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Abstract: In the present paper, in order to make the convergence faster to a function being approximated we identify a new
generalization of Bernstein operators depending on symmetric range. The rate of convergence of these operators are given by using the
modulus of continuity. Furthermore,we establish Korovkin-type approximation theorem and Voronovskaja type asymptotic theorem.
Finally, we show that using graphics in Maple this new generalization of Bernstein operators converge faster than Bernstein operators
on symmetric range for certain functions.
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1 Introduction

In 1912, Bernstein [1] introduced the classical Bernstein polynomials B, (f;x) for f € C[0,1] as below

B(f;x) =k§f (i) (',Z)x"(l—x)"k. e))

Bernstein polynomials can uniformly approximate any continuous function over a closed interval.

In the papers [4,5,6], various generalization of Bernstein polynomials are investigated. Also, approximating continuous
functions by classical Bernstein polynomials have been studied for two dimensional Bernstein polynomials in [7]-[9].
The idea of constructing linear and nonlinear positive operators have been studied intensively in approximation theory
(see [11],[12]). A generalization of Bernstein polynomials in symmetric range are defined in [2]

aon-£ (1)) G3) o (5) @

for f € C[—1,1] and n € N. These operators given in (2) are linear positive in symmetric range and provide the Korovkin
theorem’s conditions. Also, the operators (2) are smooth convergence on the range of [—1, 1].

The purpose of this paper is to introduce a new generalization of Bernstein polynomials in symmetric range and their
certain elementary properties. One of our main important results is uniform convergence to a continuous function. Also,
in that paper we calculate rate of convergence of this new generalization by using modulus of continuity and give the
Voronovskaja type asymptotic theorem.
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Let ] = [—244 mtd] g h e Nand f € C|[I]. Then we define the linear positive operators E,, (f3x) in the following way

m+b’ m+b
1 (m+b\" & j m+a
Eat5)= 35 (va) Lpmsesr (25 1) 075 ®

ap(X) = " x+m+a mta xmij j=0,1,....m
Pm,j.ab - ] m+b m+b y J=U L

It is clear that let take a = b = 0 for the operators given (3) then it reduce to Bernstein polynomials in symmetric range

which

given in [2].

In the following section, we obtain the properties of approximation of these operators.

2 Main results

Lemma 1. For Vx € I and m € N, symmetric Bernstein operators (3) is satisfied the following equalities:

E,(1;x)=1, E,(t;x)=x 4
and )
mta\< _ 2
By () = 2 i)~ 5)
m

Proof. It is clear that E,, (1;x) = 1.
) 1 (m+b\" & J m+a
Em(t»x> :2m (m+a> me,Jab ((zm 1) m+b>
1 m+b”“m 1 (m+b\"
= omT (l’)’l—l—d) me]ah m 2m <m+a> ;}pm,j,aj)(x)

1 m+b mfl +m—|—a Z_: m—1 +m—|—a j>< m-+a m= m-+a
Tom=1 \ jig o m+b par j * m+b m+b * m+b

En (t%x) :ZL (m+b>mipm,/ab (44 +1> Eig;i

=3 P j.ab(X) ( )

1 (m4+b\" & joo1 e
- om=2 (m+a> jg()pm’j’a’b(x)E 2(m+a) j;)pm’j’a’b(X)
_ 1 (m+b mizi m.(m—1)! x+m—|—a j>< m+a_x I ii—1)
2n2 \m+a ~ m—)ji—-1({—-2)! m+b m+b m?2
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m—2 m Jj m—j .
(m—1)!
I (’”“’) y ’”?”f. ) ,<x+’"+“) x(’“”_x) S
2 m-+a j:l(m—J).](]—l). m—+b m+b m

1 (m+b\"* % m(m—1)! +m—|—a j>< mta m*jj_‘_ m+a\?
_ X _ A
2m2 \m+a = m= )G —1)! m+b m+b m  \m+b
1 m+b mfzm—lmi:z m—2 +m+a j+2 m-+a ) m—j=2
= x j—
2m=2 \m+a m. = J m-+b m—+b
n 1 m—+b m=2 ”il m—1 +m—|—a j+1 m4a . m—j—1
— — X _
2m=2 \m+a m = J m—+b m+b
1 [(m+b mizmi:l m—1 +m—|—a H ma . mij*l_‘_ m+a\?
_ x _
2m=2 \m+a 10 J m+b m-+b m-+b
m—1 1 m+b\"? +m+a 2’”2? m—2 5 x+m—|—a T (m+a . m=j=2
= X —
m 272\ m+a m-+b 120 J m—+b m+b

1 1 m+b\" 2 m+a\ "= fm—1 m+a\’ (m+a m=j=1
+E2m72 (m+a> <x+m+b>jzo J x x+m+b erb_x

1 m4b\"2 m+a\ "= fm—1 m+a\’ (m+a m=j=1 mta\?
_211172 (m+a) <x+m+b)jzo J x x+m+b m+b_x + m+b

, 2
(oMY (e (e (e e, G =
o m m+b m+b) m

Theorem 1. For f € C(I), the operators Ey, (f;x) converges uniformly to f(x) in respect to x € I.

™

Proof. From the Lemma 1, we have

(m+u ) 2_2
lim max |E,, (tz;x) —x2‘ = lim max | 2*2 =0
m—eo xcl m—yeo xel

Hence, we get

lim max |Ey, (t";x) —x"| =0, v=0,1,2.
m—oo xel

Accordingly the Bohman-Korovkin theorem [3], we get the desired result.

