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Abstract: In this article, we establish some common fixed point theorems for multi-valued mappings satisfying g-weak compatible F-
contraction conditions in complete partial metric spaces. These theorems generalize many previously obtained fixed point results. Also
a example is given to illustrate the main theorems.
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1 Introduction

In 1922 Banach [5], introduced the famous fundamental fixed point theorem, also known as the Banach contraction
principle. The Banach contraction principle is the simplest and one of the most adaptable elementary results in fixed
point theory. Throughout the years, several extensions and generalizations of this principle have appeared in the
literature. Matthews [15], introduced the partial metric spaces and presented a fixed point theorem on partial metric
space. Following this various fixed point results were proved in these spaces, for more details,[1,4,7,8,9,10,12,13, 14].

In the other part Wardowski [20], indicated the concept of a F-contraction mapping and investigated the existence of
fixed points for such mappings. Consistent with Wardowski, we represented the .# set of all functions, F : Ry — R
satisfying the following cases:

(F1) F is strictly increasing. Thatis, @ < f = F(a) < F(B) forall a, 8 € R
(F2) For every sequence {0, }nen in Ry we have lim,, . &, = 0 if and only if lim, . F(0t,) = —co
(F3) There exists a number k € (0, 1) such that limy,_,o+ ¢*F (o) = 0.

The conclusions of Wardowski became the new attention of several authors (see [11, 16]).
Recently, Nadler [17], introduced the notion of multi-valued contraction mapping and proved well known Banach

contraction principle. Many authors followed Nadler’s idea and gave their contributions in that sense, see for example [3,
4]. Aydi at al., [4] proved the Banach type fixed point results for set valued mapping in partial metric spaces.

Now, consistent with Aydi et al. [4], we state the following: Let (X, p) be partial metric space. We shall denote CB” (X)
the family of all nonempty closed bounded subsets of X.
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We recall that partial Hausdorff metric induced by a partial metric on a set X is given by

HP(A7B) = max {supp(x,B), Supp(yaA)}
B

xXEA ye

for every A,B € CBP(X), where p(x,B) = inf{p(x,y) : y € B}, §,(A,B) = sup{p(x,B) : x € A}, CB”(X) is the collection
of the closed and bounded subsets of X and K (X) the family of all nonempty compact subsets of X. Our results is related
to mappings T : X — K?(X). Then, we will use the following lemma.

Lemma 1. [2]. Let (X, p) partial metric spaces and A compact subsets of X. Then, for x € X, there exists a € A such that
p(x,a) = p(x,A).

Lemma 2. [4]. Let A and B be nonempty closed and bounded subsets of a partial metric space and h > 1. Then, for all
a € A, there exists b € B such that

pla,b) < hH,(A,B).

Lemma 3. Let A and B be nonempty closed and bounded subsets of a partial metric space. Then, For any a € A,

p(a,B) < H,(A,B).
Below, we briefly mention a number of fundamental definitions.

Definition 1. [15]. A partial metric on a nonempty set X is a function p : X x X — R (nonnegative reals) such that, for
all x,y,z € X:

(pl) x=y < p(x,x) = p(x,y) = p(y,y) (To-separation axiom),

(P2) p(x,x) < p(x,y) (small self-distance axiom),

(P3) p(x,y) = p(y,x) (symmetry),

(P4 p(x,y) < p(x,2) + p(z,y) — p(z,2) (modified triangular inequality).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X. It is clear that
if p(x,y) =0, then, from (pl) and (p2), x =y. But if x =y, p(x,y) may not be 0. A basic example of a partial metric
space is the pair (R, p), where p(x,y) = max{x,y} for all x,y € R". For another example, let I denote the set of
all closed intervals [a,b] for any real numbers a < b. Let p : I x I — R™ be the function such that p(|a,b],[c,d]) =

max{b,d} —min{a,c}. Then (I, p) is a partial metric space. Other examples of partial metric space which are interesting
Jfrom a computational point of view may be found in [6,15].

