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Abstract: Let (M, g)be a Riemannian manifold and T (M) its tangent bundle with the horizontal lift 7'V of the affine connection V of
M. The aims of the present paper are to study conditions of infinitesimal affine transformation for vertical and horizontal vector fields
in the tangent bundle and to give necessary conditions for vertical, complete and horizontal vector fields in the tangent bundle to be a
harmonic vector fields with respect to the horizontal lift 7V of the affine connection V of M.
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1 Introduction

The theory of infinitesimal transformations was first given by Sophus Lie in [13]. In this work, he defined Lie groups and
their accompanying Lie algebras and the identification of their role in geometry and especially the theory of differential
equations. Afterwards, the term “Lie Algebra” as known the algebra of infinitesimal transformations of a Lie group was
introduced in 1934 by Hermann Weyl. The problems of determining an infinitesimal affine transformation on M and
T(M) have been considered by several authors. Yano and Ishihara, in [15], investigated an infinitesimal affine
transformations on 7(M) with respect to the complete lift connection V. Hasegawa and Yamauchi, in [11], are
improved the fiber-preserving hypothesis for non-affine infinitesimal projective transformations with horizontal lift
connection.

Gezer and Akbulut, in [8] and [9], also studied infinitesimal affine transformations, geodesics and Killing vector fields on
T (M ) with respect to the horizontal lift connections” V. Akbulut and Salimov, in [3], investigated infinitesimal affine
transformations on 7 (M) with respect to synectic lift connection °V. Similarly, Gezer and Akbulut, in [10], studied
geodesics and Killing vector fields on 7 (M ) with respect to the Synectic lift connections *V.

Investigation on harmonic vector fields is a topic which was studied when the tangent bundle is equipped with the /1,
I+ 11, Sasaki metric and g-natural metrics ([1], [2],[4],[51,[7],[12],[15]). Bejan and Duruta, in [4] and [5], studied the
harmonic almost complex structure and harmonic connections with respect to the genaral natural metrics. Abbasi,
Calvaruso and Perrone, in [1] and [2], investigated harmonicity of unit vector fields and harmonic sections of tangent
bundle with respect to Riemannian g- natural metrics. Similirly, Dragomir and Perrone, in [7], also studied harmonic
vector fields.

The plan of the paper is as follows: In Section 2.1 we outline the necessary theory of tangent bundle to be applied later in
the paper. In Sections 3.1 we study conditions of infinitesimal affine transformation for vertical and horizontal vector
fields in the tangent bundle with respect to the horizontal lift /V of the Levi-Civita connection V of M.
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In Sections 3.2 we give necessary conditions for vertical, complete and horizontal vector fields in the tangent bundle to
be a harmonic vector fields with respect to the horizontal lift 'V of the affine connection V of M.

2 Preliminaries

2.1 Basic formulas on tangent bundles

Let M be a Riemannian manifold with metric g. We denote by 37 (M) the set of all tensor fields of type (p,q) on M.
Manifolds, tensor field and connections are always assumed to be differentiable and of class C*.

Let T (M) be a tangent bundle of M and & the natural projection 7 : T (M) — M. Let the manifold M be covered by a
system of coordinate neighbourhoods (U,x'), where (x),i = 1,...,n is a local coordinate system defined in the
neighbourhood U. Let (') be the Cartesian coordinates in each tangent space Tp(M) at p € M with respect to the natural

9

base , p being an arbitrary point in U whose coordinates are (x). Then we can introduce local coordinates (x',y’)

on the open set 7~ !(U) C T(M). We call them coordinates induced on 7~ !'(U) from (U,x'). The projection 7 is
represented by (x',y") — (x). The indices 1,J, ...run from 1 to 2n, the indices 7, j,run from n+ 1 to 2n.

LetX =X/ 3 - be the local expression in U of a vector field X on M. Then the horizontal lift /X and the vertical lift VX
of X are glven by,

; d
14 i
X=X &l) &l = 3i)h 1
( X! ) )
and
HX =X'0;—y'T}x*o; @
1 jk 1y
with respect to the induced coordinates, where Fj’k are the coefficients of the Levi-Civita connection V.
Suppose that we are given in M a tensor field
d d
S =8ph i on ®.. ®T®dx ®d*®...0dx/, 3)
other than a function and a vector field X = X' (%) We then define a tensor field xS in 77 !(U) by
8 d j,
and a tensor field S in 7~ (U) by
0 d j
YS = (ysl,”)a R .. ®W®dx® .®dx!, 5
with respect to the induced coordinates (x",y"*), U being an arbitrary coordinate neighborhood in M [15].

