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Abstract: In this paper, we have studied some theoretical properties concerning the Caputo-Fabrizio fractional operators. Also we
obtained expressions for the fractional integral and derivative of some elementary functions. As auxiliary results, general integration
formulas for functions with radicals of any order are presented.
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1 Introduction

The fractional calculus is a name for the theory of integrals and derivatives of arbitrary order, which unify and generalize
the notions of integer-order differentiation and n-fold integration. The history of the Fractional Calculus goes back to
seventeenth century, when in 1695 the derivative of order @ = 1/2 was described by Leibnitz in his letter to L’Hospital
[28]. That date is regarded as the exact birthday of the fractional calculus. Since then this branch has been treated by
eminent mathematicians, such as Euler, Laplace, Fourier, Liouville, Riemann, Laurent, Weyl and Abel. And therefore
many definitions, concerning the fractional operators have been proposed:

Grunwald and Letnikov faced the problem of non-integer differentiation [20], generalizing the derivative definition of an
integer order, based on the quotient concept incremental, using the following formula

(V)
(D f)(x)—}ll_%hhia7
where
O£y (4) — 3 i ® xX—j
Vi) = L 1)’(j>f( )
with n = [a].

In 1917 Weyl [21] defined a fractional integral adequate to periodic functions

oo

195(x) = ﬁ / (t— )% f(1)dr Re(a) >0,

X

In 1938 M. Riesz published a number of papers [22] which are centered around the integral

b
Rpayy— — 1+ (4 n/ _ gn—(a+1)
Du(t) = Ton—a)\a |t — 7| u(t)dr.
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In [23], Laurent used a contour given as an open circuit (known as Laurent loop) instead of a closed circuit used by Sonin
and Letnikov and thus produced today’s definition of the Riemann-Liouville fractional integral

ﬁ / (r—1)%" f(1)dt, Re(at) > 0.

D, f(x) =
The Riemann-Liouville derivative appears to the paper by N. Ya. Sonin in [24-25] where he used Cauchy’s integral
formula as a starting point to reach differentiation with arbitrary index

t

D) = iy () [0 Vutsras

a

Consequently, M. Caputo proposed the following new definition of fractional derivative

t
1 — n
CDS;M(I) = m/(t_s)n (O(+])u( )(S)ds
0

Recently Caputo and Fabrizio launched a new fractional derivative and it was followed by some related theoretical and
applied results [26]. The interest for this new approach is due to the necessity to describe material heterogeneities and
structures with different scales, which cannot be well described by classical local theories [26].

In the last few decades many authors pointed out that derivatives and integrals of non-integer order are very suitable for
the description of properties of various real materials. It has been shown that new fractional-order models are more
adequate that integer-order models [27]. Fractional derivatives provide an excellent instrument for the description of
memory and hereditary properties of various materials and processes. This is the main advantage of fractional derivatives
in comparison with classical integer-order models, in which such effects are in fact neglected. The advantages of
fractional derivatives become apparent in modelling mechanical and electrical properties of real materials, as well as in
the description of rheological properties of rocks, and in market behaviour [27, 30].

The other large field which requires the use of derivatives of non-integer order is the theory of fractals. The development
of the theory of fractals has opened further perspectives for the theory of fractional derivatives, especially in modelling
dynamical processes in self-similar and porous structures [27].

In recent years, many researcher have shown that Fractional Calculus is a useful tool in image processing field such as
image enhancement, image denoising, image edge detection, image segmentation, image registration, image recognition,
image fusion, image encryption, image compression and image restoration [29, 37, 38]. Particularly, in [34-36], authors
have shown the advantage of fractional order derivatives to achieve a good trade-off between image denoising and edge
preservation. Also in [31-33] fractional differential mask has being proposed for contrast image enhancement. And in
[37, 39, 40] it has been demonstrated how using an edge detector based on fractional differentiation can improve the
criterion of detection of thin artefacts in the image.

However any application of fractional calculation requires expressions for fractional derivatives and integrals. For
example in [27], based on the definition of Riemann-Liouville and Caputo, expressions for fractional derivatives and
integrals of some elementary functions are obtained.

Our purpose in this paper is to give some theoretical properties concerning the Caputo-Fabrizio fractional operators and
apply these operators to some interesting elementary functions. The paper has been organized as follows, in Section 2,
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we present basic definitions and formulas. In Section 3, we give theoretical properties of Caputo-Fabrizio fractional
derivative. In section 4, we study the composition of Caputo-Fabrizio fractional operators. In section 5, we give examples
on using Caputo-Fabrizio fractional integral. In Section 6, we give some examples on using Caputo-Fabrizio fractional
derivative. A conclusion is considered in section 7.

2 Preliminaries and notations

Here, we introduce some definitions concerning the Caputo-Fabrizio fractional derivative and we give some formulas,
which would be needed in our proofs later.

We denote by Cy([a,b]) the space of all continuous functions on [a, b] with compact support.
Other interesting notation is
C([a,b]) = C*([a,b]) NCo([a, b]) M)
where k € Z U {eo}.
Let a,b, p € R with 1 < p < co. The Sobolev space W!?([a,b]) is defined by

WP (la,b]) = {u € LP([a,b]) ; 3g € L?([a,b]) such that ffu-(p’ = —jfgq), Yo e Cg([a,b])}.

Definition 1. Let a,b, ¢ € R such that 0 < o < 1. The Caputo-Fabrizio fractional integral of order o of a function
u € H'([a,b]) is a linear operator defined by

u(t) = (1 —a)u(t) + (x/atu(s)ds. (2)

Definition 2. Let a,b,x € R such that 0 < a < 1. The Caputo-Fabrizio fractional derivative of order o of a function
u € H'(|a,b)) is a linear operator defined by

1 I a

DSu(t) = 7/ e~ a9y (5)ds. 3)
1—a/a

Definition 3. Let o > 0. The Riemann-Liouville fractional integral of order o of a function u is defined by

R%u(t) = ﬁ/t(t—s)a”u(s)ds. “4)

a

For more details, see [1-18].

