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Abstract: Let (M,g)be a Riemannian manifold and T (M) its tangent bundle with the horizontal lift H∇ of the affine connection ∇ of
M. The aims of the present paper are to study conditions of infinitesimal affine transformation for vertical and horizontal vector fields
in the tangent bundle and to give necessary conditions for vertical, complete and horizontal vector fields in the tangent bundle to be a
harmonic vector fields with respect to the horizontal lift H∇ of the affine connection ∇ of M.
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1 Introduction

The theory of infinitesimal transformations was first given by Sophus Lie in [13]. In this work, he defined Lie groups and
their accompanying Lie algebras and the identification of their role in geometry and especially the theory of differential
equations. Afterwards, the term ”Lie Algebra” as known the algebra of infinitesimal transformations of a Lie group was
introduced in 1934 by Hermann Weyl. The problems of determining an infinitesimal affine transformation on M and
T (M) have been considered by several authors. Yano and Ishihara, in [15], investigated an infinitesimal affine
transformations on T (M) with respect to the complete lift connection C∇. Hasegawa and Yamauchi, in [11], are
improved the fiber-preserving hypothesis for non-affine infinitesimal projective transformations with horizontal lift
connection.

Gezer and Akbulut, in [8] and [9], also studied infinitesimal affine transformations, geodesics and Killing vector fields on
T (M ) with respect to the horizontal lift connectionsH∇. Akbulut and Salimov, in [3], investigated infinitesimal affine
transformations on T (M) with respect to synectic lift connection s∇. Similarly, Gezer and Akbulut, in [10], studied
geodesics and Killing vector fields on T (M ) with respect to the Synectic lift connections s∇.

Investigation on harmonic vector fields is a topic which was studied when the tangent bundle is equipped with the II,
I + II, Sasaki metric and g-natural metrics ([1], [2],[4],[5],[7],[12],[15]). Bejan and Duruta, in [4] and [5], studied the
harmonic almost complex structure and harmonic connections with respect to the genaral natural metrics. Abbasi,
Calvaruso and Perrone, in [1] and [2], investigated harmonicity of unit vector fields and harmonic sections of tangent
bundle with respect to Riemannian g- natural metrics. Similirly, Dragomir and Perrone, in [7], also studied harmonic
vector fields.

The plan of the paper is as follows: In Section 2.1 we outline the necessary theory of tangent bundle to be applied later in
the paper. In Sections 3.1 we study conditions of infinitesimal affine transformation for vertical and horizontal vector
fields in the tangent bundle with respect to the horizontal lift H∇ of the Levi-Civita connection ∇ of M.
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In Sections 3.2 we give necessary conditions for vertical, complete and horizontal vector fields in the tangent bundle to
be a harmonic vector fields with respect to the horizontal lift H∇ of the affine connection ∇ of M.

2 Preliminaries

2.1 Basic formulas on tangent bundles

Let M be a Riemannian manifold with metric g. We denote by ℑ
p
q(M) the set of all tensor fields of type (p,q) on M.

Manifolds, tensor field and connections are always assumed to be differentiable and of class C∞.

Let T (M) be a tangent bundle of M and π the natural projection π : T (M)→ M. Let the manifold M be covered by a
system of coordinate neighbourhoods (U,xi), where (xi), i = 1, ...,n is a local coordinate system defined in the
neighbourhood U . Let (yi) be the Cartesian coordinates in each tangent space TP(M) at p ∈M with respect to the natural
base

{
∂

∂xi

}
, p being an arbitrary point in U whose coordinates are (xi). Then we can introduce local coordinates (xi,yi)

on the open set π−1(U) ⊂ T (M). We call them coordinates induced on π−1(U) from (U,xi). The projection π is
represented by (xi,yi)→ (xi). The indices I,J, ...run from 1 to 2n, the indices ı̄, j̄,run from n+1 to 2n.

Let X = X i ∂

∂xi be the local expression in U of a vector field X on M. Then the horizontal lift HX and the vertical lift V X
of X are given by,

V X = X i
∂ı̄, (∂ı̄ =

∂

∂xı̄ ), (1)

and
HX = X i

∂i− y j
Γ

i
jkXk

∂ı̄, (2)

with respect to the induced coordinates, where Γ i
jk are the coefficients of the Levi-Civita connection ∇.

