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Abstract: In this paper, we derive some fixed point theorems for generalized Kannan type mappings in b-metric spaces. We also
introduce a Picard-Ishikawa iteration scheme in a convex b-metric space and prove a strong convergence result for the same. Moreover,
we define a generalized Jungck-Kannan type mapping 7 with respect to S and prove the existence of a unique common fixed point with
a convergence result. The results are supported by suitable examples.

Keywords: b-metric space, Picard-Ishikawa iteration, Kannan type mappings.

1 Introduction

In 1922, Banach proved the famous ‘“Banach Contraction Principle” for metric spaces which initiated the study of fixed
point theory in different directions. Several research workers have been engaged for developing interesting results in this
field by taking different types of mappings as well as different generalized spaces (for instance, refer to [7] — [11], [16],
[17], [18], [20] — [23], [26], [27], [32] and the references therein).

With the existence of the unique fixed point, Banach also showed the convergence of the sequence of Picard’s iterates to
the fixed point. Since then a number of authors proved the convergence of different iteration schemes to the unique fixed
point. Some of the prominent authors in this regard are Mann [19] in 1953, Ishikawa [15] in 1974, Jungck [16] in 1976,
Agarwal et al. [2] in 2007, etc. Many authors have also proved the convergence of combination of the known iteration
schemes (for example, [25], [30], etc.).

To generalize Banach fixed point theorem, in 1989, Bakhtin [3] introduced b-metric spaces. But in 1993, Czerwik [6]
formally defined the notion of b-metric spaces as follows.

Definition 1. [6] Let X be a non empty set and s > 1 be a given real number. A function d : X x X — [0,0) is called
b-metric if it satisfies the following properties.

(1) d(x,y)=0 ifandonlyif x=y;
(2) d(x,y) =d(y,x); and
(3) d(x,2) <sld(x,y)+d(y,2)], forall xyz€X.

The pair (X,d) is called a b-metric space with coefficient s.
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There are several examples of b-metric in various existing literatures (refer to [5], [29] and the references therein). A
b-metric need not be always continuous. An example is given in [24].

In 1970, the concept of convex structure in a metric space was introduced by Takahashi [31] as follows (one may also
refer to [1]).

Definition 2. [31] Let (X,d) be a metric space. A mapping W : X* x [0,1] — X satisfying
d(z, W (x,y,1)) <td(z,x)+ (1-1)d(z,y)

forall x,y,z € X and t € [0,1] is called a convex structure on X. A b-metric space (X,d) on which a convex structure
W is defined is called a convex b-metric space, denoted by (X, % ,d). A subset K of X is called convex if # (x,y,A) € K
whenever x,y € K and A € [0,1].

The above notions of convex structure and convex metric space extends naturally to b-metric spaces by the condition
sd (2,7 (x,y,1)) <1d(z,x) + (1 = 1)d(z,). M

In [13], we have obtained the following fixed point result for a generalized Kannan type mapping and a continuous
b-metric d.

Theorem 1. [13] Let (X,d) be a complete b-metric space with coefficient s > 1 and let f : X — X be a mapping such
that there exists p < ﬁ satisfying

0 (d(fx. ) < (9 (d(x.y) + 9 (d(x, £)) +9 (A1) )
Sor all x,y € X. Then f has an unique fixed point z € X, and for any x € X the sequence of iterates { f"x} converges to z
and for q = % <1,
d(f"x, f'x) < ¢"d(x, fx), n=0,1,2,...

In this result, ¢ is a subadditive altering distance function.

Definition 3. [13] A function ¢ : [0,00) — [0, 0) is said to be a subadditive altering distance function if

(i) ¢ is an altering distance function [11], (i.e., ¢ is continuous, strictly increasing and ¢(t) =0 ifand only if t =0)
(i) o(x+y) <o) +9(y)  V xy€[0,%)

For example, the functions ¢; (x) = kx for some k > 1, ¢ (x) = ¢/x, n €N, ¢5(x) = log(1 +x), x > 0 and ¢4(x) = tan" ' x
are such subadditive altering distance functions as mentioned in [13].

Here we note, if ¢ is sub-additive, then for k < 1
¢ (d(x,y)) <k¢ (d(a,b)) = d(x,y) <kd(a,b) (referto[13]).

For a self map f on a convex b-metric space (X,# ,d) and for xo € X, we now define Picard-Ishikawa type iteration

scheme as:
Xn+1 :fyl’lv
Yn :W(xn;fzmart)a 2)
Zn :W(xnafxnaﬁn)

© 2019 BISKA Bilisim Technology



NTMSCI 7, No. 4, 453-464 (2019) / www.ntmsci.com BISKA 455

where {o, } and {f,} are real sequences in (0,1).
The above iteration scheme may be put in the following form

Xn+1 = l’l'(f7-xn)a

where (f,x,) = f(W(xmf(W(xn,fxn,ﬁn))705,1)).