Lemma 1. Let n € N and a,a,b € R. Then, for each n, the integral

T g o+(l—a)b
An(t):n/ T T (1 gy an 5)
a
can be written in the form
11—« —a o+(1-a)b
Ai(t) = (bt_ lft“r]fa) 6
1) a+(1—a)b e ’ ©
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or

; ! l-o i ;
A (1) = bt —1 i-1_ 1 ( ) t—a)t i
() =e l;( e \aTaap) Y
11—« n —a 06+(1 OC)
1 n—1 '( ) bt T—a!t a 1 7
+(=1)""n AT (o) (" —e ), n> (7)
Proof. We will use the principle of mathematical induction. Let P(n) be

P(n) = A,(t) (3)

For our base case, we need to show P(1) is true, meaning that

1—o —a,, at(l-a)b
A0 = g (¢ e ) ©
This is trivial, since
I g a+(1—o)b
A = / R Nl
a
For the inductive step, assume that for some n, P(n) holds, so
4 - (1 )b . _1
A,,(t):n/ T T (1 _ gy, (10)
a
We need to show that P(n+ 1) holds, meaning that
T g o+(l—a)b
A1 (1) = (n+1)/ TS T (1 ayrde (1
a

To see this, note that

a+(l )b

Ani1(£) =(n+1) / A T Ca L
a

(I-o)(n+1) wp (=@)(n+1) (1 e, arl-an, n—
=270 —a% (t—a)"e® — a T /Qe * (t—a)" ldt

_(1—06)(”—&-1) n bt tnil z(n+1)n' l-a i+1 n—i
“ari—ap 7Y eb”bi;(_l) (n—1i)! (oH—(l—a)b) (t=a)

1—«o n+1 —a ., at(l-—a)b
+(71)"(n+1)!(7)b) (e”’feﬁ”ﬂ(fa)”)

a+(1-a
(l_a)(n+1) n t t 1 n—l—l)n' l-o i n+1—i
:a+(l—a)b( h+ehz 1n—H—z) {a+(1—a)b}(t_a) o

+(_1)n(”+1)!{ﬁ}n+l(ebt e%HM,)
'y io1_(n41)! 11—« ; L
b;(*l) 1(n+1—i)!(a+(1_a)b) (t—a)"!

l—a n+l —a fH(l 0‘)
—1)" 1 |< ) ( bt T—a!t a)
+(=1)"(n+1) ar(—a)p e’ —e

=e

Thus P(rn+ 1) holds when P(n) is true, so P(n) is true for all natural numbers n.
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Lemma 2. Let n € N and a,b, @ € R such that oo € (0,1). Then, for each n, the integral

RA— (1-a)b
B,,(t):/ e+ (1 a)'dT (12)
Ja
can be written in the form
l—a b l—o 2 —a , at(-a)b
Bi(r) = (1 —a) el () (e et ) 13
1) = ( a)a+(lfa)be o+(1—a)b e e (13)
or
< n! -« i ;
_ f—q)" !
)z: n+1—z) ( o+ ( —oc)b)( @)
1— n+1 —a,,Q (1 oz)b
+<—1>”"’(m) ert ), ni a9
Proof. Let P(n) be
P(n) = B,(t) (15)
We will show that P(n) holds for all n € R by induction. We note that
L g ( —a)b
Bl(t):/ R R T
a
l-a bt ( l-a )2<b, ;aHMQ)
=(t—-q)——— S, _el- =
( a)oH—(l—a)be o+(l1—a)b e e ‘
Thus, P(n) is true for n = 1. Asume that P(n) is true for some natural number n > 1, i.e.,
RA— (1 )b
Bn(t):/ eTalt “(t—a)dt
a
We need to proof that P(n) is true for n+ 1 whenever P(n) is true for n. We have
Proof.
T a+(1-a)b
Bri(r) = [ eret ST s (e
a
-« 1—oc T _a, at(-a)
_ f— n+1 bt 1 / Ta!t— 1= 7 _ nd
705—1—(1—05)19( a) —(n+ AT (—a)b e (t—a)'dt
_(—a)(r—a)ytle” (n—H Oc)eb,i )~ In! ( l-a )i(t—a)”“ ;
+(1—a)b ad = n—|—1—1 o+(l—a)b
11—« 11—« n+tl _q ., at(1-a)b
o 1 -1 n ! ( ) ( bt mt“rﬁa)
(n+ )oc—i—(l—oz)b( y'nd) o+(1—a)b ce
1—a)(f— n+1 ,bt n . Dn! 11—« i+1 .
:( )( a) € +ebt2(_1)1 (I’l+ )n ( ) (t_a)n+1—t
a+(1—a)b = (n+1-)\o+(1—a)b
l—«a -« n+tl —a ., a+(1-a)b
- _1 n+1 1 ‘ (7) (bl‘_ mt-‘rﬁtl) 16
i A S AUl bary a7y B Gl (16)
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(-0 — )”*”” t”“ (n+1)! - n 1
B +(1-a) Z ln+1+1ﬂ)!( +(17(x)b) (1 —ay™!

— 1+1 a. at(-a
+<f1>"“<n+1>!(ﬁ)n+ (e )
o+ (l—o

o (1) 1-a i o
=< ;(_1) 1(n+27i)!((x+(17(x)b> (1 —ay™

1—o n+2 —a +(1-a)b
+(_1)11+1(n+1)'<m> (ebt eT-a H’i )

Thus, P(n) is true for n+1 whenever P(n) is true for n. Hence, by the principle of mathematical induction, P(n) is true for
all natural numbers n.