Each partial metric p on X generates a Ty topology 7, on X which has a base as the family open p-balls
{Bp(x,€):x € X,e >0},
where
By(x,e) ={y€X:p(x,y) <plx.x) +e},
forallx € X and € > 0.

Lemma 4. [15]. Lez (X, p) be a complete partial metric space. Then,

(A) If p(x,y) =0, then x =y.
(B) Ifx #Yy, then p(x,y) > 0.
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Example 1. [13,19]. Let (X, d) and (X, p) be a metric space and a partial metric space, respectively. Functions p: X x X —
R*(i € {1,2,3}) given by

(®) pi(x,y) =d(x,y)+ p(x,y),
(®) p2(x,y) = d(x,y) +max{u(x),u(y)},
(.) PS(xa)’) = d(xay) +a,

define partial metrics on X, where u : X — R is an arbitrary function and a > 0.

Definition 2. [15]. Let (X, p) be a partial metric space. Then,

(i) a sequence {x,} in a partial metric space (X,p) converges with respect to T, to a point x € X if
plx.) = lim plx.x,),
(i) a sequence {x,} in a partial metric space (X, p) is called a Cauchy sequence if there exists lim p(x,,x,) (and is
n,m—yoo

finite),
(iil) a partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X converges to a point x € X;
that is, p(x,x) = lim p(x,,Xp).
n,m—yoo

We present an extension of the notion of f-weak compatibility of Pathak [18] on metric space in partial metric space.

Definition 3. Ler (X, p) be partial metric space. The mapping g : X — X and T : X — CBP(X) are g-weak compatible iff
gTx € CBP(X) for all x € X and the following limits exists and satisfy

() 1imy oo Hp (8T Xn, T gxy) < 1imy,_yoo Hy (T g, TXp),
(i) lim;, e p(ngn , gxn) < limy e Hp (Tgxn y Txn );

whenever {x,} is a sequence X such that Tx, — M € CB?(X) and gx, — 7 € M.

2 Main results

In this section, we give some common fixed point theorems using g-weak compatible F contractive of multi-valued
mappings in partial metric space.

Definition 4. Ler (X, p) be a complete partial metric space, g: X — X and T : X — KP(X) be g-weak compatible 1. type
F- contraction mappings, if there exists T > 0 such that;

%p(gx, Tx) < p(gx,gy) (1
then
T+ F(Hy(Tx,Ty)) < F(p(8x,8y)) 2
forall x,y € X.

Theorem 1. Let (X, p) be a complete partial metric space and g, T g-weak compatible 1. type F- contraction continuous
mappings. Then there exists a point 7 € X such that gz € Tz.

Proof. Let xo be an arbitrary point of X and choose x; € X such that gx; € Txg. This is possible since Txp C g(X). In
general, having chosen x,, € X we choose x,,4| € X, so that y, = gx,+1 € Tx,. Suppose that there exists n € N for which
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Yn = Yn+1. We obtain gx, € Tx, and so the proof is complete. Now assume that n € N for which y,, # v, ;1. Since Tx is
compact, from Lemma 1 we obtain that yy € Txp such that p(gxo,yo) = p(gxo,Txp) > 0. This implies that

%p(gm Txo) < p(gx0,8x1) ©)
From Lemma 3 and condition (F'1), we have
F(p(gx1,Tx1)) < F(Hp(Txo,Tx1))
By the hypothesis of the theorem, we obtain,
T+F(p(gx1,Tx1)) < T+ F(Hy(Txo,Tx1)) < F(p(gxo,8x1))- “)
Also, since gx; € Txg and gx, € Tx1, we obtain

T+ F(p(gx1,8x2)) < F(p(gx0,8x1))-

Moreover, gx,,+1 € Tx, we obtain

1
5 P(8%n, Txn) < p(8n; 841
for all n € N and from (F1) and Lemma 3, we obtain
F(p(gxn,Txn)) < F(Hp(Txy—1,Txy))
for all n € N. Since (2), we get

T+F(p(gxn,Txn)) < T"‘F(Hp(Txnfl»Txn)) < F(p(gxnflvgxn)%

F(p(gxn,8xn11)) < F(p(gxn—1,8%n)) — T < F(p(gxn—2,8%n-1)) — 27
< F(p(gxn—3,8%n—2)) —37--- < F(p(gxo,8x1)) —nt.

