
r(1−ρ2)

(1− r2)

1+ k
cosr+ |a|(1+ k)−1

+ρ.

In order to determine r1, we choose

r1 = max{r ∈ (0,1) : Θ(r,ρ)≤ 1, ∀ρ ∈ [0,1]}= max{r ∈ (0,1) : χ(r,ρ)≥ 0,∀ρ ∈ [0,1]},
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where

χ(r,ρ) = (1− r2)
(

cosr+ |a|(1+ k)−1
)
− r(1+ρ)(1+ k).

Since ∂

∂ρ
χ(r,ρ) =−r(1+ k)< 0, therefore χ(r,ρ) takes its minimum for ρ = 1, namely

min{χ(r,ρ)≥ 0, ρ ∈ [0,1]}= χ(r,1) =: χ(r),

where
χ(r) = (1− r2)(cosr+ |a|(1+ k)−1)−2r(1+ k).

Moreover χ(0) = |a|(1+k)≥ 0 and χ(1) =−2(1+k)< 0, thus there exists |z| ≤ r1 such that χ(r)≥ 0 for all r ∈ [0,r1],
where r1 is the smallest positive root of the equation (2.2). This completes the proof. �

Corollary 1. If f ∈ A and g ∈ USTcosh(k) with f (z)� g(z) for all z ∈ D. Then, for |z| ≤ r2 we have | f ′(z)| ≤ |g′(z)|,
where r2 is the smallest positive root of the equation

(1− r2)(cosr+ k)−2r(1+ k) = 0.

Corollary 2. If f ∈A and g ∈ S∗cosh with f (z)� g(z) for all z ∈ D. Then, for |z| ≤ r3 we have | f ′(z)| ≤ |g′(z)|, where r3

is the smallest positive root of the equation
(1− r2)cosr−2r = 0.
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