Lemma 2. Let obtain the following results for the central moments of the E,, (f;x) operators defined by
Cinp(x) =E,((t—x)";x), p=0,1,2. 6)

Then we get
Cno (x) =1, G (x) =0,
(m+a)* —x*(m+b)?
m(m+b)?2

Cm’z (x) =

Also, the equality

m—seo m+b

lim E,, ((—x)%x) = <m+“)2—x2

is satisfied.

Proof. 1t is obvious that
Cno(x)=1, Cp(x) =0,
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hold from Lemma 1. From (6), we obtain

ua ) = (0% = 3 (7 50) " B pmsanto (2 1) i —2)

m

m+a
1 (m+b\" " j m+a x [(m+b\" T j m+a
- : 2l - : 2l
om <m+a> j;opm,],a,b(x) (( m )m+b> m—1 <m+a> ;)Pm,J,a,b(X) <( m )m+b>
£\ a2
2m \ m+a jzopm"”a’h B (m+b)2m

Furthermore, we get

. 2.0\ — 1;
nllligomEm ((t —)C) ,)C) - ,,1,1_1;110 m(m—l—b)z

m((m+a? — (m+b)%) (m+z)2_xz.
m—+

Theorem 2. If f € C(I), then the below inequality holds

B (1) — £(x)] < <1+”mﬁg> w(f;ﬁ).

Proof. Let f € C(I), we get

1 (m+b\" " j m+a 1 (m+b\" "

Since % > 0and py, jap»(x) > 0 and using e Cauchy-Schwartz inequality, we obtain

(31 8) o

|Em (f3%) = f(x)| =

(i) 10 = 5 (222)" 5,

~om m+ta) =

Pm.j.ab (x) @)

From the properties of modulus of continuity, we can write

((a-)zs) ol (B s

m—+b

Now, replacement in the inequality (7), we obtain

m+a

m+b7x’

+1 ) o (f;0)pm,jan(x)
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m+ta

(
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‘(!)(f;é)pm.j,a,b(x)

Jj m+a
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Let take
A= m-+ Z 21,1 m—s—ai)C
2m \m—+a =0 m m-b
1/2 " B
:i 21—1 m"‘“_xz 1 (m+b () 12 1 (m+a e 1/2
=0 m m—+b o\ mda Pm,japb 2 \m+b Dim,jab .
Applying Cauchy-Schwarz inequality, we get
v [ (27 mta (1 (mia)” Ve fma)”
A< 2L 1 _ b ' 1 (m+a .
B (]ZO ( m >m+b * <2m <m+b> pmv]:‘lvb(x)>> X (]Z()Zm <m+b> pm,j:a,b(x)>
1/2
(1 (m+a mi Zl { m+a 2 ) /
| om m-+b = m m+b X\ Pm,jab\X

12
1 m4a\™ & j m+a 2 j M- a )
2 2.1 =225 =1 ) m, ja,
<2m <m+b) /;)<<< m )m—i—b) x< m map 5| Pmi p(¥)

= (En (t%3x) = 2XEyy (t;x) + X*Ep (1)) 1/2

(me)? -\
_ m-+
N ( m ) .

Therefore, we get

P, jab(X)

1/2

1 (m+a)2_x2 1/2
En (f:2) = f(x)] < 0 (£:5) (%) 1

. 2 2 1/2 m . 1 .
Also, we obtain max { ((212) —X ) = miZ for x € [I]. Hence, choosing & = T we get the desired result as below

Ea i)~ 1] < 0(7:8) (142,

Theorem 3. Voronovskaja Type Theorem. For f € C*(I), we obtain the following equality

lim . (En (1)~ £(2) = » <(’"+“)2—xz> o)

m—yoo 5 m-+ b

Proof. Taylor expansion of a function f at point x is as follows

£ = F@)+ £ @) =)+ 57 ()¢ 2+ rlas0) (¢ —x)

where r(f;x) is the remainder term and it is clear that lim,_,, r(¢;x) = 0 and r(¢;x) € C[I]. By linearity of Bernstein

operators (3) and taking ¢ = (2% — 1) ”Zi‘b‘, we get

/!

m. (Ep (f;x) — f(x)) =m.E,, ((t —x);x) f,(x) +m.E,, ((t —x)z;x) ! z(x) +m.E,, (r(t;x)(t —x)z;x) .
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Applying Cauchy-Schwartz inequality to the last term on the right hand side, we have
2 2 4. W\ 1/2 2. \\1/2
m.Ep (r(t;x)(t —x)%:x) < (m°Ey (1 —x)*x)) "~ (Em (r(t:x)%:x)) 7 ®)
Since r%(x;x) = 0, r(.;x) € C[I] and from Theorem 1, we can write
,},i_IEOEm (r(t;x)z;x) = r*(x;x) = 0. )

Using (8), (9) and Lemma 2, we get the following desired result

2
lim m. (Ey (f;:x) — f(x)) = % <<m+a> x2> £ ().

m—yoo m—+b

3 Numerical examples

In this section, using graphics in Maple some numerical examples are given. Therefore, we compare the convergence of
the operators E,, (f,a,b;x) with C,(f;x) defined in [2]. Based on this result we may say that the operators E,, (f,a,b;x)
converge faster than C,(f;x) operators for certain functions.

Example 1. Let f(x) = e */sin(3mx) for m =75 and m = 125 the convergence of the operators E,, (f;x) is respectively
shown in Fig 1 and Fig 2.

Fig. 1: The convergence of the E,,(f;x) operators for f(x) = e */3sin(37x) and m = 75
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Fig. 2: The convergence of the E,,(f;x) operators for f(x) = e */*sin(37x) and m = 125
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