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Abstract: In this study, Sinc-collocation method is introduced to obtain an approximate solution of fractional Bratu-type equations with
boundary conditions. Conformable derivative is considered for the fractional derivatives. Two numerical examples are approximately
solved and absolute errors are presented in tables. The results showed that the method is a very efficient to obtain approximate solutions
of fractional Bratu-type equations with conformable derivative.
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1 Introduction

Sinc methods have been recognized as powerful tools for handling problems encountered in scientific and engineering
applications. There are several advantages to use approximations based on Sinc methods. Firstly, they are
well-established that they are characterized by exponentially decaying errors. Secondly, they are easily implemented and
give good accuracy for problems with singularities. Finally, these kinds of approximation give both an effective and
quickly convergent scheme for solving the problem and overreaches the instability problems that one mostly confronts in
some difference methods. In particular Sinc collocation method can be summarized as follows: The solution function is
expanded to a finite series in terms of composite translated sinc functions and some unknown coefficients. These
unknown coefficients are determined by Sinc collocation method. For detailed information on Sinc-collocation method,
we refer the reader the papers [1,2].

Khalil et al.[3] introduced a new definition of fractional derivative called the conformable fractional derivative. For a
detailed overview of the conformable fractional derivative and applications, we refer the reader to [4,5] and references
therein.

Particularly, in this study, we apply the sinc-collocation method to the one-dimensional fractional planar Bratu-type
problem in the following form

y(α)(x)+µey(x) = 0;y(0) = 0,y(1) = 0 (1)

where y(α) is the conformable fractional derivative for 1 < α ≤ 2.

Approximate solutions of the equation (1) based on Riemann-Liouville and Caputo derivatives has been studied in
several articles with various numerical methods. However, in this paper, we focus on the Sinc collocation method to
obtain the approximate solution of the equation (1) based on the conformable fractional derivative.
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The paper organized as follows. In section 2, we have given some definition and theorems for conformable fractional
calculus. In section 3, Sinc-collocation method is presented. In section 4, error estimate for the solution is given. In
section 5, two test problems have been given to show the abilities of the methods. Finally, in section 6, we have
completed the paper with a conclusion.

2 Preliminaries

Definition 1. Let α ∈ (n,n+1], and f be an n− differentiable function at t, where t > 0. Then the conformable fractional
derivative of f of order α is defined as

Tα( f )(t) = lim
ε→0

f (dαe−1)(t + εt(dαe−α))− f (dαe−1)(t)
ε

(2)

where dαe is the smallest integer greater than or equal to α .

Remark.As a consequence of Definition1, one can easily show that

Tα ( f )(t) = t(dαe−α) f dαe (t)

where α ∈ (n,n+1], and f is (n+1)differentiable at t > 0.

Theorem 1. Let α ∈ (n,n+1] and f ;g be α−differentiable at a point t > 0.Then

(1) Tα (a f +bg) = aTα ( f )+bTα (g) , for all a,b ∈ R.
(2) Tα (t p) = pt p−α , for all p ∈ R
(3) Tα (λ ) = 0, for all constant functions f (t) = λ .

(4) Tα ( f g) = f Tα (g)+gTα ( f ) .
(5) Tα

(
f
g

)
= gTα ( f )+ f Tα (g)

g2 .

Definition 2. The Sinc function is defined on the whole real line −∞ < x < ∞ by

sinc(x) =

{
sin(πx)

πx , x 6= 0
1, x = 0.

Definition 3. For h > 0 and k = 0,±1,±2, ... the translated sinc function with space node are given by:

S(k,h)(x) = sinc
(x− kh

h

)
=


sin
(

π
x−kh

h

)
π

x−kh
h

, x 6= kh

1, x = kh.

To construct approximation on the interval (a,b) the conformal map

φ(z) = ln
( z−a

b− z

)
is employed. The basis functions on the interval (a,b) are derived from the composite translated sinc functions

Sk(z) = S(k,h)(z)◦φ(z) = sinc
(

φ(z)− kh
h

)
.

The inverse map of w = φ(z) is

z = φ
−1(w) =

a+bew

1+ ew .
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The sinc grid points zk ∈ (a,b) will be denoted by xk because they are real. For the evenly spaced nodes {kh}∞
k=−∞

on the
real line, the image which corresponds to these nodes is denoted by

xk = φ
−1(kh) =

a+bekh

1+ ekh , k = 0,±1,±2, ...

Definition 4. An open set S ⊆ C is called connected if it cannot be written as the union of two disjoint open sets A and B
such that both A and B intersect S. An open set S⊆C is called simply connected if C\S, where C is the extended complex
plane denoted C∪{∞}, is connected.

Definition 5. Let DE be a simply connected domain in the complex plane C, and let ∂DE denote the boundary of DE . Let
a,b be points on ∂DE and φ be a conformal map DE onto DS such that φ(a) = −∞ and φ(b) = ∞. If the inverse map of
φ is denoted by ϕ , define

Γ = {φ−1(u) ∈ DE :−∞ < u < ∞}

and zk = ϕ(kh),k = 0,±1,±2, ...

