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Abstract: The main purpose of this article is to discuss some approximation properties for a generalization of Szász-Mirakjan operators
based on quantum calculus. We obtain a recurrence formula for the moments and compute the central moments for the first, second
and fourth order. Moreover, we examine the uniform convergence by Korovkin’s type approximation, the order of approximation with
regard to the modulus of continuity on a finite closed set and for the functions belong to the Lipschitz class. Further, we investigate
the local approximation as well as the weighted uniform approximation results on unbounded interval. Also, we compute the order
of convergence in terms of the weighted modulus of continuity and prove the Voronovskaya-type asymptotic theorem for the related
operators. Finally, with the help of Maple software, we give a comparison of the convergence of these operators to the certain function
with some graphics.
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1 Introduction

In [22,26], Szász and Mirakjan defined and introduced the following linear positive operators

Sn( f ;x) = e−nx
∞

∑
k=0

f
(

k
n

)
(nx)k

k!
(1)

where x≥ 0 and f ∈C[0,∞).

Recently, many modifications of (1) operators have been introduced by several authors. For instance, Gupta and Pant
[17] estimated the order of convergence for the modified Szász-Mirakjan operators. Some approximation results for the
modified Szász-Mirakjan operators on the weighted spaces were investigated by Ispir and Atakut [18]. Aral et al. [9]
obtained several approximation results for a new construction of the Szász-Mirakjan operators. Ousman and Izgi [24]
introduced a new modification of Szász-Mirakjan operators on a closed subintervals of [0,∞) as below:

Nn( f ;x) = e−nx
∞

∑
k=0

f (
k
n

n+a
n+b

)
(nx)k

k!
0≤ x < ∞, (2)

where a,b ∈ N and 0≤ a≤ b.

For the operators given by (2), they estimated the degree of convergence, proved the Voronovskaya-type asymptotic
theorem and studied the order of approximation of functions on the class of Lipschitz.
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The quantum calculus (q−calculus) which have many applications in disciplines such as engineering and physics besides
mathematics, has been an important research topic since the last century. In recent years, the approximation of functions
with linear positive operators thanks to the quantum calculus, has become very intensive research area. The first study on
this topic was given by Lupaş [20]. He obtained several approximation properties for the generalizations of q−Bernstein
polynomials. Also, Phillips [25] established some convergence results and Voronovskaya type asymptotic formula for the
most popular generalizations of the q−Bernstein polynomials. After [20,25] investigations, the implementing of
q−calculus on the approximation theory becomes very popular and motivated many authors to apply this technic to some
various famous operators. For instance, Aral [7] introduced a new generalization of the q−Szász-Mirakjan operators.
Ahasan and Mursaleen [4] obtained several approximation outcomes of the generalized Szász–Mirakjan operators via
q−calculus. Further, the Szász-Mirakjan operators on q−parametric were introduced by Mahmudov [21]. Agrawal et al.
[3] considered the q−Szász-Baskakov sort operators. Mursaleen et al. [23] investigated several approximation features of
q−Baskakov-Schurer-Szász-Stancu type operators. Also, we refer to the readers some other interesting works see: ([11,
13,1,5,8,10,27,12,2]).

Now, we give some basic notations and definitions which based on q-calculus as set out in [19]. Suppose that 0 < q < 1.
For all integers n,l such that n≥ l ≥ 0, the q−integer [n]q is given by

[n]q :=

{
1−qn

1−q q 6= 1,
n, q = 1

.

The q−factorial [n]q! and q−binomial
[n

l

]
q are given, respectively as follows:

[n]q! :=

{
[n]q [n−1]q .. [1]q , n = 1,2, ..

1, n = 0
and

[
n
l

]
q
=

[n]q!

[l]q! [n− l]q!
.

The q−analogues of the exponential function eu are defined as below:

eq(u) :=
∞

∑
l=0

ul

[l]q!
=

1
(1− (1−q)u)∞

q
, |u|< 1

1−q
, |q|< 1

and

Eq(u) :=
∞

∑
l=0

ul

[l]q!
q

l(l−1)
2 = (1+(1−q)u)∞

q , u ∈ R, |q|< 1,

where (1−u)∞
q :=

∞

∏
s=0

(1−qsu). It is easy to check eq(u)Eq(−u) = 1.