Proposition 1. For 1 < n € N, one has easily the following:

2x + 520 2 M \n-1
/ 2n—1 dx = n1</(x2+2 "]x+72 ”1) (17)
n 2 2. n— n— n—
\/x2+2nﬁ1x+2nﬁl
2n 2n 2n n 2n 2n ol
o s d — (2 ) " 18
/( 2n+1)\/x o U e T Y o (18)

3 Some properties cencerning the Caputo-Fabrizio fractional derivative

Here, we give some theoretical properties concerning the Caputo-Fabrizio fractional derivative.

Theorem 1. Let be u(t) € C"*'([a,b]), then the equality

Z k+1 e [u(k>(t) o e]f(t ”)u(k>(a)] (19)
holds true.

Proof. Let P(n) be

(X)k 1

R [® (1) — e =940 (g)] (20)

Pl = Dt = (172 (1) D0+ 3 (1)1

We will show, by induction, that P(n) holds for all n € N. Integrating by parts, we note that

—
_ bz ey 120 ey gy LT ey ey
= gl 0T N (@) - o [t W (s)) s
A R A _1—7“;/’ 12 5) (4 ()Y
= ()= @ T e T W) ds
= 8 DS ) 4 (1)~ e a), @D
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Thus, P(n) is true for n = 1. Asume that P(n) is true for some natural number n, i.e.,

k—1

DS%u(t) = (_1)n+2(1?TOC)"D2¢tu(n)(t) + i(_l)knul&
k=1

pv: [u(k) (1) — eTa (=) k) (a)|. (22)

We need to proof that P(n) is true for n+ 1 whenever P(n) is true for n. We have

k—1

Datu( ) n+2( ) i k+1 a)

7 [u<k) (1) — e (1=a) (k) (a)}

)kfl

)i
n+2< aa> / — 125 (1—s) n+1 s)ds+ Z k+1 % [u(k) (t) — e%(t—a)u(k) (a)}
)5

a Ja

n+2< N [ ( (”+1)(t) T (1—a) (n+1)(a)> 1; e_laa(t—s)(u(n+l))/(s)ds‘|
(04

- e (L=a) g a), (k
+/§1( 1)<t pv: [u“(t)—el (t )u(>(a)}
( 1)n+1+2<1 - )"H a,l n+1 0+ Z k+1 —a)t! [u(k) (1) — o T (1=a) (k) (a)} (23)
a at ak .
Theorem 2. Let be u € C"*'[a,b]. Then the equality
(1—a)DGu™ (1) + aDgu" ) (1) = u™ (1) — e & = )u" (a) 24)
holds true for all t € [a,D]
Proof. We insert n and n — 1 into the equality (19). This yields
D%u(r) = (—1 )n+2 (ﬂ)"Da ™ (1) + Zn" (-1 )k+1 M [u(k> (t) — o5 (1=a) (k) (a)] (25)
at o at = ok
and
D%u(t) = (— 1)"+1 (1_705) n_lDa w1 (t)+ ni‘j (_1)k+1 M [u(k) (t)— o5 (1—a) (k) (a)] (26)
at o at = ak

respctively. Combining (25) with (26) we obtain (24). Theorem 2 is thus proved.

Theorem 3. Let be n € N— {0}, a,b € R(a < b) and u € C"([a,b]). Then the equality

G O = L a0+ (-1 (12 ) D) @)

i=1

holds true.
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Proof. We will use the principle of mathematical induction. Let P(n) be
n n n—i . —Q \"
Pn)= - =Y g n+1 S () + (=) Dlur)

1=l

For our base case, we need to show P(1) is true, meaning that

d 1 L . o =i . o 1
Dou() = —— Y (- (=)« + (-1 (=) Dau() (28)
d( ! 1—05; (1—05) (l—a) d
This is trivial, since
d d[ 1 1 ? -0 "
— t—a o — -7
= (D% - = — l-—o — / -
” (Dgu(r)) i au(t) — u(a) —af e u(’c)d’c}
| ? -0 S L
o - —a o o - =7
= T O e T ) gm0+ [e =o' Tuman
1 ¢ (t—a)
_ , o 71 — t—a o
_1,au(t)+(1fa)26 u(a) = )zu(t)
1 1 a (t—a)
o - t-a a
_ _ 1-—
1—a[1—a”(t) 1—af ua) = e
2 g 1 )
l—-a _ 1— ¢
/e u(t)dt = u(t)—l—l_ae ua]
1 ¢ (t—a)
_ , o 7] — t—a o
1 1 Ot (t—a)
L Apayy 1—a
1 —a Dal (t) 1 _ ( )+ 1 _ e M(a)
_;i(_l)lfi(i)liiu(i)_k(_])l(L)lDau(t) (29)
- at
l—aH -« -«
For the inductive step, assume that for some n, P(n) holds, so
dn n o n—i i n (04 n
IR e ME i ) BRI G C e R0 (30)
i=1
We need to show that P(n+ 1) holds, meaning that
P, ! n+1 —qg)t1-i ; —o \n+l
gt (Dau(1)) = ; (E_O)C)nJrZiu( () + (m) Dgu(r) (31)