2 Main results

Consider a subadditive altering distance function ¢ and let the b-metric d be continuous in the topology generated by it.
Theorem 2. Let f: X — X be a self map on a complete b-metric space (X,d) with coefficient s > 1 such that there

exists p < ﬁ satisfying

0 (sa(fx,£)) < p(9(d(x,3)) +9 (@d(x, ) + 6 (d(3.f))) 3

for all x,y € X. Then f has a unique common fixed point z € X. Moreover, for any xo € X the sequence {x,} generated by
the iteration (2), x,4+1 = W(f,xs), n >0 converges strongly to the unique common fixed point.

Proof. The existence of a unique fixed point and the strong convergence of the Picard’s iteration to the fixed point has
been shown in [13]. We shall now show that the sequence {x,} of iterates given by (2) strongly converges to the unique
fixed point of f. To see this, let w be the fixed point of f and note that

0 (sd(xns1,w)) = 0 (sd(faw) < p(0(d0nsw)) +0 (dns f30)) +6(0))
= po(d(yn,w)) +5p® (d(yn,w)) +sp@ (d(fyn,w)).
Since x,+1 = fy,, we get

p(l+s)
1—sp

¢(Sd(xn+law)) < ¢(d(ynvw))7

or,
d(xpt1,w) < kd(yn,w),

where k = pl(iij:;) < L.Now, d(yn,w) = d (W (xn, fzn, Cn),w) < (1= 04,)d (x,w) + Oud (f2n, W).
By the same argument as in the above, we get
d(fzn,w) < kd(zn,w).
Again, d(z,,w) = d (W (Xn, [Xn, Bn)sw) < (1= Bu)d (xn,w) + Bud(fxn,w). Similarly, we get
d(fxn,w) < kd(xp,w).
Summing up, we get
d(ns1,w) < kd(yp,w) < k((l — ) (2, W) + O fz,,,w)) < k(1 = 0)d (W) + K2 Oyl (2, )

< k(1= ) (x, w) + K20t ((1 — Ba)d (xn,w) +kﬁnd(xn,w)) < kd (xp, ).
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Continuing inductively, we get
d(xpt1,w) < k"d(xp,w)

and hence
lim d(x,,w) =0.

n—yoo

This completes the proof.

Remark. For xy € X, the Mann iteration is given by
Xn+l = V4 (xnyfxm an)
where {a,} is a sequence in [0, 1]. Now,

d(x,,H,W) :d(W (xn,fx,,,otn),w) < (1= 0t)d(xp,w) + ud (fxn,w).

But

0 (d(£x2w)) < (950 w)) + 0 (s f32)) + 9 (d(w: fw)) )

< p¢ (d(xn,w)) +5p9 (d(xn,w)) +sp¢ (d(fxn, )
that is,
¢ (d(foxn,w)) < ko (d(xn,w))
where k = 2 ﬁ;) < 1, and hence
d(fxn,w) < kd(x,,w)

Thus,

d(x,,+17w) < (1= 04)d (X, W) +ktud (x, w) < K'd(x0,W),

for some K’ < 1. The strong convergence of the Mann iteration then follows as in the above proof.

Remark. For xg € X, the Ishikawa iteration is given by

Xpn+1 = W(xmfynaan)
Yn = W(xnafxmﬁn)

where {a, } and {f3,} are sequences in [0, 1]. As in the previous remark, we get

O (d(fyn,w)) <k (d(yn,w)),

and hence
d(fynvw) < kd()’mw)'

Similarly,
d(fxn,w) < kd(x,,w).
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Hence
d(anrlv ) (1—o04)d (xnaW)+and(fynaW)§(l_an)d(xnaw)+kand<ymw)
<(1—op)d (xn,w)—i—kan((l—ﬁn)d(xn,w)+[3,,d(fxmw))
< (1fan+ka”(1fﬁn)+k a,,ﬁ,,) (s W)
Skd(x”, )

for some k’ < 1. The strong convergence of the sequence {x,} follows as in the previous results.

We note here that the Jungck-Mann, Jungck-Ishikawa and the modified Jungck-Ishikawa iterations also converges
strongly to the unique fixed point of f satisfying (3).

In the following, we extend the result of Theorem 2 for a generalized Jungck-Kannan type contraction mappings and
prove an existence result for a common fixed point.