Now, inspired by all above mentioned studies, we construct a new generalization of the q−Szász-Mirakjan operators as
below:

Rn,q,a,b( f ;x) := Eq(−[n]qx)
∞

∑
k=0

µn,k(q;x) f

(
[k]q
[n]q

[n+a]q
[n+b]q qk−2

)
, n ∈ N, (3)

where µn,k(q;x) = q
k(k−1)

2
([n]qx)k

[k]q! , x ∈ [0,∞), f ∈C[0,∞), a,b ∈ N, 0≤ a≤ b.
For 0 < q < 1 and x≥ 0, it is easy to see that µn,k(q;x)≥ 0. Furthermore,

Eq(−[n]qx)
∞

∑
k=0

µn,k(q;x) = Eq(−[n]qx)
∞

∑
k=0

q
k(k−1)

2
([n]qx)k

[k]q!
= 1. (4)

It can be seen that the operators given by (3) are linear and positive. If q = 1 in (3), then (3) becomes to (2). Also if
a = b, q = 1, in (3), then (3) reduces to (1).
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The rest of this work is organized as follows: In section 2, we compute some moments and central moments. Also, we
show the uniform convergence of these operators on the interval [0,A], where A > 0. In section 3, we evaluate the order
of convergence by means of the modulus of continuity, for the functions belong to Lipschitz class and Peetre’s
K-functional, respectively. In section 4, we compute the order of convergence with the help the weighted modulus of
continuity. In section 5, we present the Voronovskaya-type asymptotic theorem. Finally, by using Maple software, we
compare the convergence of these operators to the certain function with some graphics.

2 Main results

Lemma 1. For the operators defined by (3), the following recurrence formula hold:

Rn,q,a,b(ts+1;x) =
s

∑
u=0

(
s
u

) x [n+a]s+1−u
q

q2u−s−1 [n]s−u
q [n+b]s+1−u

q

Rn,q,a,b(tu;x). (5)

Proof. In view of the equality [k]q = qk−1 +[k−1]q, we may write

Rn,q,a,b(ts+1;x) = Eq(− [n]q x)
∞

∑
k=0

[k]s+1
q [n+a]s+1

q

q(k−2)(s+1) [n]s+1
q [n+b]s+1

q

q
k(k−1)

2
([n]q x)k

[k]q!

= Eq(− [n]q x)
∞

∑
k=1

q [k]sq [n+a]s+1
q

q(k−2)s [n]sq [n+b]s+1
q

q
k(k−1)

2 −k+1 ([n]q x)k−1x

[k−1]q!

= Eq(− [n]q x)
∞

∑
k=1

q

(
qk−1 +[k−1]q

)s
[n+a]s+1

q

q(k−2)s [n]sq [n+b]s+1
q

q
(k−1)(k−2)

2
([n]q x)k−1x

[k−1]q!

= qEq(− [n]q x)
∞

∑
k=1

s

∑
u=0

(
s
u

)
q(k−1)(s−u) [k−1]uq

q
(k−1)(k−2)

2

q(k−2)s [n]sq

[n+a]s+1
q

[n+b]s+1
q

([n]q x)k−1x

[k−1]q!

= qEq(− [n]q x)
s

∑
u=0

(
s
u

)
[n+a]s−u+1

q

q2u−s [n]s−u
q [n+b]s−u+1

q

∞

∑
k=1

[k−1]uq [n+a]uq
q(k−3)u [n]uq [n+b]uq

q
(k−1)(k−2)

2
x([n]q x)k−1

[k−1]q!

= qEq(− [n]q x)
s

∑
u=0

(
s
u

) x [n+a]s−u+1
q

q2u−s [n]s−u
q [n+b]s−u+1

q

∞

∑
k=0

[k]uq [n+a]uq
q(k−2)u [n]uq [n+b]uq

q
k(k−1)

2
([n]q x)k

[k]q!

=
s

∑
u=0

(
s
u

) x [n+a]s+1−u
q

q2u−s−1 [n]s−u
q [n+b]s+1−u

q

Rn,q,a,b(tu;x)

which gives the proof of Lemma 1.

Lemma 2. For the operators defined by (3), the following equalities are satisfied:

Rn,q,a,b(1;x) = 1, (6)

Rn,q,a,b(t;x) = qx
[n+a]q
[n+b]q

, (7)
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Rn,q,a,b(t2;x) =

(
qx2 +

q2

[n]q
x

)
[n+a]2q
[n+b]2q

, (8)

Rn,q,a,b(t3;x) =

(
x3 +

(
2q2 +q

)
[n]q

x2 +
q3

[n]2q
x

)
[n+a]3q
[n+b]3q

,

Rn,q,a,b(t4;x) =

(
x4

q2 +
3q2 +2q+1

q [n]q
x3 +

3q3 +3q2 +q

[n]2q
x2 +

q4

[n]3q
x

)
[n+a]4q
[n+b]4q

.