Suppose that we are given in M a tensor field

S = Si...h
lk... j

∂

∂xi
⊗ ...⊗ ∂

∂xh
⊗dxl⊗dxk⊗ ...⊗dx j, (3)

other than a function and a vector field X = X i( ∂

∂xi ). We then define a tensor field γX S in π−1(U) by

γX S = (X lSi...h
lk... j )

∂

∂yi ⊗ ...⊗ ∂

∂yh ⊗dxk⊗ ...⊗dx j, (4)

and a tensor field γS in π−1(U) by

γS = (ylSi...h
lk... j )

∂

∂yi ⊗ ...⊗ ∂

∂yh ⊗dxk⊗ ...⊗dx j, (5)

with respect to the induced coordinates (xh,yh),U being an arbitrary coordinate neighborhood in M [15].

Let M be a Riemannian manifold with metric g whose components in a coordinate neighborhood U are g ji and Γ h
ji the

Christoffel symbols formed with g ji. If in the neighborhood π−1(U) of the tangent bundle T (M), U being neighborhood
M, then Hg has components given by

(HgJI) =

(
Γ t

j gti +Γ t
i g jt g ji

g ji 0

)
(6)
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with respect to the induced coordinates (xi,yi) in T (M) and Γ h
i = y jΓ h

ji , Γ h
ji being components of affine connection ∇ in

M. From (6), Hg has contravariant components

(H g̃IJ) =

(
0 gi j

gi j −Γ
j

h ghi−Γ i
h gh j

)
(7)

with respect to the induced coordinates in T (M), where gi j denote the contravariant components of H g̃ in M, i.e., HgH
IJ g̃IS =

δ S
J [15].

Proposition 1. Let g and ∇ be, respectively, a pseudo-Riemannian metric and an affine connection such that ∇g = 0. Then
H∇Hg = 0, where the horizontal lift Hg of g with respect to H∇ is a pseudo-Riemannian metric in T (M) [15].

Proposition 2. Let g be a pseudo-Riemannian metric and ∇ the Riemannian connection determined by g in M such that
∇g = 0. Then,Cg coincides with the horizontal lift Hg of g to T (M) with respect to ∇ [15].

Proposition 3. If we write ds2 = g jidx jdxi the pseudo-Riemannian metric in M given by g, then the pseudo-Riemannian
metric in T (M) given by the Hg of g to T (M) with respect to an affine connection ∇ in M is

ds2 = 2g jiδ̃y jdxi, (8)

where δ̃y j = dy j + Γ̃
j

lkyldxk and Γ̃ h
ji = Γ h

i j are components of the connection ∇̃ defined by

∇̃XY = ∇Y X +[X ,Y ] , (9)

for X ,Y ∈ ℑ1
0(M) [15].

The horizontal lift H∇ of affine connection ∇ in Mn to T (M) is defined by the conditions

H
∇V X

VY = 0,H
∇V X

HY = 0,H
∇H X

VY = (∇XY )V ,H
∇H X

HY = (∇XY )H , (10)

for X ,Y ∈ ℑ1
0(M). From (10) the horizontal lift H∇ of ∇ has components HΓ K

JI such that

HΓ k
i j = Γ k

i j ,
H Γ k

i j̄ =
H Γ k

ı̄ j =
H Γ k

ı̄ j̄ =
H Γ k̄

ı̄ j̄ = 0,
HΓ k̄

i j = ys∂sΓ
k

i j − ysRk
si j,

H Γ k̄
ı̄ j =

H Γ k̄
i j̄ = Γ k

i j
(11)

with respect to the induced coordinates in T (Mn), where Γ k
i j are components of ∇ in M [15].

Remark. The connection H∇ in Proposition 1 has nontrivial torsion even for the Riemannian connection ∇ determined by
g, unless g is locally flat [15].

Explicit expressions for the Lie bracket [,] of the tangent bundle T (M) are given in [6] and [15]. The Lie bracket of vertical
and horizontal vector fields on T (M) is given by the following propositions.

Proposition 4. Let (M,g) be a pseudo-Riemannian manifold, ∇ be a Levi-Civita connection. Then the Lie bracket on the
tangent bundle T (M) satisfies the following identities:[

V X ,VY
]
= 0,[

HX ,VY
]
= V (∇XY ),[

HX ,HY
]
= H [X ,Y ]−V (R(X ,Y )y)

(12)
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for all X ,Y ∈ ℑ1
0(M), R is the Riemannian curvature tensor of ∇ defined by R(X ,Y ) = [∇X ,∇Y ]−∇[X ,Y ] and V (R(X ,Y )y)

is a tensor field of type (1,0) of T (M) such that V (R(X ,Y )y) = γ(R(X ,Y )) which is locally expressed as γ(R(X ,Y )) =
ysRi

jksX
jY k∂ı̄ with respect to the induced coordinates [6].