Thus, we have
F(p(8xn,8xnt1)) < F(p(gxo,8x1)) —nt &)

forn=1,2,.... Lett, = p(gx,gxn+1), we get

lim F(p(gxnvgxn+l)) = r}gl;loF([n) = —o0,

n—soo

Hence, from (F2), we obtain lim p(gx,,gx,.1) = 0. Since (F3) , there exists k € (0,1) such that lim,_,..t*F(z,) = 0.
n—so0
Using (5), we have

t*F(1,) —t*F (1) < —t*nt <0. (6)

(© 2019 BISKA Bilisim Technology
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Letting n — oo, we get

lim rfn = 0. (7
n—oo

There exist for all n > n; and n; € N such that t,’fn < 1. Thus, we have
1
(n)

Now, we show that {gx, } is a Cauchy sequence. For any m,n € N with m > n > n;, we get

tn < ®)

—

P(8%n,8%m) <p(gxn, 8Xn11) + P(8Xn+1,8%n12) + -+ + P(8Xm—1,8%m)
— [P(8Xn+1,8%n+1) + P(8Xn+2,8Xn42) + .. + P(8Xm—1,8%m—1)]

1
i=n i=n i=n 1k

Letting n — o, we have p(gx,,gx,) — 0. Thus, {gx,} sequence is a Cauchy sequence. Also, by the completeness of
(X, p) there exists z € X such that

p(z,2) = lim p(gxn,z) = lim p(gxn, gxm) = 0.

T F(Hy (T, 1,Tx)) < F(plga1,83).

These imply that {7'x, } is a Cauchy sequence in the complete partial metric space (K”(X),H,). Thus, let
Tx, — M € KP(X). Now we have

p(z,M) < p(z,8%) + p(8%n, M) — p(8xn, 8Xn)
p

IN

(z,8%n) +p(Txy—1,M) =0 (as n— oo).
Since M is closed, we obtain z € M. g-weak compatibility and the continuity of g and 7 implies that

Hp(gMa TZ) SHP(TZ7M)> (9)

p(gz,2) <Hp(Tz,M). (10)
Now we have

p(82,Tz) <p(gz,88%n+1) + P(88%n+1,T2) — P(88Xn+1,88%n+1)
<p(gz,88%n+1) +Hy(gTxn, T2)
Sp(gz,ggxn+1) +Hp (ngna Tgxn) + Hp(Tgxm TZ) - .}lf {P(ZaZ)}-

zel gxp

Letting n — oo in the above inequality, we obtain

p(gz,Tz) <Hy(Tz,M).
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Now using (2), we have
T+ F(Hp(Tx4,T2)) < F(p(8%n,82))-
Letting n — o= in the above inequality, we obtain
T+F(Hy(M,Tz)) < F(p(z,82))-
Using (10) and (F 1), we obtain
T+ F(H,(M,T2)) < F(p(2.g2)) < F(Hy(T2,M)).

Since T > 0, we obtain H,(Tz,M) = 0. Then p(gz,Tz) =0, gz € Tz since T closed.

Corollary 1. Let (X, p) be a complete partial metric space and T : X — KP(X) be F - contraction mappings, if there exists
T > 0 such that;

1
Ep(x, Tx) < p(x,y) (11)

then

T+F(Hy(Tx,Ty)) < F(p(x.y)) (12)
forall x,y € X.

Definition 5. Let (X, p) be a complete partial metric space, g: X — X and T : X — KP(X) be g-weak compatible 2. type
F- contraction mappings, if there exists T > 0 such that;

1
Ep(gx, Tx) < p(gx,gy) (13)

then

T+F(Hy(Tx,Ty)) < oF (p(gx,8y)) + BF (p(gx,Tx)) + vF (p(8y,Ty)) (14)
for all x,y € X where o, € (0,1] are real numbers such that0 <y<land o+ +7y=1.