Proof. Taking (5) into account, then the proof of each equality can be obtained by similar method, thus we will only give
the proof of the last two equalities.

Rn,q,a,b(t3;x) =
x
q

[n+a]q
[n+b]q

Rn,q,a,b(t2;x)+
2qx
[n]q

[n+a]2q
[n+b]2q

Rn,q,a,b(t;x)+
q3

[n]2q
x
[n+a]3q
[n+b]3q

Rn,q,a,b(1;x)

=
x
q

[n+a]q
[n+b]q

[(
qx2 +

q2

[n]q
x

)
[n+a]2q
[n+b]2q

]
+

2qx
[n]q

[n+a]2q
[n+b]2q

[
qx

[n+a]q
[n+b]q

]
+

q3

[n]2q
x
[n+a]3q
[n+b]3q

=

(
x3 +

(
2q2 +q

)
[n]q

x2 +
q3

[n]2q
x

)
[n+a]3q
[n+b]3q

and

Rn,q,a,b(t4;x) =
x
q2

[n+a]q
[n+b]q

Rn,q,a,b(t3;x)+
3x
[n]q

[n+a]2q
[n+b]2q

Rn,q,a,b(t2;x)+
3q2x

[n]2q

[n+a]3q
[n+b]3q

Rn,q,a,b(t;x)+
q4x

[n]3q

[n+a]4q
[n+b]4q

Rn,q,a,b(1;x)

=
x
q2

[n+a]q
[n+b]q

[(
x3 +

(
2q2 +q

)
[n]q

x2 +
q3

[n]2q
x

)
[n+a]3q
[n+b]3q

]
+

3x
[n]q

[n+a]2q
[n+b]2q

[(
qx2 +

q2

[n]q
x

)
[n+a]2q
[n+b]2q

]

+
3q2x

[n]2q

[n+a]3q
[n+b]3q

[
qx

[n+a]q
[n+b]q

]
+

q4x

[n]3q

[n+a]4q
[n+b]4q

=

(
x4

q2 +
3q2 +2q+1

q [n]q
x3 +

3q3 +3q2 +q

[n]2q
x2 +

q4

[n]3q
x

)
[n+a]4q
[n+b]4q

.

Corollary 1. As a consequence Lemma 2, we have the following:

Rn,q,a,b(t− x;x) = x

{
q
[n+a]q
[n+b]q

−1

}
, Rn,q,a,b((t− x)2;x) = x2

{
q
[n+a]2q
[n+b]2q

−2q
[n+a]q
[n+b]q

+1

}
+

q2x
[n]q

[n+a]2q
[n+b]2q

,

Rn,q,a,b((t− x)4;x) = x4

{
1
q2

[n+a]4q
[n+b]4q

−4
[n+a]3q
[n+b]3q

+6q
[n+a]2q
[n+b]2q

−4q
[n+a]q
[n+b]q

+1

}

+
x3

[n]q

{
3q2 +2q+1

q

[n+a]4q
[n+b]4q

−4(2q2 +q)
[n+a]3q
[n+b]3q

+6q2 [n+a]2q
[n+b]2q

}

+
x2

[n]2q

{(
3q3 +3q2 +q

) [n+a]4q
[n+b]4q

−4q3 [n+a]3q
[n+b]3q

}
+

q4x

[n]3q

[n+a]4q
[n+b]4q

.
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Remark. It can be seen that for a fixed q ∈ (0,1), lim
n→∞

[n]q = 1
1−q as n→ ∞. In order to provide the results, we get the

sequence q := (qn) such that 0 < qn < 1, lim
n→∞

qn = 1, lim
n→∞

1
[n]qn

= 0 as n→ ∞.

In the next theorem, in order to get the uniform convergence of the operators given by (3), we take for constant A > 0, a
closed finite interval [0,A] the subinterval of [0,∞). As it is known, the space C[0,A] denotes the real-valued continuous
functions on [0,A] and it is equipped with the norm ‖ f‖C[0,A] = sup

x∈[0,A]
| f (x)|.

Theorem 1. Suppose that q := (qn) such that 0 < qn < 1, lim
n→∞

qn = 1, lim
n→∞

1
[n]qn

= 0 as n→ ∞ and A > 0. Then for all

f ∈C[0,∞), the operators given by (3) converges to f uniformly on [0,A].

Proof. Taking into account the Bohman-Korovkin theorem given by [14], then we have to show that the operators given
by (3) converges to f uniformly on [0,A]. By (6), it is clear that

lim
n→∞

∥∥Rn,qn,a,b(1)−1
∥∥

C[0,A] = 0.