Theorem 3. Let f,g: X — X be commuting self maps on a complete b-metric space (X,d) with coefficient s > 1 such
that there exists p < T:—l satisfying

0 (sd(fx. 7)) < p(9 (d(gx.8)) + ¢ (d(gx.fx)) + 0 (d(gy. /) ) @

for all x,y € X with f(X) C g(X). Then f and g have a unique common fixed point w € X. Moreover, for any xy € X the
sequence {gx,} generated by the Jungck-Picard iteration, gx,+1 = fXn, n >0 converges strongly to the unique common
fixed point.

Proof.For an arbitrary element x € X, let fx = gu for some u € X. Then

0 (sd(gu, fu)) = ¢ (sd(fx, fu) < p(9 (d(gx. gu)) + (d(gx. £)) + ¢ (d(gu, fu) )

that is,
2p
¢ (sd(gu, fu)) < q¢ (d(gx, fx)) where g= 5" 1.
Thus
d(gu, fu) < qd(gx, fx). )
Now, for an arbitrary point xy € X consider the sequence {gx, } where gx,, | = fx,,n=0,1,2,.... Then {gx, } is a Cauchy

sequence in X, and so, there exists w € X such that
lim gx, 1 = lim fx,=w.
n—roo Nn—o0
Now,
¢ (sd(fw,gw)) < ¢ (sd(fw, fxa) +5°d(fXn, %) +5°d(%n, gW))

from which, using (3) we get

(1=5P) ¢ (sd(fw,gw)) < (sp+5) (9 (d(gm,8%,)) +0 (d(fxn. 1)) )
< (sp+52) (0 (d(gw. ) + 6 (g"d (g0, fx0)) )
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Since it is satisfied for all n € N and 1 —sp # 0, so
¢ (sd(fw,gw)) — 0, as n—oo,

showing that d(fw, gw) = 0. To show the uniqueness of the coincidence point w, let w' € X be another coincidence point
of f and g. Then from (3),

¢ (d(w,w')) = ¢ (d(fw, fw)) < ¢ (sd(fw,fw')) < p{¢ (d(gw,gw’)) + ¢ (d(gw, fw))+ ¢ (d(gw, fn'))}
< p¢ (d(w, w’)) )

As ¢ is strictly increasing and p < ﬁ, this holds if and only if d(w,w') = 0.
Now, let v = gw = fw. Then
gv=gfw=few=fv,
showing that v is a coincidence point of f and g, and by the uniqueness of the coincidence point, we get that v = w, which
shows that w is a common fixed point of f and g. The uniqueness follows from (3).
Finally,

) (d(gxn+l 72)) = (P(d(fxnvw)) < p(‘P (d(gxmw)) =+ ¢(d(gxn7fxn)) +¢(O))

< p(d) (d(gxn,w)) +5¢ (d(gxn,w)) + 50 (d(w,gxn+1))),

or,
p(s+1)

1—sp

¢ (d(gxns1,w)) < ¢ (d(gxn,w)).

Continuing inductively, we get
(4 (d(gxn+1 ,W)) < kn¢ (d(g)C(),W)),

where k = p](i—t;) < 1 and hence

lim ¢ (d(gx,,w)) =0,

n—yoo

and consequently
lim d(gx,,w) =0.

n—soo

This proves the result.

Example 1. Consider X = [0,1] and d(x,y) = |x —y|? for all x,y € X. Then (X,d) is a complete h-metric space. Let
f,8:X — X be given by gx = 3, fx = } for all x € X. We note here that f(X) C g(X) and fgx = gfx for all x € X. For
¢ (t) =log(1+71), condition (4) reduces to
k
(1 +d(fx,fy)) < (1 +d(gx,gy)> (1 +d(gx,fx)) (1 +d(gy,fy))

— (Y e R G 22

16 4 271 24
lx—y[*\ lx—y[? x? y?
) < (1) (14 ) (14 4)
= <+ 6 ) =0T T16/\' T 16

for some k > 3. It can be easily checked that the relation holds true for all x,y € X. Thus f and g are commuting maps
satisfying (4) with f(X) C g(X) and 0 is their common fixed point, which is unique.

We note here that if we take d(x,y) = |x — y| instead, condition (4) is not satisfied for the same f and g.
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Now we define Jungck-Ishikawa type iteration scheme with respect to f and g. For the convex b-metric space (X,d,#")
and xp € X, we take

8xny1 = fyn,
8Yn :W(gxmfznaan), (6)
8n = W(gxn»fxmﬁn)

where {o, } and {f3,} are real sequences in (0, 1). The above iteration scheme may be put in the following form

8Xn+1 = (g, [, Xn),

where [J(g,f,xn) = f(W(gxnvf(W (gxnafxmﬁn)) , an))

Theorem 4. Let f,g: X — X be commuting self maps on a complete convex b-metric space (X,d, #') with coefficient
s > 1 satisfying (3) for some p < ﬁ with f(X) C g(X). Then the sequence {gx,} of iterates given by (6) strongly
converges to the unique common fixed point of f and g.