Definition 6. Let B(DE) be the class of functions F that are analytic in DE and satisfy∫
ψ(L+u)

|F(z)|dz→,asu =∓∞,

where
L =

{
iy : |y|< d ≤ π

2

}
,

and those on the boundary of DE satisfy

T (F) =
∫

∂DE

|F(z)dz|< ∞.

Theorem 2. Let Γ be (0,1),F ∈ B(DE), then for h > 0 sufficiently small,

∫
Γ

F(z)dz−h
∞

∑
j=−∞

F(z j)

φ ′(z j)
=

i
2

∫
∂D

F(z)k(φ ,h)(z)
sin(πφ(z)/h)

dz≡ IF (3)

where
|k(φ ,h)|z∈∂D =

∣∣∣e[ iπφ(z)
h sgn(Imφ(z))

]∣∣∣
z∈∂D

= e
−πd

h .

For the sinc methods, the infinite quadrature rule must be truncated to a finite sum. The following theorem indicates the
conditions under which an exponential convergence results.

Theorem 3. If there exist positive constants α,β and C such that

∣∣∣ F(x)
φ ′(x)

∣∣∣≤C

{
e−α|φ(x)|, x ∈ ψ((−∞,∞))

e−β |φ(x)|, x ∈ ψ((0,∞)).
(4)

then the error bound for the quadrature rule (3) is

∣∣∣∫
Γ

F(x)dx−h
N

∑
j=−M

F(x j)

φ ′(x j)

∣∣∣≤C
(e−αMh

α
+

e−βNh

β

)
+ |IF | (5)
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The infinite sum in (3) is truncated with the use of (4) to arrive at the inequality (5). Making the selections

h =

√
πd
αM

and
N ≡

[⌊
αM
β

+1
⌋]

where [b.c] is an integer part of the statement and M is the integer value which specifies the grid size, then

∫
Γ

F(x)dx = h
N

∑
j=−M

F(x j)

φ ′(x j)
+O

(
e−(παdM)1/2

)
. (6)

Lemma 1. [6] Let φ be the conformal one-to-one mapping of the simply connected domain DE onto DS. Then

δ
(0)
jk = [S( j,h)oφ(x)]|x=xk

{
1, j = k
0, j 6= k.

δ
(1)
jk = h

d
dφ

[S( j,h)oφ(x)]
∣∣∣
x=xk

{
0, j = k
(−1)k− j

k− j , j 6= k.

δ
(2)
jk = h2 d2

dφ 2 [S( j,h)oφ(x)]
∣∣∣
x=xk

{
−π2

3 , j = k
−2(−1)k− j

(k− j)2 , j 6= k.

3 The sinc-collocation method

Let us assume an approximate solution for y(x) in Eq.(1) by finite expansion of sinc basis functions for as follows;

yn(x) =
N

∑
k=−M

ckSk(x), n = M+N +1 (7)

where Sk(x) is the function S(k,h) ◦ φ(x). Here, the unknown coefficients ck in (7) are determined by sinc-collocation
method via the following theorems.

Theorem 4. [7] The conformable fractional derivative of order α of yn(x) for 1 < α ≤ 2 is given by

y(α)
n (x) =

N

∑
k=−M

ckx2−α

(
φ
′′(x)

d
dφ

Sk(x)+(φ ′(x))2 d2

dφ 2 Sk(x)
)

(8)

Proof. We may write the conformable fractional derivative of order α of yn(x) in (7) as

y(α)
n (x) =

N

∑
k=−M

ckS(α)
k (x). (9)

By using Remark 1, we have
S(α)

k (x) = x2−α S′′k (x).

Then by Eq.(9), we get the desired result

y(α)
n (x) =

N

∑
k=−M

ckx2−α

(
φ
′′(x)

d
dφ

Sk(x)+(φ ′(x))2 d2

dφ 2 Sk(x)
)
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Replacing each term of (1) with the approximation given in (7)-(8), multiplying the resulting equation by {(1/φ ′)2}, then
setting x = x j, we obtain the following theorem.

Theorem 5. If the assumed approximate solution of boundary value problem (1) is (7), then the discrete sinc-collocation
system for the determination of the unknown coefficients {ck}N

k=−M is given by

N

∑
k=−M

[
ck

{ 1
h2 δ

(2)
jk [φ ′(x j)]

2− 1
h

δ
(1)
jk φ

′′(x j)
}
(x j)

2−α

]
+µec j = 0 j =−M, ...,N. (10)

4 Error estimate for the Solution

In this section, we summarize an error estimation given in [8] to check the accuracy of the proposed method. Let yn(x) is
an approximate solution to Equation (1). Assume that yn(x) and its conformable derivative are substituted into Equation
(1), then the obtained equations should satisfy approximately, in short,

E(xr) = |y(α)
n (xr)+ eyn(xr)| ∼= 0

for x = xr, xr ∈ [0,1].