From (7), one has

lim
n→∞

∥∥Rn,qn,a,b(t)− x
∥∥

C[0,A] = lim
n→∞

max
x∈[0,A]

∣∣∣∣∣qnx
[n+a]qn

[n+b]qn

− x

∣∣∣∣∣≤ lim
n→∞

A

∣∣∣∣∣qn
[n+a]qn

[n+b]qn

−1

∣∣∣∣∣= 0.

Proceeding similarly, by (8)

lim
n→∞

∥∥Rn,qn,a,b(t
2)− x2∥∥

C[0,A] = lim
n→∞

max
x∈[0,A]

∣∣∣∣∣
(

qnx2 +
q2

nx
[n]qn

)
[n+a]2qn

[n+b]2qn

− x2

∣∣∣∣∣
≤ lim

n→∞
A2

∣∣∣∣∣qn
[n+a]2qn

[n+b]2qn

−1

∣∣∣∣∣+ lim
n→∞

A

∣∣∣∣∣ q2
n

[n]qn

[n+a]2qn

[n+b]2qn

∣∣∣∣∣= 0.

Hence, this completes the proof.

3 Order of convergence and local approximation

In this section, we evaluate the order of convergence with regard to the modulus of continuity and obtain the local
approximation results for the operators given by (3). Let CB[0,∞) represent the space fof all real-valued continuous and
bounded functions h on [0,∞). On CB[0,∞), the norm is given as ‖h‖ = sup

x∈[0,∞)

|h(x)| . Moreover, the Peetre’s

K-functional is defined by
K2(h,η) = inf

g∈C2
B

{
‖h−g‖+η

∥∥g′′
∥∥} ,

where η > 0 and C2
B = {g ∈CB[0,∞) : g′,g′′ ∈CB[0,∞)} . In view of [15], there consist an absolute constant C > 0 such

that
K2(h;η)≤Cω2(h;

√
η), η > 0, (9)

where
ω2(h;η) = sup

0<a≤η

sup
x∈[0,∞)

|h(x+2a)−2h(x+a)+h(x)|

is the second-order modulus of smoothness of the function h ∈ CB[0,∞). Further, by ω(h;η) := sup
0<a≤η

sup
x∈[0,∞)

|h(x+a)−h(x)| we state the ordinary modulus of continuity of h ∈ CB[0,∞). Since η > 0, ω(h,η) has some

useful properties see: [6].
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Theorem 2. Let q := (qn) such that 0 < qn < 1, lim
n→∞

qn = 1, lim
n→∞

1
[n]qn

= 0 as n→ ∞. Then, for all f ∈ C[0,∞) and for

constant A > 0, we obtain ∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤ 2ω( f ;

√
ηn,qn(x)),

where x ∈ [0,A] and ηn,qn(x) = Rn,qn,a,b((t− x)2;x).

Proof. Suppose that f ∈C[0,∞) and x ∈ [0,A]. Using the linearity of the operators (3), then

∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤ ∣∣∣∣∣ ∞

∑
k=0

µn,k(qn;x) f

(
[k]qn

[n]qn

[n+a]qn

[n+b]qn
qk−2

n

)
− f (x)

∣∣∣∣∣≤ ∞

∑
k=0

∣∣∣∣∣ f
(
[k]qn

[n]qn

[n+a]qn

[n+b]qn
qk−2

n

)
− f (x)

∣∣∣∣∣µn,k(qn;x).

In view of the following well-known property of modulus of continuity

| f (t)− f (x)| ≤ ω( f ;η)

(
|t− x|

η
+1
)
, η > 0.

Then,

∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤ ∞

∑
k=0

µn,k(qn;x)


∣∣∣∣ [k]qn
[n]qn

[n+a]qn
[n+b]qn qk−2

n
− x
∣∣∣∣

η
+1

ω( f ;η)

= ω( f ;η)+
ω( f ;η)

η

∞

∑
k=0

µn,k(qn;x)

∣∣∣∣∣ [k]qn

[n]qn

[n+a]qn

[n+b]qn
qk−2

n
− x

∣∣∣∣∣ .
Utilizing the Cauchy-Schwarz inequality, then

∞

∑
k=0

µn,k(qn;x)

∣∣∣∣∣ [k]qn

[n]qn

[n+a]qn

[n+b]qn
qk−2

n
− x

∣∣∣∣∣≤ ∞

∑
k=0

{
µn,k(qn;x)

} 1
2

µn,k(qn;x)

(
[k]qn

[n]qn

[n+a]qn

[n+b]qn
qk−2

n
− x

)2


1
2

≤
{

Rn,qn,a,b((t− x)2;x)
} 1

2 .

