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Abstract: In the present study, hybrid method (differential transform and finite difference methods) is selected to determine the
numerical solution of the foam drainage equation. The strength of the proposed method is proven with an example for various values
of c, t and x. Numerical solutions obtained with the application of the hybrid method are compared with exact solutions. Also, in the
findings section the applied method was supported with tables and figures.
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1 Introduction

Foams are quite important in certain technological processes and applications. Liquid foam is first described by Joseph
Plateau. Foams are usually utilized in foods and, personal care products, acoustic cladding and textured wallpapers,
etc. Also, there are important foam applications in the foods, chemical industries, fire fighting, mineral processing, and
structural material sciences [1]. In nature, chemical, physical and biological events, as well as foams are often modeled
with nonlinear equations. In the literature, several methods were described and implemented for the numerical solution
of these models [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15]. We, therefore, preferred a robust hybrid method to solve the
following nonlinear foam drainage equation [1]:

ut −2u2ux− (ux)
2− 1

2
uuxx = 0, (1)

where, the initial condition can be written as follows

u(x,0) =−
√

ctanh
(
x
√

c
)
, (2)

and exact solution can be written as follows

u(x, t) =−
√

ctanh
(
(x− ct)

√
c
)
,

where c is defined as the velocity of the front side of the wave.

The foam drainage equation, which is a liquid flow model, is important [3]. This type of equations were discussed by
various scientists. For example, soluble foam drainage model was studied in 1994 [16]. Stability of foam drainage
equation was investigated in a study titled ”Applications and Generalizations of Foam Drainage Equation” [17].
Physicochemical approach to foam drainage equation was studied in another study [18]. The liquid foam drainage was
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described as a nonlinear partial differential equation [19]. Partial differential equation with Caputo and Bessel operators,
fractional differential equations, Riemann-Liouville fractional neutral systems, nonlinear neutral differential systems and
impulsive differential equations etc. [22,23,24,25,26,27] can be also solved by this method.

Various analytical methods were used to obtain the solution of foam drainage equation, such as Tanh method [6], spatial
finite difference method, generalized

(
G
′
/G
)
− expansion method [5], Adomian method [6], Homotopy analysis

method etc. [1]. In the literature review, it was observed that the hybrid method was never used to solve the foam
drainage equation. Thus, the present study aimed to solve the foam drainage equation by the hybrid method. Hybrid
method (differential transform and finite difference methods) was used by various several researchers in the fields of
science and engineering [7,8,9,10,11,12,13].

The intention of the present paper is to describe a novel perspective using the hybrid method for the numerical solution
of nonlinear foam drainage. In Section 2, a short description of hybrid method is provided. The hybrid method was
performed to a foam drainage equation example using a few steps in Section 3. The numerical findings, are presented in
tables and graphs. Finally, the conclusion section completes the present study.

2 Description of the method

Initially, differential transform method was suggested by Zhou for linear and nonlinear equations in 1986 [20]. Chen and
Ho used two-dimensional differential transform method for two-dimensional partial differential equations in 1999 [21].
Finite difference method (FDM) is an important numerical method for solving differential equations by approximation
with difference equations. Thus, the hybrid procedure is obtained by applying the differential transformation method for
t− time variable and the finite differences method for x− position variable. Based on the type problem, hybrid method
provides an approximate solution in the series form or in mesh points.

Let H(x, t) be the differential transformation of h(x, t) function as follows [14]:

h(x, t) =
∞

∑
k=0

H(i,k)tk = H(i,0)+H(i,1)t +H(i,2)t2 + ... (3)

The differential transform of h(x, t) based on t−time variable is defined as follows [14]:

H(i,k) =
1
k !

[
dkh(x, t)

dtk

]
t=0

. (4)

The inverse of the H(i,k) differential function based on t is defined as follows [14].

h(x, t) =
∞

∑
k=0

H(i,k)tk. (5)

In Table 1 and Table 2, certain significant properties that would be used in the present study are presented [14,15].

Table 1: Properties of differential transform for t− variable.