Let there be given an affine connections ∇ and a vector field in X ∈ ℑ1
0(M). Then the Lie derivative LX ∇ with respect to

X is, by definition, an element of ℑ1
2(M) such that

(LX ∇)(Y,Z) = LX (∇Y Z)−∇Y (LX Z)−∇[X ,Y ]Z =[LX ,∇Y ]Z−∇[X ,Y ]Z, (13)

for any Y,Z ∈ ℑ1
0(M) [14],[15].

In a manifold M with affine connection ∇, an infinitesimal affine transformation xh
′
= xh +Xh(x1, ...,xn)δ t defined by a

vector field X ∈ ℑ1
0(M)is called an infinitesimal affine transformation if LX ∇ = 0,[15].

3 Main results

3.1 Infinitesimal transformation in the tangent bundle

Suppose that X ∈ ℑ1
0(M), so that X is a vector field in M. We define a vector field V X in T (M) by V X(ıω) = (ω(X))V ,

where ω being an arbitrary 1-form in M. Then, we call V X the vertical lift of X in M to T (M).

Additionally, let there be given an element X of ℑ1
0(M).Then, we define the horizontal lift HX of X by HX = XC−∇γ X

in T (M) where ∇γ X = γ(∇X).

Lemma 1. Let V X and HX be the vertical and horizontal lifts of X to T (M), respectively. Then

H
∇γ(R(X ,Y ))

V Z = 0,

H
∇γ(R(X ,Y ))

HZ = 0,

H
∇V Y γ(R(X ,Z)) = V (R(X ,Z)Y ),

H
∇HY γ(R(X ,Z)) = γ(∇Y R(X ,Z))

for any X ,Y,Z ∈ ℑ1
0(M), where γ(R(X ,Y )) is a tensor field of type (1,0) in T (M).

Let ∇ be a Riemannian connection in M and the vertical lift V X of X to T (M). Using (10) and (12) in (13) we obtain

(LV X
H

∇)(VY,H Z) = LV X (
H

∇V Y
H

Z)−H
∇V Y (LV X

H
Z)−H

∇[V X ,V Y ]
H

Z

=−H
∇V Y [

V X ,H Z]

=−H
∇V Y (

V [X ,Z]−V (∇X Z))

=−H
∇V Y

V
[X ,Z]+H

∇V Y
V (∇X Z)

=0,

(LV X
H

∇)(HY,V Z) = LV X (
H∇HY

V Z)−H ∇HY (LV X
V Z)−H ∇[V X ,HY ]

V Z
= LV X

V (∇Y Z)−H ∇HY [
V X ,V Z]−H ∇V [X ,Y ]−V (∇XY )

V Z
= [V X ,V (∇Y Z)]−H ∇V [X ,Y ]

V Z +H ∇V (∇XY )
V Z

= 0,

(14)
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(LV X
H

∇)(VY,V Z) = LV X (
H

∇V Y
V

Z)−H
∇V Y (LV X

V
Z)−H

∇[V X ,V Y ]
V Z

=−H
∇V Y [

V X ,V Z]

= 0

and

(LH
V X ∇)(HY,H Z) = LV X (

H
∇HY

H
Z)−H

∇HY (LV X
H

Z)−H
∇[V X ,HY ]

H
Z

=LV X
H(∇Y Z)−H

∇HY [
V X ,H Z]−H

∇V [X ,Y ]−V (∇XY )
H

Z

= [V X ,H (∇Y Z)]−H
∇HY (

V [X ,Z] −V (∇X Z))−H
∇V [X ,Y ]

H
Z +H

∇V (∇XY )
H

Z

=V [X ,∇Y Z]−V (∇X (∇Y Z))−H
∇HY

V [X ,Z] +H
∇HY

V (∇X Z)

= V [X ,∇Y Z]−V (∇X (∇Y Z))−V (∇Y [X ,Z] )+V (∇Y (∇X Z))

=V (LX (∇Y Z))−V (∇X (∇Y Z))−V (∇Y (LX Z))+V (∇Y (∇X Z))