Accordingly, ∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤ (1+

1
η

√
Rn,qn,a,b((t− x)2;x)

)
ω( f ;η).

Consequently, in Corollary 1 on replacing q by a sequence (qn), it gives lim
n→∞

Rn,qn,a,b((t−x)2;x) = 0. Choosing ηn,qn(x) =

Rn,qn,a,b((t− x)2;x) and η =
√

ηn,qn(x), which completes the proof.

Furthermore, we will examine the order of convergence of the operators (3) for a function on Lipschitz class LipM(ζ ),

where M > 0 and 0 < ζ ≤ 1. If the inequality |h(t)−h(x)| ≤M |t− x|ζ , (t,x ∈R), holds, then one can say a function h is
belong to LipM(ζ ).

Theorem 3. Let q := (qn) such that 0 < qn < 1, lim
n→∞

qn = 1, lim
n→∞

1
[n]qn

= 0 as n→ ∞. For f ∈ LipM(ζ ), x ∈ [0,A], A > 0
constant, we have ∣∣Rn,qn,a,b( f ;x)− f (x)

∣∣≤M(ηn,qn(x))
ζ

2 ,

where ηn,qn(x) is given by Theorem 2.

© 2021 BISKA Bilisim Technology
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Proof. Suppose that f ∈ LipM(ζ ). From the definition of (3) operators, then we obtain

∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤ ∞

∑
k=0

µn,k(qn;x)

∣∣∣∣∣ f
(
[k]qn

[n]qn

[n+a]qn

[n+b]qn
qk−2

n

)
− f (x)

∣∣∣∣∣µn,k(qn;x)

≤M
∞

∑
k=0

µn,k(qn;x)

∣∣∣∣∣ [k]qn

[n]qn

[n+a]qn

[n+b]qn
qk−2

n
− x

∣∣∣∣∣
ζ

.

Using the Hölder’s inequality and choosing p1 =
2
ζ

and p2 =
2

2−ζ
, one has 1

p1
+ 1

p2
= 1. Hence, we get

∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤M

∞

∑
k=0

{
µn,k(qn;x)

} 2−ζ

2

µn,k(qn;x)

(
[k]qn

[n]qn

[n+a]qn

[n+b]qn
qk−2

n
− x

)2


ζ

2

≤M

 ∞

∑
k=0

µn,k(qn;x)

(
[k]qn

[n]qn

[n+a]qn

[n+b]qn
qk−2

n
− x

)2


ζ

2

≤M
{

Rn,qn,a,b((t− x)2;x
} ζ

2 = M(ηn,qn(x))
ζ

2 .

Thus, the proof is completed.

Theorem 4. For all f ∈CB[0,∞) and for x ∈ [0,∞), the following inequality holds

∣∣Rn,q,a,b( f ;x)− f (x)
∣∣≤Cω2( f ;

1
2

√
ηn,q(x))+ω( f ;

∣∣βn,q(x)
∣∣)

where C > 0 is a constant, ηn,q(x) = Rn,q,a,b((t− x)2;x) and βn,q(x) = x
(

q
[n+a]q
[n+b]q

−1
)
.

Proof. Let us define the following auxiliary operators:

∗
Rn,q,a,b( f ;x) = Rn,q,a,b( f ;x)− f (qx

[n+a]q
[n+b]q

)+ f (x) (10)

By Corollary 1, it follows
∗
Rn,q,a,b(t− x;x) = 0. From Taylor’s expansion formula, then we get

g(t) = g(x)+(t− x)g′(x)+
t∫
x

(t−u)g′′(u)du, g ∈C2
B[0,∞) (11)

After applying
∗
Rn,q,a,b(.;x) to (11), we have

∗
Rn,q,a,b(g;x)−g(x) =

∗
Rn,q,a,b((t− x)g′(x);x)+

∗
Rn,q,a,b(

t∫
x

(t−u)g′′(u)du;x)

= g′(x)
∗
Rn,q,a,b(t− x;x)+Rn,q,a,b(

t∫
x

(t−u)g′′(u)du;x)−

qx
[n+a]q
[n+b]q∫
x

(qx
[n+a]q
[n+b]q

−u)g′′(u)du
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= Rn,q,a,b(

t∫
x

(t−u)g′′(u)du;x)−

qx
[n+a]q
[n+b]q∫
x

(qx
[n+a]q
[n+b]q

−u)g′′(u)du.