Let M be a Riemannian manifold with metric g whose components in a coordinate neighborhood U are g;; and F]’] the
Christoffel symbols formed with g ;. If in the neighborhood 7! (U) of the tangent bundle 7'(M), U being neighborhood

M, then g has components given by
Tl +Tto: o
(ngj) — < j &+ i 8jt gjz) (6)

gji 0
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with respect to the induced coordinates (x',y') in T(M) and I;" = y/I’}, T’} being components of affine connection V in

M. From (6), 7 g has contravariant components

0 g

H:1J

=1 . P o 7
( 8 ) <g1] Izjghzl—;ltghj> ()

with respect to the induced coordinates in T (M), where g/ denote the contravariant components of #g in M, i.e., ¥ gt g5 =

8% [15].

Proposition 1. Let g and V be, respectively, a pseudo-Riemannian metric and an affine connection such that Vg = 0. Then

HVH g = 0, where the horizontal lift g of g with respect to "V is a pseudo-Riemannian metric in T(M) [15].

Proposition 2. Let g be a pseudo-Riemannian metric and V the Riemannian connection determined by g in M such that
Vg = 0. Then,Cg coincides with the horizontal lift " g of g to T (M) with respect to V [15].

Proposition 3. If we write ds*> = g jidx/ dx' the pseudo-Riemannian metric in M given by g, then the pseudo-Riemannian
metric in T(M) given by the " g of g to T (M) with respect to an affine connection V in M is

ds* =2g;:8y/dx, ®)
where Syj =dy’ +1:l‘,{yldxk and 1:}’] = I:f are components of the connection V defined by
VxY = VyX +[X,Y], ©)
forX,Y € 3h(M) [15].
The horizontal lift V of affine connection V in M,, to T (M) is defined by the conditions
Hyy VY = 0,8y HY = 0,9V, VY = (VxY)" BV, By = (VxY)H, (10)
forX,Y € 3(1)(M ). From (10) the horizontal lift 'V of V has components #TX such that

Hpk —pk Hpk _H pk _H ok _H k)
t_ L’ ij i ij ij )
Hrk s k spk Hrk _H 1k k
I_i‘j =y‘8s1?j —»'R I = F,/ :Fij

Sij? T

1)

with respect to the induced coordinates in 7' (M,,), where sz are components of V in M [15].

Remark. The connection /V in Proposition 1 has nontrivial torsion even for the Riemannian connection V determined by
g, unless g is locally flat [15].

Explicit expressions for the Lie bracket [,] of the tangent bundle 7' (M) are given in [6] and [15]. The Lie bracket of vertical
and horizontal vector fields on 7' (M) is given by the following propositions.

Proposition 4. Ler (M, g) be a pseudo-Riemannian manifold, V be a Levi-Civita connection. Then the Lie bracket on the
tangent bundle T (M) satisfies the following identities:

Vx,Vy] =0,
x,Vy] =" (VxY), (12)
X Hy] =H[x,v] =V (R(X,Y)y)
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forall X,Y € 34(M), R is the Riemannian curvature tensor of V defined by R(X,Y) = [Vx,Vy] = Viy y and V (R(X,Y)y)
is a tensor field of type (1,0) of T(M) such that V (R(X,Y)y) = y(R(X,Y)) which is locally expressed as y(R(X,Y)) =
y“'R;-kSX JY* 3 with respect to the induced coordinates [6].

Let there be given an affine connections V and a vector field in X € 3}(M). Then the Lie derivative Ly V with respect to
X is, by definition, an element of 3%(M ) such that
(LxV)(Y,Z) = Lx(VyZ) — Vy(ILxZ) = Vx y)Z = [Lx,Vy|Z = V|x y|Z, (13)

forany ¥,Z € 3}(M) [14],[15].

In a manifold M with affine connection V, an infinitesimal affine transformation x* = x" + X" (x!,...,x")8t defined by a
vector field X € 34 (M)is called an infinitesimal affine transformation if LyV = 0,[15].

3 Main results

3.1 Infinitesimal transformation in the tangent bundle

Suppose that X € 3}(M), so that X is a vector field in M. We define a vector field VX in T (M) by VX (10) = (0(X))",
where @ being an arbitrary 1-form in M. Then, we call VX the vertical lift of X in M to T (M).

Additionally, let there be given an element X of 3} (M).Then, we define the horizontal lift X of X by /X = X¢ -V, X
in T(M) where V,X = y(VX).