© 2020 BISKA Bilisim Technology
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To see this, note that

dn+1

D% _ 4L dDa
o (DSu(0) = S5 { S DGu(n)}
d" ( —a ,
= gD+ 0]
—o d" 1 n
= T ar Ca0) + g0
_ —a 1 ¥ k=i O \"T G nf % '« (n+1)
_lallalz;( D (1705) wf+ (=) (1705) Dau(t) +1focu ®)
1 & VA AN S o \n+l 1
N -1 n+lﬂ<7) (i) -1 n+1(7> D% u(t (n+1) t
1l . o nt+l—i . o n+1
— _1 n+171( ) (l) _1 l‘l+1< ) DOt t 32
T D) e () P, (2)
thus P(n+ 1) holds when P(n) is true, so P(n) is true for all natural numbers n.
Corollary 1. Let be a,b € R(a < b) and u € C'(|a,b]). Then the equality
b 1 l—o
| (D) = - - (u(b) ~ u(a)) = —EDEu(b) (33)
holds true
Proof. Applying (27) for n = 1, we obtain
d 1 o
e Dgu(0) = T ul (1) - Dulr) (4

Then integrating (34) with respect to # over (a,b) and considering that D% u(a) = 0, we obtain (33).

Theorem 4. Let be u € C'[a,b| N H' [a,b]. Then D%u(t) € H'[a,b].

d
(D%u(t)) € L?[a,b]. On the one hand, we note that

Proof. We need to proof that D%u(r), pr

1 T« 1 o (1 _ a
o _ — 125 ({t=s) 1 _ _ —125 (t=a) _ — 125 (1=9)
D u(r) - /a e T u'(s)ds (u(t) u(a)e 1 —a /u e T u(s)ds).

Then we can write
2 2 o 2
D5 <(7=2) [l P + (Ju@] + 7= - (b =)/ u(t) 210

= (=) )2 ) O]

+2(|u(a)\+ -

And consequently,

1 2 o 2
1D5O) g0y < (775 )[40y + (@) + 77 - (0 =) 2 (1) ) (b —a)

o
F2(Ju@)] + 1 (=) 2 )l g0 ) - (0= @) ] <o
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On the other hand, applying Theorem 3, we obtain

d, . 1 o
d(Dat())— 1 o

d
As u',D%u(t) € L*[a,b], we conclude that d—(Datu( )) € L*[a,b].

4 Composition of Fractional Operators

In this section, we give some theoretical properties concerning the composition of Caputo-Fabrizio fractional operators.

Theorem 5. Let be a, ., B € R such that 0 < a, B < 1(o # B). Then the inequality

D8 (Phu(t) = 5= (B-Dhu(t) - Diu(r). (35)

holds true.

Proof. On the one side, from the definition of Caputo-Fabrizio derivative, we deduce that

DY (Df,u( )) - / PRy (thu(r))/dr,

I—o /g

t B
= ﬁﬁ/ e T /1_ “Tp(T- S)u/(s)ds}d’c (36)

[ — 1% (t—7) B 1 o
:71—a71—[5/a e """ Dyu(t )dr+1 ﬁD u(t), (37)

which is equivalent to
t o — — —

/ eiﬁ(r*T)Dgfu(T)dT = —(la)ﬁ(lﬁ)DS‘, (Dg,u( )) + lTaDg‘,u(t). (38)

On the other side, integrating by parts and considering that
DB u(a) =0,
we obtain

p L [ %0 (ph "re— L pp @[ 0B
Da (Datu( )) m/a ¢ ral T><Da‘ru(f)) drvfiDatu(t)fi)z g € a T)Da‘ru(r)dfa

which is equivalent to

t 11—« 1—o)?
/a e a(-IpP y(t)dr = - Df,u(z)—%Dg‘,(fou@)- (39)

Combining (38) with (39), we obtain (35).
Theorem 6. Let be a, o0 € R such that 0 < o < 1. Then the equality

D% (15u(r)) = u(r) — e~ 720~ u(a), (40)

holds true.

© 2020 BISKA Bilisim Technology
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Proof. Applying definition of Caputo-Fabrizio derivative, we obtain

D% (Igu(t)) - ﬁ : / T {If‘ru(r)] i

T
1 t

=— [ Tl [(1 —o)u(T) —|—(x/u(s)ds} /d’L'

as required.

Theorem 7. Let a, € R such that 0 < o < 1. Then the equality

1 (18u(0)) = u(r) ~ u(a), (1)

holds true.

Proof. On the one side, using definition of Caputo-Fabrizio integral, we obtain

t
° (Dg‘,u(t)) = (1—a)D%u(t) + o / D%u(s)ds. 42)
a
On the other side, applying Theorem 3, we obtain

d

o u'(s), (43)

[Duts)] = % DEuls) +

Integrating (43) respect to s over (a,t) to ¢ and considering that D%, f(a) = 0, we obtain
Diu(s)ds = —[u(t) —u(a)] - 706 -Dgu(t). (44
a

Inserting the right hand side of (44) into (42), we obtain (41) and thus the proof is completed.

Theorem 8. Let 0 < a < 1,a € R. Then the equality

“ (Rg;u(t)) — (1— 0)R%u(r) + WRZHM(Q, (45)

holds true.

© 2020 BISKA Bilisim Technology
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Proof. Using the definition of the Caputo-Fabrizio integral and the Riemann-Liouville integral, we obtain

° (Rg;u(t)) = (1— 0)R%u(r) + a/t R® u(t)dr,

I(a)

= (- a)Rgun) + s [ u(@e [[(e—8)

= (1= Rl + o5 [ G0—E) u(E)az

_ (1_a)Rg;u(z)+a/

/ T<r—5>“1u<é>d5]dr

(04

=(1 —aW?M@Hﬁ / (- )1y ag

a

— (1= @RS + [y [ -8 (g as
=(1—o)RGu(r)+ F;OC(;_)I)RZ‘,HM(I),

where we have used

(04

/;(r—é)“ldr _ T

5 Fractional Integral of Caputo-Fabrizio for some elementary functions

In this section we give explicit formulas for fractional integral of Caputo-Fabrizio of the following elementary functions

x

VAl tax+b

XVx24+ax+b, a7

Vxt+ax+b, (48)
1

VAl rax+b’

/X2 +ax+b, (50)

x2

Vx2+ax+b

where a,b € R, such that both are not zero simultaneously, 1 < n € N and C will represent a generic constant. These
formulas will be formulated as propositions. Further it is important to highlight that to obtain these formulas, an intensive
auxiliary calculation work was necessary, which will be presented in the form of lemmas.