It follows from Lemma 2 and by (10), one has

∣∣∣∣ ∗Rn,q,a,b(g;x)−g(x)
∣∣∣∣≤ Rn,q,a,b(

∣∣∣∣∣∣
t∫
x

(t−u)g′′(u)du

∣∣∣∣∣∣ ;x)+

∣∣∣∣∣∣∣∣∣
qx

[n+a]q
[n+b]q∫
x

(qx
[n+a]q
[n+b]q

−u)g′′(u)du

∣∣∣∣∣∣∣∣∣
≤ Rn,q,a,b((t− x)2;x)

∥∥g′′(u)
∥∥+(qx

[n+a]q
[n+b]q

− x

)2∥∥g′′(u)
∥∥ .

Also, from (8), (10) and considering Corollary 1, then we get∣∣∣∣ ∗Rn,q,a,b( f ;x)
∣∣∣∣≤ ∣∣Rn,q,a,b( f ;x)

∣∣+2‖ f‖

≤ ‖ f‖Rn,q,a,b(1;x)+2‖ f‖ ≤ 3‖ f‖ . (12)

Using (10) and (12) implies

∣∣Rn,q,a,b( f ;x)− f (x)
∣∣≤ ∣∣∣∣ ∗Rn,q,a,b( f −g;x)− ( f −g)(x)

∣∣∣∣+ ∣∣∣∣ ∗Rn,q,a,b(g;x)−g(x)
∣∣∣∣+
∣∣∣∣∣ f (x)− f (qx

[n+a]q
[n+b]q

)

∣∣∣∣∣
≤ 4‖ f −g‖+

Rn,q,a,b((t− x)2;x)+

(
qx

[n+a]q
[n+b]q

− x

)2
∥∥g′′

∥∥+ω

(
f ;

∣∣∣∣∣qx
[n+a]q
[n+b]q

− x

∣∣∣∣∣
)
.

Therefore, if we take the infimum on the right hand side over all g ∈C2
B[0,∞), from (9) and for constant C > 0, βn,q(x) =

x
(

q
[n+a]q
[n+b]q

−1
)

and for ηn,q(x) = Rn,q,a,b((t− x)2;x), then one has

∣∣Rn,q,a,b( f ;x)− f (x)
∣∣≤ 4K2( f ;η

2
n,q(x))+ω( f ;

∣∣βn,q(x)
∣∣)≤Cω2( f ;ηn,q(x))+ω( f ;

∣∣βn,q(x)
∣∣)

which gives the proof.

4 Approximation on weighted spaces

In this section, we prove Korovkin type approximation theorem on weighted spaces. Also, we estimate the order of
convergence of the operators (3) by the help of weighted modulus of continuity.

Let Bx2 [0,∞) be the set of all functions h verifying the condition |h(x)| ≤ Mh(1 + x2), x ∈ [0,∞) with constant Mh,

depend only on h. We denote by Cx2 [0,∞) the set of all continuous functions belonging to Bx2 [0,∞) endowed with
‖h‖x2 = sup

x∈[0,∞)

|h(x)|
1+x2 and C∗x2 [0,∞) := {h : h ∈Cx2 [0,∞), lim

x→∞

|h(x)|
1+x2 < ∞}.

Theorem 5. Let q := (qn) such that 0 < qn < 1, lim
n→∞

qn = 1, lim
n→∞

1
[n]qn

= 0 as n→ ∞. Thus, for all f ∈C∗x2 [0,∞) we obtain

lim
n→∞

sup
x∈[0,∞)

∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣

1+ x2 = 0.
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Proof. Taking into account the Korovkin type theorem given by Gadzhiev [16]; hence, we have to show that (3) operators
satisfy the following condition:

lim
n→∞

sup
x∈[0,∞)

∣∣Rn,qn,a,b(t
s;x)− xs

∣∣
1+ x2 = 0, s = 0,1,2. (13)

Using (6), the first condition in (13) is clear for s = 0. For s = 1,by (7), we infer

sup
x∈[0,∞)

∣∣Rn,qn,a,b(t;x)− x
∣∣

1+ x2 =

(
qn

[n+a]qn

[n+b]qn

−1

)
sup

x∈[0,∞)

x
1+ x2 .

It follows

lim
n→∞

sup
x∈[0,∞)

∣∣Rn,qn,a,b(t;x)− x
∣∣

1+ x2 = 0.

Likewise, for s = 2, from (8), we obtain

sup
x∈[0,∞)

∣∣Rn,qn,a,b(t
2;x)− x2

∣∣
1+ x2 =

(
qn

[n+a]2qn

[n+b]2qn

−2qn
[n+a]qn

[n+b]qn

+1

)
sup

x∈[0,∞)

x2

1+ x2 +

(
q2

n
[n+a]2qn

[n]qn
[n+b]2qn

)
sup

x∈[0,∞)

x
1+ x2 .