5 Computational examples

Here we give two numerical examples to illustrate the accuracy of the proposed method.

5.1 Example

Consider fractional planar Bratu-type problem in the following form

y(α)(x)+ ey(x) = 0

subject to the homogeneous boundary conditions

y(0) = y(1) = 0

Absolute errors for this problem when α = 1.2 are given in Table 1. Also, the numerical solutions which are obtained
by using the present method for N = 64 and different values of α are presented in Table 2. In table 3, absolute errors
and numerical results for N = 64 and α = 2 are given. The graphs of approximate solutions for different values of α are
given in Figure 1. Graphs in Figure 1 show that when α approaches to 2, the corresponding solutions of fractional order
differential equation approach to the solutions of integer order differential equation.

5.2 Example

Consider fractional Bratu-type problem in the following form

y(α)(x)−2πey(x) = 0
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Table 1: Absolute errors for Example 1 for different values of N when α = 1.2

x N = 16 N = 32 N = 64 N = 128
0.0 0.0 0.0 0.0 0.0
0.2 1.827×10−4 2.713×10−6 7.957×10−8 1.826×10−8

0.4 1.046×10−4 3.146×10−7 1.489×10−7 3.507×10−8

0.6 1.347×10−4 5.984×10−7 1.188×10−7 2.345×10−8

0.8 4.272×10−4 6.251×10−6 2.625×10−8 6.042×10−9

1.0 0.0 0.0 0.0 0.0

Table 2: Absolute errors for Example 1 for N = 64 and different values of α

x α = 1.2 α = 1.4 α = 1.6 α = 1.8
0.0 0.0 0.0 0.0 0.0
0.2 8.604×10−9 6.970×10−9 6.616×10−9 3.517×10−9

0.4 7.237×10−9 1.090×10−8 1.444×10−8 8.914×10−10

0.6 2.248×10−8 1.504×10−8 1.519×10−8 9.279×10−9

0.8 3.645×10−9 4.043×10−9 5.009×10−9 3.665×10−9

1.0 0.0 0.0 0.0 0.0

Table 3: Absolute errors and numerical results for Example 1 for N = 64 and α = 2

x Numerical results Absolute Errors
0.0 0.0 0.0
0.2 0.08918 9.110×10−9

0.4 0.13479 9.578×10−9

0.6 0.13479 9.577×10−9

0.8 0.08918 9.110×10−9

1.0 0.0 0.0

0.2 0.4 0.6 0.8 1.0

0.1

0.2

0.3

0.4

Exact

α=2.0

α=1.8

α=1.6

α=1.4

α=1.2

Fig. 1: Graphs of exact and approximate solutions for different values of α for Example 1

© 2019 BISKA Bilisim Technology



NTMSCI 7, No. 4, 495-502 (2019) / www.ntmsci.com 501

Table 4: Absolute errors for Example 2 for different values of N when α = 1.8

x N = 16 N = 32 N = 64 N = 128
0.0 0.0 0.0 0.0 0.0
0.2 1.718×10−4 3.834×10−6 3.404×10−10 3.399×10−10

0.4 5.779×10−5 1.786×10−7 2.172×10−9 8.427×10−10

0.6 5.537×10−5 1.744×10−7 4.056×10−9 8.027×10−10

0.8 1.352×10−4 3.155×10−6 3.858×10−9 3.530×10−10

1.0 0.0 0.0 0.0 0.0

Table 5: Absolute errors for Example 2 for N = 64 and different values of α

x α = 1.2 α = 1.4 α = 1.6 α = 1.8
0.0 0.0 0.0 0.0 0.0
0.2 4.885×10−8 1.384×10−8 7.981×10−9 1.559×10−9

0.4 4.445×10−8 1.391×10−8 9.746×10−9 6.606×10−10

0.6 1.285×10−7 4.946×10−8 2.401×10−8 6.554×10−9

0.8 2.680×10−8 1.437×10−8 9.076×10−9 4.754×10−9

1.0 0.0 0.0 0.0 0.0

0.2 0.4 0.6 0.8 1.0

-0.8

-0.6

-0.4

-0.2

α=1.8

α=1.6

α=1.4

α=1.2

Fig. 2: Graphs of approximate solutions for different values of α for Example 2

subject to the homogeneous boundary conditions

y(0) = y(1) = 0

Absolute errors for this problem when α = 1.8 are given in Table 4. Also, the numerical solutions which are obtained
by using the present method for N = 64 and different values of α are presented in Table 5. The graphs of approximate
solutions for different values of α are presented in Figure 2.
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6 Conclusion

In this paper, sinc-collocation method is applied to obtain an approximate solution of fractional Bratu-type equations
with boundary conditions. Conformable derivative is considered for the fractional derivatives. Two test problems are
approximately solved and absolute errors are presented. The numerical results showed that the method is a powerful tool
for solving fractional Bratu-type equations, approximately.
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