Proof. The existence of the unique common fixed point is shown in Theorem 3. To show that the sequence {gx, } given by
the iteration scheme (6) strongly converges to the unique common fixed point, let w € X be the common fixed point of f
and g. Now,

¢ (d(gxns1,w)) = ¢ (d(fyn,w)) < po(d(gyn,w)) +5p (d(gyn,w)) +sp9 (d(fYn,w)).

Since gx,4+1 = fyn, we get

p(l+s
o (dlgmnm) < 2o aenm),
or,
d(gxn+17w) S kd(gyn,W),
where k = ”1(%;;) < 1. Now,

d(gyn,w) = d(W(gxmona Oc,,),w) < (1 —0t)d(gxn, W) + Ond (f 20, w).
By the same argument as in the above, we get
d(fzn,w) < kd(gzn,w).

Again,
d(gzmw) = d(lyﬂ(gxnafxnvﬁn)vw) S (1 _ﬁn)d(gxnvw) +ﬁnd(fxnaw)‘

Similarly, we get
d(fxn,w) < kd(gx,,w).

Summing up, we get
d(gxpt1,w) < kd(gyn,w) < k((l — ot,)d(gxn,w) + Ocnd(fzn,w)) <k(l—ay,)d(gxn,w) +k2and(gzn,w)
< k(1—ay)d(gx,,w) +Ka, ((1 — Bn)d(gxn,w) +k[3nd(gxn,w)>

< kd(gxn,w).

Proceeding as in the proof of Theorem 3, we get the desired result.
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Corollary 1. Let f,g: X — X be commuting self maps on a complete b-metric space (X,d) with coefficient s > 1 such
that

d(fx,fy) < p{d(gx,gy) +d(gx, fx)+d(gy, fy)}  VxyeX

where p < ﬁ with f(X) C g(X). Then f and g has a unique common fixed point 7 € X.
Proof.The result follows from Theorem 3 on taking ¢ (x) = x, x € X.

Corollary 2. Let f,g: X — X be commuting self maps on a complete b-metric space (X,d) with coefficient s > 1 such
that for some positive integer k

0 (a("e.1)) < p{ 9 (dlgx.g9)) +0 (dlgx. %)) +9 (a(er./)) }

for some p < ﬁ and for all x,y € X. Then there exists a unique common fixed point of f and g.

Proof We note that if f and g commutes, that is, fgx = gfx for all x € X, then gf*x = f*gx for all x € X, which shows
g and f* commutes for some k € N. Applying Theorem 2 to the self mapping 7 = f¥, we get that g and T has a unique
common fixed point, say w, so that f*w = gw = w.

Since A lw = fw,

gfw=f(fw)=ftlw=fw,

and so fw is a common fixed point of g and 7. By the uniqueness of the common fixed point of g and 7', we get fw =w
and hence w is a common fixed point of f and g. The uniqueness follows from the fact that if w is a fixed point of f, so is
itforT.

Stability

Harder & Hicks [14] have defined and proved a T -stability result for iteration converging to the fixed point in a metric
space. The same notion can be extended naturally to b-metric spaces.

Definition 4. [14] Let f : X — X and w be a fixed point of f, that is, fw = w. For any xo € X, let the sequence {x,}
generated by the iterative scheme (2) converges to w. Let {x},} be an arbitrary sequence, and set €, = d (x;l L M(f 7)c;l)),
n=0,1,2,.... Then the iterative scheme [(f,x,) is called f-stable if and only if lim,_,.. &, = 0 implies lim;,_,o X}, = w.

We require the following result to deduce the stability result.
Lemma 1. [4] If § is a real number such that 0 < & < 1, and {€,};_, is a sequence of positive numbers such that
lim,,, &, = O, then for any sequence of positive numbers {u,} satisfying

Mn+1§8un+£n7 n=0,1,2,...,

we have lim,, o u, = 0.

Theorem 5. Let [ : X — X be a mapping on a complete b-metric space (X,d) with coefficient s > 1 satisfying (3).
For xo € X, let {x,} be the sequence generated by the iterative scheme xn+1 = U(f,x,), n > 0 as defined in (2). Then the
iteration scheme is f-stable.