Lemma 1. Let VX and "X be the vertical and horizontal lifts of X to T (M), respectively. Then

H \%4
Virery) Z2=0,

)

Vw2 =0,
fVvyY(R(X,2)) = Y (R(X,Z)Y),
"y Y(R(X,2)) = Y(VyR(X,Z))
forany X,Y,Z € 3(M), where y(R(X,Y)) is a tensor field of type (1,0) in T (M).

Let V be a Riemannian connection in M and the vertical lift VX of X to T(M). Using (10) and (12) in (13) we obtain

(Loy™V) ('Y Z) = Loy ("vy " 2) H Vvy (Lvy " Z) T Vpyvy) 2
=y, ["x HZ
="y, ("x,2] -V (Vx2))
=1y, VX, 21+ Vv,V (VxZ)
-0,

(Lo V) HYY Z) = Log ("Vuy " Z) 1 Viry (Lvy " Z) = v[vX,HY]VzV
= Lvy" (VyZ) -1 VHY[VX,VV z]-H VV[X,Y]QV(W) z
= [VX,V (VyZ)} _H VV[X,Y] Z+H VV(ny) Z
= 0’

(14)
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(LVXHV) (VY,V Z) = LVX (HVVYVZ) _H VVy(LVXVZ) _H V[VX7Vy]VZ
=fvy, VXY 7]
=0

and

(LY Z) = Loy (19, Z) 1 Vary (L Z) T Vi Z
=Lvy™ (Vv Z) " Vay "X Z) 1 Vv iy v or) 2
= "% (W 2)] " Vay ("[%,2) =V (Vx2) "V ) 241 Vg2
=V[x,vyZ] =Y (Vx(VyZ2)-HVu,V [X,Z] +7 Vu,V (VxZ)
=YX, VyZ) =¥ (Vx(V¥Z)=" (Vy[X,2]) +" (V¥ (VxZ))

=V(Lx (VyZ)) =Y (Vx(V¥Z))=" (V¥ (LxZ)) +" (V¥ (VxZ))
=V (Lx(VyZ) — Vx(VyZ) —Vy (sz))+Vy(VXz) — V[va]z-i- V[X,Y]Z)
="(Lx(VyZ) -

Vy(LxZ) = Vix y)Z—(VxVyZ —VyVxZ —V|x y|Z))
="((LxV)(Y,Z)) —R(X,Y)Z))

forany X,Y,Z € 3(1)(M ), where R is curvature tensor of Riemannian connection of V. Thus, from (14) we have,

Theorem 1. Let Vbe a Riemannian connection in M. If X is an infinitesimal affine transformation of M and V has zero
curvature, then the vertical lift ¥ X of Xto T (M)is also infinitesimal affine transformation of T (M)with respect to V.

Similarly, let V be a Riemannian connection in M and the horizontal lift Hx of X to T(M). Using Lemma, (10) and (12)
in (13) we have

VA
Vv
=Luy" (VyZ) =" Vuy X, Z) " Vuiy v yreery) Z

(Luy""V) "V Z) = Luy ("Viry" Z) " Viay (L Z) =" Vg iy

— XY (Vy2)] =" Yy (Vx2) -V ) 2+ Vi) 2
=V (VxVyZ) -V (VyVxZ) =" (Vix v Z)

=Y (VxVyZ—VyVxZ—Vx y|Z)

=Y(R(X,Y)Z),

(LHXHV) (VY7V Z) = LHX (HVVYVZ) _H VVY(LHXVZ) —H V[HX7VY]VZ
=1y, XY 2] Vg vy 2
\%4 |4
=V (VxZ) " Vv ) Z
:0’

(LHXHV)(VY,H Z) = LHX (HVVYHZ) _H VVY (LHXIZIZ) _H V[HX7Vy]HZ
=My X Z] Vv gy Z

(15)
= Yy, (11X, 2]~ Y(RX,Z) Vg Z+7 Vyroxwyy Z
—V(R(X,2)Y),

(© 2019 BISKA Bilisim Technology


www.ntmsci.com

70 BISK A K. Akbulut, N. Cengiz and F. Yildirim: Some notes on vector fields in the tangent bundle

and

(Lux ") Y Z) = Ly ("Viuy "' Z) =1 Yy (Luy " Z) =" Vg iy Z
=Lig™ (Vv Z) = Viry (" (LxZ) = YR(X,2)) =" Vi y _yiwory 2
=H(Ly(VyZ)) ~ Y(R(X,VyZ)) " (Vy (LxZ)) +1 Viry YR(X,Z) "V " 2+ Vi) Z
=" (Lx(VyZ) + Vy(IxZ) — Vix y)Z)—Y(R(X,VyZ)) + Y(VyR(X,Z))