Function Transform
dh(x,t)

dt H(i,k) = (k+1)H(i,k+1)
h(x, t) =−

√
ctanh(x

√
c) H(i,k) =−

√
ctanh(xi

√
c)
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Table 2: Certain properties of central difference and differential transform based on x− variable.

Function Transform
∂w(x,t)

∂x W (i,k) = W (i+1,k)−W (i−1,k)
2h

∂ 2w(x,t)
∂x2

W (i+1,k)−2W (i,k)+W (i−1,k)
h2(

∂w(x,t)
∂x

)2
∑

k
m=0

(
W (i+1,k−m)−W (i−1,k−m)

4h2

)
(W (i+1,k)−W (i−1,k))

w(x, t) ∂ 2w(x,t)
∂x2 ∑

k
m=0 W (i,k−m)W (i+1,k)−2W (i,k)+W (i−1,k)

h2

w2(x, t) ∂w(x,t)
∂x ∑

k
m=0 ∑

k−m
t=0

1
2hW (i,m)W (i, t)(W (i+1,k−m− t)−W (i−1,k−m− t))

tanh(x
√

c) tanh(xi
√

c)

3 The comparison of exact and approximation solutions with the Hybrid method

Here, an example will be given to demonstrate the applicability of the adopted method. All calculations and plots are
conducted with a computer software. The findings are cross-checked.

Example 1.

The foam drainage equation with the initial condition is considered as an illustrative example [1],

ut −2u2ux− (ux)
2− 1

2
uuxx = 0, (6)

and the initial condition and exact solution are given below:

u(x,0) =−
√

ctanh
(
x
√

c
)
, (7)

u(x, t) =−
√

ctanh
(
(x− ct)

√
c
)
. (8)

Computational procedure based on the hybrid method is given below:

Based on the Table 1 and Table 2, we can demonstrate the recurrence relation from (6)-(7) as follows:

U(k+1) =
1

(k+1)

(
−2

k

∑
m=0

(
k−m

∑
t=0

1
2h

U(i,m)U(i, t)(U(i+1,k−m− t)−U(i−1,k−m− t))

))

+
k

∑
m=0

(U(i+1,k)−U(i−1,k))
(

U(i+1,k−m)−U(i−1,k−m)

4h2

)
+

k

∑
m=0

U(i,k−m)

(
U(i+1,k)−2U(i,k)+U(i−1,k)

2h2

)
, k = 0,1,2, ...

After the differential transform coefficients U(i,0),U(i,1),U(i,2)... are obtained with recurrence relation for
k = 1,2,3, ..., the following approximate solutions are obtained using (5) for t = 0.001, c = 1 and presented in Table 1:

xi = 0, u(0, t) =
∞

∑
k=0

U(0,k)tk =U(0,0)+U(0,1)t +U(0,2)t2 + ...

=−0.5800256585t−0.9293491752t2−0.9901339629t3− ...−0.9999999918t10.
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xi = 0.1, u(0.1, t) =
∞

∑
k=0

U(0.1,k)tk =U(0.1,0)+U(0.1,1)t +U(0.1,2)t2 + ...

=−0.009933709152−0.5130826389t−0.9143900763t2− ...−0.9999999900t10.

The same calculations are performed at the other points xi in a similar way.

xi = 1, u(1, t) =
∞

∑
k=0

U(1,k)tk =U(1,0)+U(1,1)t +U(1,2)t2 + ...

=−0.5800256585−0.5800256585t2−0.9293491752t3− ...−0.9999999390t10.

where xi = ih mesh points for h = 0.1, i = 0,1,2, ...,10. The following approximate solutions are obtained with (5) for
t = 0.0001, c = 2 and presented in Table 2:

xi = 0, u(0, t) =
∞

∑
k=0

U(0,k)tk =U(0,0)+U(0,1)t +U(0,2)t2 + ...

=−1.394588760t−1.414144525t2−1.414213321t3− ...−1.414213562t10.

xi = 0.1, u(0.1, t) =
∞

∑
k=0

U(0.1,k)tk =U(0.1,0)+U(0.1,1)t +U(0.1,2)t2 + ...

=−0.02791137759−1.388232650t−1.414121957t2− ...−1.414213562t10.