Proposition 2.Let be u(x) = x - \/x% + ax + b. Then the Caputo-Fabrizio fractional integral of u(x) is given by

(46)

(49)

61y

IZu(x)=(1—a) ulx)+o- ps(x)+C, (52)

where p4(x) is given as (71).
To proof Proposition 2, we need the following lemmas

Lemma 3.The equality

2n 2n n 2n 2n ztl n
20/ dx = (2 ) " ( - ) c 53
/x \/x +2n+1x+2n+1 * (3n+2) * +2n+1x+2n—|—1 * n+1 + (53)
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holds true

Proof. It is easy to see, after integrating by parts, that

/(x2+ 2n x+ 21 )Q/xz—i— 20 x—i—zindx—x(xz—l— 2n x+27n>
2n+1" 2n+1 n+1" 2n+1 2n+1" 2n+1

1 2
_nt /(zxu”x)yxu
n 2n+1

which is equivalent to

n+l1

/x2</x2+ 2n x4+ 2n dx= —" x(x2—|— 2n x4+ 2n )n—/(2x+2n)</x2+ 2n X+ ——dx
2n+1 n+1 " 3n+2 2n+1 2n+1 2n+1 2n+1 2n+1

Following equalities (18) and (54), we conclude the proof.

Lemma 4. Let a,b € R such that both are not equal to zero . If

o B2+aB +b
 2B+a

and

—a 1 (2n+1)a* —2nb
_ 4 ot ) AR
F=3 +2\/“ T a2

then we have
2n

2n+1

1 1
~(2B+a)=_5(B*+aB+b) =

Proof. We shall prove the first equality of (57), i.e

1 L 5
a(2[3 +a)= E(ﬁ +aPf+b)
Replacing (55) into both sides of (58), we obtain the same result, which is

(2B +a)
B%>+aB+b

To verify the second equality of (57), we take (56) into (59), and we have

4b —d?)
) 2 _ n(
@B+ay==5"
2 B (4b—a*)(1+2n)
Prrab+b="—5"7
Then, combining (60)-(61) with (59), we deduce that
(2B+a)*  n(@b—a®)  2(3n+2) 2n

BX+af+b  3n+2 (4b—a)(1+2n) 2n+1

as required.

n+l1

n

2n

+

m+1  2n+1

dx,

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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Lemma 5. The equality

/(x—ﬁ)zxn/x2+ax+bdx:p3(x)+C (62)

holds true, where

3n+2 n+1
P =5 [ i (D i) P )
o and B are given by (55) and (56), respectively.
Proof. Combining the change of variable
x=at+f (64)

with Lemma 4, we deduce that
/(x—ﬁ)2\"/x2+ax+bdx= a/(at)2(/(at+ﬁ)2+a(at+ﬁ)+bdr
=a*Va / \/t2 —(2B +a)t %(Buaﬁﬂa)dt

2n
_ 3,/ 2
=qa / \/t+2 1 +2 Jrldt (65)

Consequently, we have the assertion (62) with the aid of Lemma 3.

Lemma 6. The equality

/(x+ ﬁnb[}2(3n+2 )mdx n [(x +ax+b) + 7azn;rz<<x—ﬁ)2

(Bn+2)+a(2n+1) B(Bn+2)+a(2n+1) o
) 5 5 n+1 5
n X — n X — n
n _
+2n—|—1( o >+2n+1) ( o n+l>}+c (66)

holds true, where o and B are given by (55) and (56), respectively.

Proof. 1t is easy to see, after integrating by parts, that

n 1 n
/{’/ (x2 + ax+b)"+1dx :x()cz—&-ax—i—b)%I _nt /(2)62 +ax)V/ x* +ax+ bdx.
n

which is equivalent to

/( +2ﬁnb (3n+2)B2 )\/mdx

(Bn+2)+a2n+1)

B nx(x +ax+b)T B 342 ppyE
© 2B(3n+2)+a(2n+1) 2ﬁ(3n+2)+a<2n+1)/( B) m (67)

By (62) and (67), we obtain (66).

Lemma 7. The following statements are equivalents
_ n(6%+a0+b)—B%(3n+2)

(@) 6= 2n[3(3n+;)+(26+a)(2:1+1)’
_ —l(n+)at(6n+4)B]E VAL

(b) 6= u2(3n’f+2) g

where [ is given by (56) and Ay, by

Ay = (n+1)%a® +2(n+1)(6n+4)aB +4nb(3n+2) (68)
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Proof.

_ n-(6*+ab+b)—B*(3n+2)

- 2B(3n+2)+ (20 +a)(2n+1)

o (6n+4)BO+ (4n+2)0% +a(2n+1)0 = n(6*+ab +b) — B*(3n+2)
& (3n+2)0% +[(n+)a+ (6n+4)B)6 + [B>(3n+2) —nb] =0

—[(n+1)a+ (6n+4)B] VA,
2(3n+2)

S0 =

as required.