Theorem 2. Let (X, p) be a complete partial metric space and g, T g-weak compatible 2. type F- contraction continuous
mappings. Then there exists a point z € X such that gz € Tz.

Proof. Let xy be an arbitrary point of X and choose x; € X such that gx; € Txy. This is possible since Txo C g(X). In
general, having chosen x, € X we choose x,,+1 € X, so that y, = gx,+1 € Tx,. Suppose that there exists n € N for which
Yn = Yn+1. We obtain gx, € Tx, and so the proof is complete. Now assume that n € N for which y,, # v, ;1. Since Txy is
compact, from Lemma 1, we obtain that yg € Tx( such that p(gxo,yo) = p(gxo,Tx) > 0. This implies that

1
Ep(ng,Txo) < p(gxo,8x1) (15)

From Lemma 3 and condition (F'1), we have

F(p(gx1,Tx1)) < F(Hp(Tx0,Tx1))

(© 2019 BISKA Bilisim Technology
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By the hypothesis of the theorem, we obtain,
T+ F(p(gx1, Tx1)) < T+ F(Hy(Txo, Tx1)) < aF (p(gx0,8x1)) + BF (p(gx0, Tx0)) + vF (p(gx1,Tx1)).  (16)
Also, since gx; € Txg and gx; € Tx;, we obtain
T+ F(p(gx1,8x2)) < aF (p(gxo,8x1)) + BF (p(gxo,gx1)) + ¥F (p(gx1,8%2))
and
T+ (1 =7)F(p(gx1,8x2)) < (@ + B)F (p(gx0,8x1))-

Since a+ B+ 7 =1, we get

T
o+ p

F(p(gx1,8x2)) < F(p(gxo,8x1)) — a7)

Moreover, gx,+1 € Tx, we obtain

1
5 P(8%n, Txn) < P8, 8un+1)
for all n € N. From (F1) and Lemma 3, we obtain
F(p(gxn,Txy)) < F(Hp(Txp—1,Txn))
for all n € N. Since (14), we get
T+F(p(gxn, Tx,)) < T+ F(Hp(Txp—1,Tx,)) < &F (p(8Xn—1,8%1)) + BF (p(8%n—1,Txn—1)) + YF (p(8Xn, TXn)),
and

T+ (1 = 7)F (p(8%n, 8%n+1)) < (0t + B)F (p(gxn—1,8%n))

v
oa+p
2T

oa+p
37

o+p

F(p(g¥n,8%n11)) <F(p(g¥n—1,8%)) —

<F(p(gxn—2,8%n—1)) —

SF(p(gxnf?) ; gxn72)) -

nt
o+pB

<F(p(gxo,8x1)) —

Thus, we have

F(p(8xn,8xn+1)) < F(p(gx0,8%1)) — (18)

o+p
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forn=1,2,....Lett, = p(gxn,gxn+1), we get

lim F(p(gxnvgle»l)) = r}gloloF(tn) = —oo,

n—yoo

Hence, from (F2), we obtain lim p(gx,,gx,:1) = 0. Since (F3) , there exists k € (0,1) such that lim,_..t*F(,) = 0.
n—soo
Using (18), we have

tF (1) — 1 F (1) < —t* a’f 5 <0 (19)
Letting n — oo, we get
Jil‘l’ﬁaiﬁ =0. (20)
There exist for all n > n; and n; € N such that t,’f aiﬁ < 1. Thus, we have
< — e