Hence, we get

lim
n→∞

sup
x∈[0,∞)

∣∣Rn,qn,a,b(t
2;x)− x2

∣∣
1+ x2 = 0.

This completes the proof.

It is known that, if a function h is not uniformly continuous on [0,∞), the ordinary modulus of continuity ω(h;η) does
not tend to zero, as η → 0. Then, for all h ∈C∗x2 [0,∞), we take the weighted modulus of continuity Ω(h;η) as below:

Ω(h;η) = sup
0<a≤η ,x≥0

|h(x+a)−h(x)|
1+(x+a)2 .

Lemma 3. [21]. Let h ∈C∗x2 [0,∞). Then,

(i) Ω(h;η) is a monotone increasing function of η ,

(ii) lim
η→0+

Ω(h;η) = 0,

(iii) for any α ∈ [0,∞), Ω(h;αη)≤ (1+α)Ω(h;η).

Theorem 6. Let q := (qn) be the sequence such that 0< qn < 1, lim
n→∞

qn = 1, lim
n→∞

1
[n]qn

= 0 as n→∞. Then, for f ∈C∗x2 [0,∞),

x ∈ [0,∞) and sufficiently for large n we obtain∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤C3(1+ x2+γ)Ω( f ;ηn),

where C3 > 0 is a constant independent of f and n,

γ ≥ 1,ηn = max{θn,ϑn} ,θn = qn
[n+a]2qn

[n+b]2qn

−2qn
[n+a]qn

[n+b]qn

+1,ϑn = q2
n

[n+a]2qn

[n]qn
[n+b]2qn

.

Proof. For x ∈ [0,∞) and t,η > 0, using the definition of Ω(h;η) and by Lemma 3, we get

| f (t)− f (x)| ≤ (1+(x+ |t− x|)2)

(
1+
|t− x|

ηn

)
Ω( f ;η)≤ (1+(t +2x)2)

(
1+
|t− x|

ηn

)
Ω( f ;ηn).
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Then, we have ∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤ Rn,qn,a,b(| f (t)− f (x)| ;x))

≤
[

Rn,qn,a,b((1+(t +2x)2);x)+Rn,qn,a,b((1+(t +2x)2)
|t− x|

ηn
;x)
]

Ω( f ;ηn).

If we apply the Cauchy-Schwarz inequality to the last part of above expression, it gives

Rn,qn,a,b((1+(t +2x)2)
|t− x|

ηn
;x)≤

√
Rn,qn,a,b((1+(t +2x)2)2;x)

√
Rn,qn,a,b(

|t− x|2

η2
n

;x).

Hence,

∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤Ω( f ;ηn)

Rn,qn,a,b((1+(t +2x)2);x)+
√

Rn,qn,a,b((1+(t +2x)2)2;x)

√
Rn,qn,a,b(

|t− x|2

η2
n

;x)

 (14)

In view of Lemma 2, ∃ K1 > 0 such that 1
1+x2 Rn,qn,a,b(t

2+1;x)≤K1+1, then there exists a positive constant C1 such that

Rn,qn,a,b(1+(t +2x)2;x)≤C1(1+ x2).

Analogously,
1

1+ x4 Rn,qn,a,b(t
4 +1;x)≤ K2 +1,

we get
√

Rn,qn,a,b((1+(t +2x)2)2;x)≤C2(1+ x2), for some C2,K2 > 0. On the other hand, we have

√
Rn,qn,a,b(|t− x|2 ;x)≤

√√√√(qn
[n+a]2qn

[n+b]2qn

−2qn
[n+a]qn

[n+b]qn

+1

)
x2 +

(
q2

n
[n+a]2qn

[n]qn
[n+b]2qn

)
x =

√
θnx2 +ϑnx.

Using (14), one has ∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤ (1+ x2)

(
C1 +

C2

ηn

√
θnx2 +ϑnx

)
Ω( f ;ηn).

If we choose ηn = max{θn,ϑn} , we have∣∣Rn,qn,a,b( f ;x)− f (x)
∣∣≤ (1+x2)

(
C1 +C2

√
x2 + x

)
Ω( f ;ηn)≤C3(1+x2+γ)Ω( f ;ηn), for x∈ [0,∞) and sufficiently large n.

Then, the desired sequel is obtained.

5 Voronovskaya type asymptotic theorem

In this section, we will derive the Voronovskaya type asymptotic theorem. First, let’s give the lemma below, which we
will use in the proof of this theorem.