Lemma 8. The equality

/x\"/xz—l—ax—kbdx: pa(x)+C

holds true, where

2B(3n+2)+ (20 +a)(2n+1)

mt nai x—0-p
+(6% a0 +b) _[2ﬁ(3n+2)+0229+a)(2n+1)}[( Z )2
ntl x—6— n
2n (x—e—ﬁ) 2n } p ( 6-B )

2n+1 o +2n—|—1 o n+1

(x— ) [(x— 0)% + (26 +a)(x—0)

o, B and 0 are given by (55), (56) and (69), respectively.

Proof. From Lemma 7, we deduce that

~ n-(62+ab+b)—B>(3n+2)

0= 2B(3n+2)+ (20 +a)(2n+1)

which is equivalent to
n-(024ab+b)—B*(3n+2)
2B(3n+2)+ (260 +a)(2n+1)

140 =1+

In terms of the change of variable
x=t+80

and (72), we get

/x" x2+ax+bdx:/(t+6){'/z2+(26+a)r+(92+a6+b)dz

/( N n-(6%+ab+b)—B>(3n+2)
2B(3n+2)+ (260 +a)(2n+1)

)(’/t2+ (26 +a)t + (62 +ab + b)dt

which, in conjunction with Lemma 6, we conclude the proof.

We now give the proof of Proposition 2

Proof. Combining definition 1 with the lemma 8, we obtain 52.

X

\n/ xX24ax+b

Proposition 3.Let be u(x) = . Then the Caputo-Fabrizio fractional integral of u(x) is given by

Iu(x) = (1—a)-u(x)+o-pa(x)+C,

(69)

(70)

(71)

(72)

(73)

(74)
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where py(x) is given as (99).
To proof Proposition 3, we need the following lemmas

Lemma 9. The equality

x? n n 2 2n 2n N\
/ =3 () (P g g g) T e
</X2+23f1x+23f1 " " " "
holds true
Proof. 1t is easy to see, after integrating by parts, that
2 2n -l 2 2n N\ a1 27 + 520 x
/\/(x2+2 n1 i) nl) dx_x<x+2 n1 a1 n1 - / o
— n— — n— 2
\/ +2nn1x+2n
which is equivalent to
2 2n N\ 20+ 2y
/ dx:3n2x(x2+2 n1x+2 n1) _3n2/ o
n— n— n— n— n n
x2+2n B \/x + ot g

Combining (17) with (77), equality (75) follows.

Lemma 10. Let a, b € R such that both are not equal to zero. If

B B>+aB +b
~ 2B+4a

and

—a 1 (2n—1)a® —2nb
T 9 Ty 0 o b e
F=3 +2\/“ S

then equalities
2n

2n—1

1 1
L CB+a)=—5(B*+aB+b) =
hold

Proof. We shall prove the first equality of (80), i.e
(B +a)= (B +aB +b)
— a)=— a
a a?

Replacing (78) into both sides of (81), we obtain the same result, which is

(2B +a)?
B%+aP +b

To verify the second equality of (80), we take (79) into (82), and we have

B n(4b —a?)

(2B +a)2 ="3,_7
_ (4b—a*)(2n—1)
B*+af+b= ST

(75)

(76)

(77)

(78)

(79)

(80)

81

(82)

(83)

(84)
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Then, in terms of (83)-(84) and (82), we obtain
(2B+a)> n(@b—a*) 2(3n-2)  2n ®5)
B2+aB+b  3n—2 (4b—a?)2n—1) 2n—1’
as required.
Lemma 11. The equality
(x—B)?
—————dx=p(x)+C (86)
| T artm
holds true, where
3n-2 B\2 ’ B ) n—1 B
no o r/x— n X— n X— n
= n —
Pil®) 3n—2[( a ) +2n—1( a )—'—Zn—l} ( a n—1)’ 87)
o and B are given by (78) and (79), respectively.
Proof. By using the change of variable
c— o+ B (88)
and Lemma 10, we obtain
/ / (at)?
\"/x2+ax+ Y (at+B)2+a(at+B) +
2
t
/ dt
\/tz 2B+a + (B> +aP +b)
— o / dt (89)
v+ 23’11t+ b
By (75) and (88) as well as (89), we conclude the proof.
Lemma 12. The equality
b—B*(3n—2
”2[3(’; g)in(z : 0 n 1
n— a(2n— 2 n=1
dx = x(x”+ax+b)n
/ V2 +ax+b 2[3(311—2)—1—61(2}1—1) ( )
B nai Kx -B )2
2B(3n—2)+a(2n—1)] o
5 5 5 n—1 5
no[/x— n x— n
n — 0
+2n—1( a )+2n—1} ( a n—1)+c ©0)
holds true, where o and 3 are given by (78) and (79), respectively.
Proof. 1t is easy to see, after integrating by parts, that
: -1 -1 (2x% + ax)
U2 +ax+b)—ldx =x(x* +ax+b a / dx, 91
/ ( ) ( ) n Vx2+ax+b
which is equivalent to
x2 + Eax—}— b L
3n—2 3n—2 n 2 n=l
dx = x(x*4+ax+b) 92)
| 32 )
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From (92), we obtain