Now, we show that {gx, } is a Cauchy sequence. For any m,n € N with m > n > nj, we get

p(gxmgxm) Sp(gxmgxn+1) +p(gxn+1 agxn+2) + - +p(gx1n—1 agxm)
— [P(gXny1,8%n11) + P(g¥nt2,8%n12) + .o+ P(8Xm—1,8%m—1)]

m—1 oo o
=ttt = Y H< Y <Y

1
i=n i=n i=n 1k

Letting n — oo, we have p(gx,,gxn) — 0. Thus, {gx,} sequence is a Cauchy sequence. Also, by the completeness of
(X, p) there exists z € X such that

p(z,z) = lim p(gx,,z) = lim p(gx,,gxm)=0.
n—oo n,m—roo

T+ F(Hp(Txn—1,Txn)) < &F (p(8xn—1,8%)) + BF (p(8%n-1,8%)) + VF (P(8Xn; 8%n+1))-

These imply that {T'x, } is a Cauchy sequence in the complete partial metric space (K”(X),H,). Thus, let
Tx, — M € KP(X). Now we have

p(2,M) < p(z,8%n) + p(gxn, M) — p(gxn, 8%n) < p(2,8%n) + p(Txn—1,M) =0 (as n— o).
Since M is closed, we obtain z € M. g-weak compatibility and the continuity of g and 7 implies that

H,(gM,Tz) < H,(Tz,M), (22)

p(82,2) <Hy(Tz,M). (23)
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Now we have

p(82,Tz) <p(gz,88%n+1) + P(88%n+1,T2) — P(88%n+1,88%n+1)
<p(gz,88%n+1) +Hp(8Txn,T2)
<p(gz,88%n+1) +Hy(8Txn, Tgxy) +Hy (T gx,,T27) — o {p(z,2)}-

cT gx,

Letting n — oo in the above inequality, we obtain
p(gz,Tz) < Hy(Tz,M).

Now using (14), we have

T+ F(Hy(Txy,Tz)) <0F (p(gxn,82)) + BF (p(gxn, Txn)) + YF (p(82,T2)),
T+ F(Hy(M,Tz)) <aF(p(z,82)) + BF (p(z,M)) + YF (p(gz,Tz)),
T+ F(Hy(M,Tz)) <(o+7)F(Hp(Tz,M)).

Since 7 >0, and &+ y < 1, we obtain H,(Tz,M) = 0. Then p(gz,Tz) =0, gz € Tz since T closed.

Corollary 2. Let (X, p) be a complete partial metric space and T : X — KP (X)) be F- contraction mappings, if there exists
T > 0 such that;

2P(6T0) < pl,y) 4
then
T+F(Hp(Tx,Ty)) < aF(p(x,y)) + BF(p(x,Tx)) + vF (p(y,Ty)) (25)

Sforall x,y € X where o, B € (0,1] are real numbers such that0 <y<land a+p+7y=1.

Example 2. Let X = [0,0) and define p : X x X — RY by (X,p) be a partial metric space where
p(x,y) = |x — y| + max{x,y} for all x,y € X. Then (X, p) is a complete partial metric space. We define g : X — X,
T : X — KP(X) a multivalued mapping where gx = x and T (x) = [0, ] for all x € X. Let F(«) = fé, andy =g € T(x)
for all x € X. Then, we have,

a7 [og]) <r(e5)

5 (|- [o H+max{[ H) (=gl #max{=5})

<x+ L
8
that is, in (1) is satisfied.

Now, we may to show that satisfying in (2) of the Theorem 1.

T+ F(Hp(Tx,Ty)) < F(p(gx,8y))

1 1
T— <-— (26)
H,(Tx,Ty) p(gx,8y)

(© 2019 BISKA Bilisim Technology
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=y (53], o &) =men (3 (03], 1) (0.2 b2])}

Then, we have

m

% ([0.5):[0.gal) =se{r (o 0.5 ) -

Here, let a [ %J then supp(a, [0, 64}) = 0. Also, let a € [ } \ [ ,
8, ([0,].0,5]) =sup{p(b.[0,%]) : b€ [0,&]} =0. Also, we have &, ([

o)

} then supp( [0,6’2}) = 7*. Hence,
21,[0,%]) = Z. Therefore,

Tx
H,(Tx,Ty) = maX{O 64} =
Also, we have,
X X Tx 15x
p(gx,gy) = |x—y|+max{x,y} = ‘x— g’ + max{x, g} =3 +x= e

also using (26), we obtain

1
TS% ™ T
64 8

64 8 904
< J—

TS T 15x 105k

Obviously, this is satisfying the condition of Theorem 1.
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