Lemma 4. Let q := (qn) be the sequences such that 0 < qn < 1, qn → 1 and qn
n → c ∈ [0,1), as n→ ∞. Then, for each

x ∈ [0,∞) the following relations holds:

lim
n→∞

[n]qn
Rn,qn,a,b(t− x;x) = (c−1)x

lim
n→∞

[n]qn
Rn,qn,a,b((t− x)2;x) = (1− c)x2 + x
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NTMSCI 9, No. 2, 1-14 (2021) / www.ntmsci.com 11

lim
n→∞

[n]2qn
Rn,qn,a,b((t− x)4;x) = 3(1− c)2x4 +6(1− c)x3 +3x2

Proof. Taking into account Corollary 1, the proof can be obtained easily, so we omitted the details.

Theorem 7. Let q := (qn) be the sequences such that 0 < qn < 1, qn→ 1 and qn
n→ c ∈ [0,1), as n→ ∞. Then, for any

f ∈C∗x2 [0,∞) such that f ′, f ′′ ∈C∗x2 [0,∞) and for a constant A > 0 the following conclusion verify

lim
n→∞

[n]qn
(Rn,qn,a,b( f ;x)− f (x)) = (c−1)x f ′(x)+

1
2
((1− c)x2 + x) f ′′(x),

uniformly on [0,A].

Proof. Assume that x ∈ [0,∞) and f , f ′, f ′′ ∈C∗x2 [0,∞). By Taylor’s formula, then one has

f (t) = f (x)+(t− x) f ′(x)+
1
2
(t− x)2 f ′′(x)+λ (t;x)(t− x)2. (15)

Here, λ (t;x) is a Peano of the remainder term and since λ (.;x) ∈C∗x2 [0,∞) then, lim
t→x

λ (t;x) = 0. Operating Rn,qn,a,b(.;x) to
(15)

[n]qn
(Rn,qn,a,b( f ;x)− f (x)) = [n]qn

Rn,qn,a,b((t− x);x) f ′(x)+
1
2
[n]qn

Rn,qn,a,b((t− x)2;x) f ′′(x)

+ [n]qn
Rn,qn,a,b(λ (t;x)(t− x)2;x).

Utilizing the Cauchy-Schwarz inequality to the last term of above equality, then

Rn,qn,a,b(λ (t;x)(t− x)2;x)≤
√

Rn,qn,a,b(λ
2(t;x);x)

√
Rn,qn,a,b((t− x)4;x). (16)

It can be seen that as λ (t;x) ∈C∗x2 [0,∞), thus from Theorem 1, lim
t→x

λ (t;x) = 0. Then, we find

lim
n→∞

Rn,qn,a,b(λ
2(t;x);x) = λ

2(x;x) = 0. (17)

Combining (16)-(17) and using Lemma 4, we get

lim
n→∞

[n]qn
Rn,qn,a,b(λ (t;x)(t− x)2;x) = 0

uniformly [0,A]. Consequently, we obtain the desired result as below:

lim
n→∞

[n]qn
(Rn,qn,a,b( f ;x)− f (x)) = (c−1)x f ′(x)+

1
2
((1− c)x2 + x) f ′′(x).

6 Some plots

In this section, we give the comparison of the convergence of operators (3) to the function f (x) = 2e−
x
5 /(1+ x) with the

different values of n,q,a,b parameters.

In Figure 1a, we compare the convergence of operators (3) to the function f by keeping the parameters n,a,b constant
and increasing the values of q. In view of 0 < q < 1, it can be seen that as the value of q increases then the convergence
of the operators (3) to f becomes better.

In Figure 1b, we compare the convergence of operators (3) to the function f by keeping the parameters q,a,b constant
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and increasing the values of n. Since the values of n increases, it is clear that the convergence of the operators (3) to the f
has become better.

Lastly, in Figure 1c, we compare the convergence of operators (3) to the function f by keeping the parameters n,q
constant and increasing the values of a and b. We have seen that; if we choose the natural numbers a and b very close to
each other and large, in this case the convergence of the operators (3) to the f becomes better.

(a) (b)

(c)

Fig. 1: The convergence of Rn,q,a,b( f ;x) operators to f (x) = 2e−
x
5 /(1+ x) under the different parameters.
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7 Conclusion

In this paper, we constructed a generalization of Szász-Mirakjan operators based on q− integers. We obtained some
preliminaries such as moments, central moments and uniform convergence of these operators. Moreover, we computed
the order of approximation with the help of the modulus of continuity on a finite closed set and for the function belong
to the Lipschitz class. Also, we investigated the local and weighted approximation properties on an unbounded interval
and derived the Voronovskaya-type asymptotic theorem. Finally, with the help of Maple software, we compared the
convergence of these operators to the certain function for the different values of a,b,n and q.
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