=V (LX (∇Y Z)−∇X (∇Y Z)−∇Y (LX Z))+∇Y (∇X Z)−∇[X ,Y ]Z +∇[X ,Y ]Z)

=V (LX (∇Y Z)−∇Y (LX Z)−∇[X ,Y ]Z−(∇X ∇Y Z−∇Y ∇X Z−∇[X ,Y ]Z))

= V ((LX ∇)(Y,Z))−R(X ,Y )Z))

for any X ,Y,Z ∈ ℑ1
0(M), where R is curvature tensor of Riemannian connection of ∇. Thus, from (14) we have,

Theorem 1. Let ∇be a Riemannian connection in M. If X is an infinitesimal affine transformation of M and ∇ has zero
curvature, then the vertical lift V X of Xto T (M)is also infinitesimal affine transformation of T (M)with respect to H∇.

Similarly, let ∇ be a Riemannian connection in M and the horizontal lift HX of X to T (M). Using Lemma, (10) and (12)
in (13) we have

(LH X
H

∇)(HY,V Z) = LH X (
H

∇HY
V

Z)−H
∇HY (LH X

V
Z)−H

∇[H X ,HY ]
V

Z

=LH X
V (∇Y Z)−H

∇HY [
HX ,V Z]−H

∇H [X ,Y ]−γ(R(X ,Y ))
V

Z

= [HX ,V (∇Y Z)]−H
∇HY

V (∇X Z)−H
∇H [X ,Y ]

V
Z +H

∇γ(R(X ,Y ))
V

Z

= V (∇X ∇Y Z)−V (∇Y ∇X Z)−V (∇[X ,Y ]Z)

=V (∇X ∇Y Z−∇Y ∇X Z−∇[X ,Y ]Z)

= V (R(X ,Y )Z),

(LH X
H

∇)(VY,V Z) = LH X (
H

∇V Y
V

Z)−H
∇V Y (LH X

V
Z)−H

∇[H X ,V Y ]
V

Z

=−H
∇V Y [

HX ,V Z]−H
∇[H X ,V Y ]

V
Z

=−H
∇V Y

V
(∇X Z)−H

∇V (∇XY )
V

Z

=0,

(LH X
H

∇)(VY,H Z) = LH X (
H∇V Y

HZ)−H ∇V Y (LH X
HZ)−H ∇[H X ,V Y ]

HZ
=−H∇V Y [

HX ,H Z]−H ∇V (∇XY )
HZ

=−H∇V Y (
H [X ,Z]− γ(R(X ,Z))−H∇H [X ,Y ]

HZ +H ∇γ(R(X ,Y ))
HZ

= V (R(X ,Z)Y ),

(15)
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and

(LH X
H

∇)(HY,H Z) = LH X (
H

∇HY
H

Z)−H
∇HY (LH X

H
Z)−H

∇[H X ,HY ]
H

Z

=LH X
H(∇Y Z)−H

∇HY (
H(LX Z)− γ(R(X ,Z)))−H

∇H [X ,Y ]−γ(R(X ,Y ))
H

Z

= H(LX (∇Y Z))− γ(R(X ,∇Y Z))−H(∇Y (LX Z))+H
∇HY γ(R(X ,Z))−H

∇H [X ,Y ]
H

Z +H
∇γ(R(X ,Y ))

H
Z

=H(LX (∇Y Z)+∇Y (LX Z)−∇[X ,Y ]Z)−γ(R(X ,∇Y Z))+ γ(∇Y R(X ,Z))

= H((LX ∇)(Y,Z))− γ(R(X ,∇Y Z))+ γ(∇Y R(X ,Z))

for any X ,Y,Z ∈ ℑ1
0(M), where γ(R(X ,Y )) is a tensor field of type (1,0) in T (M) and R is curvature tensor field of

Riemannian connection of ∇. Thus, from (15) we have

Theorem 2. Let ∇ be a Riemannian connection in M. If X is an infinitesimal affine transformation of M and ∇ has zero
curvature, then the horizontal lift HX of X to T (M) is also infinitesimal affine transformation of T (M) with respect to H∇.