="((LxV)(Y,2)) = Y(R(X,VyZ)) + V(VyR(X.Z))

for any X,Y,Z € 3}(M), where y(R(X,Y)) is a tensor field of type (1,0) in T(M) and R is curvature tensor field of
Riemannian connection of V. Thus, from (15) we have

Theorem 2. Let V be a Riemannian connection in M. If X is an infinitesimal affine transformation of M and V has zero
curvature, then the horizontal lift "X of X to T(M) is also infinitesimal affine transformation of T (M) with respect to ¥ V.

3.2 Harmonic vector fields in the tangent bundle

Let X be a vector field in 7 (M). The 1-form o defined by o(¥) = g(X,¥),¥ being an arbitrary element of 3}(T (M)), is
called the covector field associated with X and denoted by X*. If X has local components X4, then the associated convector
field X* has local components

X: = gesX®. (16)

A vector field X € 3)(M) is said to be a Harmonic vector field of a Riemannian manifold with metric g, if
V;X;—V:X; =0and V;X' =0, where X; = g;;X' are components of the covector field X *associated with X and V is an
affine connection of the metric g [14].

We now consider a vector field X € 3}(M), then its vertical lift VX € 3{(T(M)), complete lift €X € 3} (T (M)) and
horizontal lift /X € 3} (T (M)) have respectively components of the form

X" X"
VX = Oh X = L X = i (17)
X ySaSX _ySRin

with respect to the induced coordinates in 7 (M), where ['x' = y*T"x! [15].

)’(’h

Let X be a vector field in T(M) and (X4) = ()?h> its components with respect to the induced coordinates. Then the

covariant derivative 7 VX has components

oy, % = 9% + 1l %M (18)

1y, %; = X, — ;Y Xy (19)

where fT;J, being Christoffel symbols constructed with #g and X; = §;;X' are components of the covector field
X*associated with X [15].
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Using (17) and (18) we see that, for the covariant derivatives of the vertical, complete and horizontal lifts of X to T (M)
with the horizontal lift 'V of the affine connection V,

0 0
HV Vx.] — ) ,
! VX7 0
Hy CxJ = vix/ 0 (20)
DT\ yavixi —yRL xhvixi )

Hy HYT — V;Xj 0
~I’ViX' 0

with respect to the induced coordinates in 7 (M). Thus, from (20) we have

Theorem 3. The vertical, complete and horizontal lifts of a vector field in M to T (M) with the horizontal lift 'V of the

affine connection V are parallel if and only if the vector field given in M is parallel.

Using (16) and (17), we see that the covector fields respectively associated with VX, €X and 7/X have in T (M) with the
metric 7 g components,
X1 = (X;,0),°X; = (—Xi + Y 9:X:, %), " X; = ("L X,, Xi) @1

with respect to the induced coordinates where X; = g ;X' are components of the covector field X* associated with X and
Xj =y (Vsgij)g" X

Using (19) and (21) we obtain

Hy,Vx; = ViXi 9 ;
0 0

v .
HV]HXJ — ySI;thXt Vsz , (22)
0 0
Hy Cx, — YOViXj+y' Rl Xy —ViX;  ViX; .
ViX; — (Vignj)g" X 0
From (22), we have
ViX;—V:X; 0
HVIVXJ—HVJVXIZ < i ]0 JA 0) 7Hgl‘]HV1VXj:0,
VX, —~L['V.X, ViX; )
HV[HXJ—HV]HXIZ J t i VA J ’H IJHV]HXJ:g”V,‘Xj,
7VJ'XI' 0 (23)
g ex,mg,0x, € (Vi%i = ViXi) +Y*(RG; = RU)Xn — (ViX; = V%) ViX; =V X+ (Vgni)g" X, |
ViX;— VX — (Vignj)g" X, 0 ’

Hgl! MV °X; = §VViX; + 8" (ViX; — Vign;)¢" X:.

From (23), we have

Theorem 4. Necessary and sufficient conditions in order that (a) the vertical (b) complete and (c¢) horizontal lifts to T (M),
with the metric ! g, of a vector field X in M be a harmonic vector field in T (M )are that, respectively, (a) Xis a harmonic
vector field in M; (b) X is a parallel with vanishing second covariant derivative in M and V is the affine connection of M
such that Vg = 0; (¢) X is a parallel in M.
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