The same calculations are obtained in the other points xi in a similar manner.

xi = 1, u(1, t) =
∞

∑
k=0

U(1,k)tk =U(1,0)+U(1,1)t +U(1,2)t2 + ...

=−1.116138222−1.116138222t−1.413045987t2− ...−1.414213562t10.

The following approximate solutions are found with (5) for t = 0.00001, c = 2 and presented in Table 3:

xi = 0, u(0, t) =
∞

∑
k=0

U(0,k)tk =U(0,0)+U(0,1)t +U(0,2)t2 + ...

=−1.394588760t−1.414144525t2− ...−1.414213562t10.

xi = 0.1, u(0.1, t) =
∞

∑
k=0

U(0.1,k)tk =U(0.1,0)+U(0.1,1)t +U(0.1,2)t2 + ...

=−0.02791137759−1.388232650t−1.414121957t2− ...−1.414213562t10.

The same calculations are obtained in the other points xi in a similar manner.

xi = 1, u(1, t) =
∞

∑
k=0

U(1,k)tk =U(1,0)+U(1,1)t +U(1,2)t2 + ...

=−1.116138222−1.116138222t−1.413045987t2− ...−1.414213562t10.

It could be observed that the approximate solutions obtained with the hybrid method and exact solutions are quite similar.
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Fig. 1: The curves obtained with the hybrid method and exact solution for different t and c values.

Fig. 2: The comparison of errors for different t and c values.

The exact, approximate solutions and error values for different t and c values are presented in the following tables:

Table 3: The approximate solution and, the exact solution and the error values for c = 1, t = 0.001.

x(xi) Hybrid method Exact Error of hybrid method
0.0 −0.5809559988e−3 −0.9999993334e−6 0.5799559995e−3
0.2 −0.3939885928e−1 −0.3857849389e−1 0.82036539e−3
0.4 −0.1446504867 −0.1437115015 0.9389852e−3
0.6 −0.2885673834 −0.2876580288 0.9093546e−3
0.8 −0.4409844853 −0.4402021857 0.7822996e−3
1.0 −0.5800262394 −0.5793856477 0.6405917e−3

Foam drainage equation is solved numerically using the hybrid method. Concurrently, the given hybrid method solution
provided a quick convergence as presented in Table 3, Table 4 and Table 5. Also, the approximate and the exact solutions
are compared. These solutions are presented in Figure 1 and Figure 2, and indicated that the presented method is effective
and powerful.
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Table 4: The approximate solution and, the exact solution and the error values for c = 2, t = 0.0001.

x(xi) Hybrid method Exact Error of Hybrid method
0.0 −0.1394730188e−3 −0.1131370789e−6 0.1393598817e−3
0.2 −0.1075036796 −0.1071620693 0.3416103e−3
0.4 −0.3711289566 −0.3706912773 0.4376793e−3
0.6 −0.6740232547 −0.6736030899 0.4201648e−3
0.8 −0.9314011508 −0.9310557636 0.3453872e−3
1.0 −1.116249850 −1.115988393 0.261457e−3

Table 5: The approximate solution and, the exact solution and the error values for c = 2, t = 0.00001.

x(xi) Hybrid method Exact Error of Hybrid method
0.0 −0.1394602901e−4 −0.1131370848e−8 0.1394489764e−4
0.2 −0.1073794797 −0.1073453127 0.341670e−4
0.4 −0.3710070594 −0.3709632911 0.437683e−4
0.6 −0.6739053089 −0.6738632961 0.420128e−4
0.8 −0.9312898566 −0.9312553219 0.345347e−4
1.0 −1.116149383 −1.116123242 0.26141e−4

4 Conclusion

In particular, literature review demonstrated that it is hard to solve most nonlinear differential equations exactly. Thus,
approximate and numerical methods are used extensively. With the numerical hybrid method, we could successfully
obtain numerical solutions in the present study for different values of c, t and x. These solutions are presented in tables
and figures, revealing that the solutions were accurate and proposed methods were strong and efficient. In conclusion, it
was revealed these methods were as good as the other methods based on fast convergence. In brief, the proposed methods
were potential significant approximation methods that could be used in further studies on nonlinear partial differential
equations.
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