2n—1 n
2 2 e
Vxt+ax+b (3n-2)
where B is given as (79). In terms of (93), it then follows that
nb— (3n—2)B?
/x 2ﬁ(3n—2)+a(2n—l)dx_ nx(xz—|—ax—|—b)nf;z1 3 3n—2 / (x—B)? dx 04)
Vx2+ax+b 2B(3n—2)4+a(2n—1) 2B(Bn—2)+al2n—1)) V2 +ax+b
Combining (86) with (94), we get the desired equality (90).
Lemma 13. The following statements are equivalents
— n(6%+ab+b)—B>(3n—2)
(@) 6= 2[3((3n73)+(2>6+a)((2n71)’
_ =[(n=Da+(6n—4)BlEVA
(b) 0= [( )112(3<n72)) ] ,
where B is given by (79) and A, by
A= (n—1)2a*+2(n—1)(6n—4)ap +4nb(3n—2) (95)
Proof.
o (0> +ab +b) — B2(3n—2)
~ 2B(3n—2)+(260+a)(2n—1)
& (6n—4)BO+ (4n—2)0%+a(2n—1)6 = n(6> +ab +b) — B>(3n—2)
& (3n—2)0%+[(n—1)a+ (6n—4)B]0 +[B*(3n—2) —nb] =0 (96)
—[(n—1)a+ (6n—4)B]+vA
0= 7
< 2(3n—2) ®7)
as required.
Lemma 14. The equality
X
———————dx=py(x)+C 98
| et ©8)
is valid, where
n
= —0)|(x—0)*+ (26 -6
P = gE T e ra@i—n ¢ Y [(x=0)+ (26 +a)(x~0)
n—1 3n—2
a o x—0—[B\2
0% +ad+b)| " — &
+(67+a0 +b)| [2ﬂ(3n72)+(20+a)(2n71)]K )
n—1
2n x—6-P 2n x—0-—8 n
n _
2n—1( o )+2n—1] ( o n—l)’ ©9)
a, B and 0 are given by (78), (79) and (97), respectively.
Proof. From Lemma 13, we deduce that
(2 _B2(3
g (0°+ab+b)—pB~(3n—-2) (100)

C 2B(3Bn—-2)+(20+a)(2n—1)
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which is equivalent to
(62 +ab+b)—B>(3n—2
r40 =g (0" Fab+b) = (3n=2) (101)
2B(3n—2)+ (260 +a)(2n—1)
Combining the change of variable
x=t+0, (102)
with (101), we deduce that
/ / t+6 dt
\/x2+ax+ V124 (20 +a)t + (62 +ab +b)
(62+a0+b)—B>(3n—2)
. / I+ 2;3 3n—2)+(26+a)(2n—1) (103)
12+ (20 4+ a)t + (02 +ab +b)
By using (90) and (103) as well as (102), we have (98).
We now give the proof of Proposition 3
Proof. Combining definition 1 with the lemma 14, we obtain 74.
Proposition 4. Let be u(x) = V/x2 + ax+ b. Then the Caputo-Fabrizio fractional integral of u(x) is given by
[gu(x) = (1 - @) -u(x) + - [ps(x) = pa(x)] +C, (104)
where ps(x) y ps(x) are given by (71) and (106), respectively.
To proof Proposition 4, we need the following lemmas
Lemma 15. The equality
/(x—l—1)\"/x2+ax—|—bdx:p5(x)+C (105)
holds true, where
(x) = k (x+1-6)[(r+1-6)
PS\) =oBBn+2) + (20 +a—2)2n+ 1)
+(20+a—2)(x+1-0)+(02+(a—2)0+ (b—a+ 1))}
7 noit [<x+l—9—[3)2
2B(B3n+2)+(204+a—2)2n+1)] o
2 1-6-p 2 ntl 1-6-8
n /x+1—-60-— n x+1—-60—
— 106
+2n+1( a ) 2n+1} ( a n—l—l) (106)
o, B and 0 are given by (55), (56) and (69), respectively.
Proof. By using the change of variable
x+1=t 107)
we obtain
/(x+ 1)/ +ax+ bdx = /r(’/ﬂ (a2t + (b—at e (108)

From (70) and (108) as well as (107), we obtain (105). We complete the proof.
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Lemma 16. The equality
/\"/xz—i—ax—i—bdx:ps(x) —pa(x)+C (109)

holds true, where p4(x) and ps(x) are given by (71) and (106), respectively.

Proof. Tt is easy to see that

/\"/x2—|—ax+bdx:/(x—|—1)\"/)62—|—ax—|—bdx—/x\"/x2+ax—|—bdx (110)

By (70) and (105) as well as (110), it is easy to see (109).
We now give the proof of Proposition 4
Proof. Combining definition 1 with the lemma 16, we obtain (104).

Proposition 5.Let be u(x) = V%h Then the Caputo-Fabrizio fractional integral of u(x) is given by
x“+ax+

Lgu(x) = (1= o) -u(x) + ot [pe(x) = pa(x)] + C, (111)

where pa(x) y pe(x) are given by (99) and (113), respectively.
To proof Proposition 5, we need the following lemmas

Lemma 17. The equality
x+1

7ﬁ+ax+bdx:p6(x)+c (112)

is valid, where

Pﬁ(x) = 2B(3n—2)+ (20 +a—2)(2n— 1)(

x+l—9)[(x+1—6)2

n—1

n

+(26+a—2)(x+1—9)+(92+(a—2)6+b—a+1)}

3n=2

B no [(x—i—l—B—B)Z
28(3n—2)+ (26 +a—2)(2n—1)] a
n—
2n (x+1-6-p 2n x+1—-6-0 n
n — 113
2n—1< o )—’_Zn—l} ( o n—l)7 (113)
o, B and 0 are given by (78), (79) and (97), respectively.
Proof. By using the change of variable
x+1=t (114)

we obtain
x+1 t

L
Vx2+ax+b Y4 (a—2)t+(b—a+1)
By using (98) and (115) as well as (114), we deduce (112).

dt (115)

Lemma 18. The equality

" 1
| GErg =) -l +C (116

holds true, where p;(x) and pe(x) are given by (99) and (113), respectively.
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Proof. 1t is easy to see that

/;dx—/ x _* ux 117)
Vx2+ax+b "xz—l—ax—i— Vx24+ax+b

By using (112) and (98) as well as (117), we deduce (116).
We now give the proof of Proposition 5