3.2 Harmonic vector fields in the tangent bundle

Let X̃ be a vector field in T (M). The 1-form ω defined by ω(Ỹ ) = g(X̃ ,Ỹ ),Ỹ being an arbitrary element of ℑ1
0(T (M)), is

called the covector field associated with X̃ and denoted by X∗. If X̃ has local components X̃A, then the associated convector
field X̃∗ has local components

X̃∗C = g̃CBX̃B. (16)

A vector field X ∈ ℑ1
0(M) is said to be a Harmonic vector field of a Riemannian manifold with metric g, if

∇ jXi−∇iX j = 0 and ∇iX i = 0, where X j = g jiX i are components of the covector field X∗associated with X and ∇ is an
affine connection of the metric g [14].

We now consider a vector field X ∈ ℑ1
0(M), then its vertical lift V X ∈ ℑ1

0(T (M)), complete lift CX ∈ ℑ1
0(T (M)) and

horizontal lift HX ∈ ℑ1
0(T (M)) have respectively components of the form

V X =

(
0
Xh

)
,C X =

(
Xh

ys∂sXh

)
,H X =

(
Xh

−ysΓ h
si X i

)
(17)

with respect to the induced coordinates in T (M), where Γ h
i xi = ysΓ h

si xi [15].

Let X̃ be a vector field in T (M) and (X̃A) =

(
X̃h

X̃ h̄

)
its components with respect to the induced coordinates. Then the

covariant derivative H∇X̃ has components

H
∇IX̃J = ∂IX̃J +H

Γ
J

IMX̃M (18)

H
∇IX̃J = ∂IX̃J−H

Γ
M

IJ X̃M (19)

where HΓ J
IM being Christoffel symbols constructed with Hg and X̃ j = g̃ jiX̃ i are components of the covector field

X̃∗associated with X̃ [15].
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Using (17) and (18) we see that, for the covariant derivatives of the vertical, complete and horizontal lifts of X̃ to T (M)

with the horizontal lift H∇ of the affine connection ∇,

H∇I
V XJ =

(
0 0

∇iX j 0

)
,

H∇I
CXJ =

(
∇iX j 0

ys∂s∇iX j− ysR j
sihXh ∇iX j

)
,

H∇I
HXJ =

(
∇iX j 0
−Γ

j
t ∇iX t 0

) (20)

with respect to the induced coordinates in T (M). Thus, from (20) we have

Theorem 3. The vertical, complete and horizontal lifts of a vector field in M to T (M) with the horizontal lift H∇ of the
affine connection ∇ are parallel if and only if the vector field given in M is parallel.

Using (16) and (17), we see that the covector fields respectively associated with V X , CX and HX have in T (M) with the
metric Hg components,

V XI = (Xi,0),CXI = (−X̂i + ys
∂sXi,Xi),

HXI = (ys
Γ

t
siXt ,Xi) (21)

with respect to the induced coordinates where X j = g jiX i are components of the covector field X̃∗ associated with X̃ and
X̂ j = ys(∇sgk j)gktXt .

Using (19) and (21) we obtain

H∇I
V XJ =

(
∇iX j 0

0 0

)
,

H∇I
HXJ =

(
ysΓ t

s j∇iXt ∇iX j

0 0

)
,

H∇I
CXJ =

(
ys∂s∇iX j + ysRh

si jXh−∇iX̂ j ∇iX j

∇iX j− (∇igh j)ghtXt 0

)
.

(22)

From (22), we have

H∇I
V XJ−H∇J

V XI =

(
∇iX j−∇ jXi 0

0 0

)
,H gIJH∇I

V XJ = 0,

H∇I
HXJ−H∇J

HXI =

(
Γ t

j ∇iXt −Γ t
i ∇ jXt ∇iX j

−∇ jXi 0

)
,H gIJH∇I

HXJ = gi j∇iX j,

H ∇I
CXJ−H ∇J

CXI=

 ∂ (∇iX j−∇ jXi)+ ys(Rh
si j−Rh

s ji)Xh− (∇iX̂ j−∇ jX̂i) ∇iX j−∇ jXi +(∇ jghi)ghtXt

∇iX j−∇ jXi− (∇igh j)ghtXt 0

,

HgIJH∇I
CXJ = gi j∇iX j +gi j(∇iX j−∇igh j)ghtXt .

(23)

From (23), we have

Theorem 4. Necessary and sufficient conditions in order that (a) the vertical (b) complete and (c) horizontal lifts to T (M),
with the metric Hg, of a vector field X in M be a harmonic vector field in T (M)are that, respectively, (a) Xis a harmonic
vector field in M; (b) X is a parallel with vanishing second covariant derivative in M and ∇ is the affine connection of M
such that ∇g = 0; (c) X is a parallel in M.
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