Proof.The existence of the fixed point and the convergence of the iterative sequence defined by (2) is known from Theorem
2. Let {x),} be an arbitrary sequence in X and define &, =d (x],_,,1t(f,x},)), n > 0, where fi(f,x],) = f,. Then we have

Ay 1,w) < sd(Xpy 1, V) +5d(fyp, w) = s&, +sd(fy,,w).
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Now,

0 (d(1,w) < p(0(d0m) +0 (A0 130) +6(0) ) < PO (A0 w) +5p (9 (A0 w) + 0 (d(1¥),w)) )

that is,
9 (d(fyn,w)) <ko(d(vy,w)),
where k = 2 1(:]17) < 1, and therefore
d(fyy,w) < kd(y,,w).
Hence,

d(x;H»l?W) S S€n +kd(y:ww)a

where y, = W (x,, fz),,0) and z, = W (X, fx},, Bn)-
Continuing as in the proof of Theorem 2, we get

d(x,q,w) < s& +kd(x),w), n=0,1,2,...
The result then follows from Lemma 1.

In [28], Razani & Bagherboum defined and proved (f, g)-stability result of the Jungck Picard iteration converging to the
common fixed point in a b-metric space.

Definition 5. [28] Let (Y,d,#') be a convex b-metric space and X be a subset of Y, and let f,g: X — X be self
mappings such that f(X) C g(X). For any xo € X, let the sequence {gx,} generated by the iterative scheme (2) converges
tow. Let {gx,} be an arbitrary sequence, and set & = d (x,, |, u(f,x,)), n=0,1,2,.... Then the iterative scheme [1(f,x,)
is called (f,g)-stable if and only if lim,_,. €, = 0 implies lim,_,. gx], = w.

Theorem 6. Let f,g: X — X be self maps on a complete b-metric space (X,d) with coefficient s > 1 satisfying (4).
For xo € X, let {gx,} be the sequence generated by the iterative scheme gxn+1 = I(f,8,%,), n > 0 as defined in (2). Then
the iteration is (f,g)-stable.

Proof. The existence of the unique common fixed point and the convergence of the iterative sequence defined by (2) is
known from Theorem 2. Let {gx)} be an arbitrary sequence in X and define &, = d (gx,, |, 1L(f,8,x,)), n > 0, where
w(f,gx,) = fv,. Then we have

d(gx:H—le) S Sd(gx;l-&-l?fy:q) +Sd(fy:”W) = 5& —I-Sd(fy;”W)
Now,

¢ (d(fy,,w)) < p((P (d(gyn,w)) + ¢ (d(gyn: fyn) + ¢(0)) < p¢(d(gy,.w)) +Sp(¢ (d(gy,,w)) +¢(d(fyZ,W))>

that is,
O (d(fyhw)) < k¢ (d(gy,w)),
where k = pl(iit;) < 1, and therefore
d(fyn,w) < kd(gy,,w).
Hence,

d(gx:H»l ) W) <s& + kd(gy:w W)a
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where gy, = W (gx),, f2),, Q) and z,, = W (gx,, fx,,, Bn)-
Continuing as in the proof of Theorem 2, we get

d(gxl,, 1,w) < s€, +kd(gx),w), n=0,1,2,...
The result then follows from Lemma 1.

The following is an analogous result for the existence of a unique common fixed point and the convergence of the iteration
for a contractive condition similar to (4).

Theorem 7. Let f,g: X — X be commuting self maps on a complete b-metric space (X,d) with coefficient s > 1 such
that there exists p < % satisfying

0 (sd(fx. ) < p(9 (d(gx.fx) + 6 (d(y. /) ) )

Sor all x,y € X with f(X) C g(X). Then f and g have a unique common fixed point w € X. Moreover, for any xo € X the
sequence {gx, } generated by the Jungck-Picard iteration, gx,+| = fxn, n > 0 converges strongly to the unique common
fixed point.

Proof. The proof is analogous to that of Theorem 3.

Remark. Analogous results for Theorem 4 (and the corresponding corollaries) and Theorem 6 holds true for commuting
self maps f and g satisfying (7) with f(X) C g(X).

Conclusion

Throughout this paper, we have derived some fixed point theorems for generalized Kannan type mappings in b-metric
spaces and also introduced a Picard-Ishikawa iteration scheme in a convex b-metric space, proving a strong convergence
result. Moreover, we defined a generalized Jungck-Kannan type mapping 7' with respect to S and proved the existence of

a unique common fixed point with a convergence result. The rate of convergence of the introduced iteration scheme may
be compared to other existing iteration schemes in the literature as a further research.
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