Proof. Combining definition 1 with the lemma 18, we obtain (111).
2
X

Proposition 6. Let be u(x) = = -
X“+ax+

. Then the Caputo-Fabrizio fractional integral of u(x) is given by

n

Iu(x) = (1—a) u(x)+ o [p1(x) + (2B + B*)p2(x) — B*ps(x)] + C, (118)

where pi(x), p2(x) y pe(x) are given by (87), (99) and (113), respectively.
To proof Proposition 6, we need the following lemma
Lemma 19.The equality
X
— e — p () + (2B +B)pa(x) = BPpe(x) +C. (119)
| Gy = P10+ 2B +B2)pax) — Bpo(v
holds true, where p1(x), p2(x) and pe(x) are given by (87), (99) and (113), respectively.
Proof. 1t is easy to see that
/ [ (x—P)%dx 128 / B2 / X
Vx24ax+b Vx24ax+b v 2+ax+ VX2 tax+b

In terms of (86) and (98) as well as (116), we deduce equality (119).

We now give the proof of Proposition 6.
Proof. Combining definition 1 with the lemma 19, we obtain (118).
Proposition 7.Let be u(x) = x* - \/x2 + ax + b. Then the Caputo-Fabrizio fractional integral of u(x) is given by

Iu(x) = (1= ) -u(x) +a- [p3(x) + (2B + B*)pa(x) — B> - ps(x)] +C, (120)

where p3(x), pa(x) y ps(x) are given by (63), (71) y (106), respectively.
To proof Proposition 7, we need the following lemma

Lemma 20. The equality
2V arrbdx = pa()+ (2B + Bpa(r) — B ps) +C (121

holds true, where p3(x), pa(x) and ps(x) are given by (63), (71) and (106), respectively.

Proof. 1t is easy to see that

/xZ\"/x2+ax+bdx:/(xf[3)2'\n/x2+ax+bdx+2ﬁ-/x~\"/x2+ax+bdxfﬁ2~/\n/x2+ax+bdx

From (62) and (70) as well as (109), equality (121) follows.
We now give the proof of Proposition 7.

Proof. Combining definition 1 with the lemma 20, we obtain (120).
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6 Fractional derivative of Caputo-Fabrizio for some elementary functions

Here, we consider some examples on Caputo-Fabrizio Fractional Derivative

Theorem 9. Let a,b, o0 € R such that 0 < o0 < 1. Then
o+(1-a)b
D = oo (ebt - e_%’eﬁa) .
)b
Proof. From definition 2, we have

't
D% = 7/ e T (=) peb
a

l-o.
b —ale a+1(17;a)ba) .

_ bt
N a+(1—(x)b<e ¢

=

This completes the proof.

Theorem 10. Let a, o € R such that 0 < o < 1. Then the equality

-1 n! n! (t—a)

D% (1 —a) i ﬁ) m_0@+@"uu—ngﬁa—m"%1a

holds.

Proof. We will use the principle of mathematical induction. Let P(n) be

1! i (l—a)l;l n! _ n! (t a)

P(n) =Dt —a)" =) (~1)""!

fart of  (n—i)! ar

For our base case, we need to show P(1) is true, meaning that

o - - a)' 1!
Dalt—a _Z]’ ! a (1)

=

This is trivial, since

-«
T )

o o

1 i—1
vy el - @) 1! PR RN U0 L PP B g2 v a).
=Y ) e ) ) () e

For the inductive step, assume that for some n, P(n) holds, so

k i1 '
s-af = Y- U Bt

kk—i{(l—oc)k l,—15 25 (t— a).
(04
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We need to show that P(n+ 1) holds, meaning that

1 T a /
DY(t—a)t! = T o 7a/a e’m(tﬁ)((s—a)kﬂ) ds

k+1 [t
:%/a e Tal ) (s—a)kds
k+1

= (—a)f - D (1 —a)"

To see this, note that

o
k _ i
= T(t—a)k+X(—1)i(1ai+?) w(t

—i k+1)!
7(1)]( 1+(71)k+1(ak+l)

_k+1 ka1 (=)=t (k+1)!
_T(t_“)ul;(_l)l o (kt1—i)

a

(1—a)fe Tal=a

i

_i k+1)k! _a
_a)k+l l+(_1)k+l( ak+2 (I—Ot)ke =g (t—a)

s (=)= (k1) »
- 1(*1)1 o (k+1—i)!(t*“)k+1
(k+1)!
ak+1

+

_|_(_1)k+1 (l_a)kJrlfle—&(t—a).

Thus P(n+ 1) holds when P(n) is true, so P(n) is true for all natural numbers 7.
Theorem 11. Let n € N, a,a,b € R such that 0 < oo < 1. Then

A0+ 25B1(), n=1

1 (122)
mAn(t)—F lf(XBn(t)’ n>1

[~

D& (t —a)"e" = {

where A;(t), An(t), B1(t) and B,(t) are given by (6), (7), (13) and (14), respectively.

Proof. From definition 2, we have

1 'l g
Dg,(t—a)”eb‘ = ﬂ/a efa(t*'f)[(r_a)nebr]/dr

In terms of (5) and (12), we obtain (122).

7 Conclusion

In this paper author has studied some theoretical properties concerning the Caputo-Fabrizio fractional derivative. Also
composition of fractional operators has been obtained. In the same line it is given explicit formulas for Caputo-Fabrizio
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fractional operators of some elementary functions. To obtain such formulas, an auxiliary calculation in form of lemmas has
been presented. As a future work, author is planning to use the properties presented in this work to analyse the qualitative
properties of some Caputo-Fabrizio ordinary fractional differential equations.
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