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Abstract: We consider initial smooth topology for a family of mappings. It is shown that the Sostak’s initial smooth topology for
family of functions is wrong. In this paper by using K.Chattopadhyay and R.Hazra ’s result this mistake has been corrected.
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1 Introduction

In [4], A. Sostak defined the initial smooth topology for a family of mappings. In this paper we show that it is indeed
false, and with the help of K.Chattopadhyay and R.Hazra ’s result in [2], it may be corrected.

Firstly, let us recall some necessary notions from the theory of smooth topology.

Definition 1. Ler (X, T) be a smooth topological space and r € (0,1]. r cut of smooth topology T is defined as

To={pelf:t(u)>r}.

Definition 2. [5] A fuzzy topological space is a pair (X,T) , where X is a non-empty set and T C IX, (I = [0,1]) satisfying
the following properties:

(1) 0,1eT

2) unveT,vu,veT

@ UmeT, V{w:ieA}CT
JISTAN

Definition 3. [3] A smooth topological space is a pair (X, T), where X is a non-empty setand ©: IX — I (I =1[0,1])is a
mapping satisfying the following properties:
©1) (0)=1(1) =1,
(02) Yu,verX,t(unv) > t(u) A(v)
(03) VA ,o(U i) = A t(w).
icA icA
Note that, sometimes a smooth topology is called gradation of openness. Moreover, it is easy to see that if 7 is crisp (i.e.
7(1¥) C {0,1}), this definition coincides with the known definition of fuzzy topology [1].

Definition 4. [3] A map f : X — Y is smooth continuous with respect to the smooth topologies T and T, respectively, if
for every € I' we have

T (7 (1) > (u)
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where £~ () is defined by £~ (1) (x) = p ( (x)).
Proposition 1. [3] Let {Ty : a € (0,1]} be a family of fuzzy topologies on X such that oy > 0 implies To, < T,.

t(u) =\ {a:pela}

Then t is a smooth topology on X.
Definition 5. [5] Let 7| and 7t be smooth topology on X If T| > T) then T, is the weakest than T,.

Definition 6. [4] Let X be a set, (Y, T) be a smooth topological space and f : X — Y be a mapping. The weakest smooth
topology 6 on X such that the mapping
fi(X,8) = (¥,7)

is smooth continuous, is called the initial smooth topology for a mapping.

To construct such a smooth topology consider the set M := {f~!(v) : v € I"} of smooth subsets of X. For a given u € M
let

Py={vel' : u=f"(v)}

and define §(u) := \/{t(v): v € B}

Definition 6 can be generalized for a family of mappings as follows.

Definition 7. [4] Let X be a set, {(Y;,7;) : i € A} be a family of smooth topological spaces and for each i € A\
fi: X — (Yi,m)
be a mapping. The weakest smooth topology T on X such that the mapping
fi: (X,7) — (¥, 1)

is smooth continuous for each i € /\, is called initial smooth topology for a family of mappings.

Let us to remind the Sostak’s definition of initial smooth topology for a family of mappings (see [4, (3.2)]). For each
i € A\, let & : IX — I be the initial smooth topology on X for f;, i.e. it is the weakest smooth topology on X such that the

mapping
fi: (X, 8) = (Y, m)

is smooth continuous. Let the mapping 7 : IX — I be defined by the equality
t(u) = N\{&u):icA}

where p € IX. Sostak in [4] asserted that 7 is an initial smooth topology for a family (fi), i.e. T is the weakest smooth
topology on X such that the mapping f; is smooth continuous for each i € A.

2 General properties

We assert that the assertion of Sostak of before is not true. General speaking, for any i € A there is no need for f; to be
smooth continuous relative to the smooth topology 7, as shown by the following example.
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Example 1. Let Y be a set, 7; and 7, be the two smooth topology on Y, and for X =Y and some fuzzy set u, € IX,
T1(Uo) = 1 and 1o (,) = 0. Let
idy : X — (Y,Tl)

and idy : X — (Y, T2) be the identity mappings. Assume that §; and &, are the initial smooth topologies corresponding to
the mappings id; and id,, respectively; and & is the initial smooth topology in the sense of Sostak, for a family {idj}ﬁzl.
We show that, for example the mapping id; isn’t smooth continuous relative to 8.

Indeed, it is clear that 6; = 7 and &, = 7. According to Sostak for werX, §(u)=Ad(u).Since for y, € I¥

i

8(idy " (ko)) = 8 (o)
= 81 (o) N 82(ko)

=71 (Ho) A T2 (o)
—1A0=0% 1= (g),

then
8 (id; (1)) 2 71 (Ho)-
Hence the mapping id; isn’t smooth continuous relative to §.

Essentially the right construction of the initial smooth topology for a family mappings is included in [2, Proposition 5.3].
Let us recall this Proposition.

Theorem 1. [2] Let X be a set, {(X;,t]) : i € A} be a family of the smooth topological spaces and for i € /A
f,' X =X

be a mapping. Then there exists a smooth topology T on X such that the following conditions hold:

(i) foreachie A, f;: (X,T) = (X;, 7)) is smooth continuous;

(e

(i) if (Z,7") is a smooth topological space then g: (Z,7") — (X,7) is smooth continuous iff
fiog: (27 TN) - (XivTil)
is smooth continuous for each i € /\.

In the proof of Theorem 1 (i.e. of the Proposition 5.3, [2]) the smooth topology T on X was defined in [2] as the follows:
For eachi € A and a € (0, 1], define

Tia={f (W) pe(r)a}
Recall that
(t)a={uner®:7(u)>a}

is the a-level fuzzy topology on X; and {T; 4 : & € (0,1]} is a descending chain of fuzzy topologies on X. For each
o € (0,1], define Sy :=UTiq and Tq be the fuzzy topology on X generated by . as a subbase. It can be verified

l
that {T4 : a € (0,1]} is a descending chain of fuzzy topologies on X. Moreover we have a gradation of openness, T, on
X associated to { T4 : a € (0,1]}, where T(A) = V{a € (0,1] : A € Ty}

By Theorem 1 (i) for each i € A, f;: (X, 7) — (X;, 7;) is smooth continuous. By (ii), 7 is the weakest smooth topology on
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X such that the mapping f; is smooth continuous for each i € A.

Indeed, if 7, is an arbitrary smooth topology on X such that f; : (X,1,) — (X;, ;) is smooth continuous for each i € A,
then by Theorem 1 (ii), id : (X, 7o) — (X, T) must be smooth continuous, since for each

ﬁ:ﬁoid:(X,To)—) (Xi7Ti)

is smooth continuous, where id is the identity mapping. Hence for each u € IX, 1,(id~'(u)) > t(u), i.e. T, (1) > ().

Therefore 7, > 7. The above proof can be given in more detail as below. Let {(X; 7/):i € A} be a family of smooth
topological spaces and {f; : X — X; : i € A} be a family of functions. Let

(7)), ={rerlM:tg(A)>r}, Vie A and Vre(0,1]

and
T, := {f;l(l):le (T,-')r}, Vie A and Vre (0,1].

)

In addition, let’s define as

= JT, Vre(o,1].
i€

Let 7, be the fuzzy topology which accepts .#, a subbase on X.
t(u):=\/{re(0,1]: u €T} for u elX
is a smooth topology on X [3]. Moreover, 7 is the weakest topology that makes smooth continuous to each function
fir(X,1) — (Xiw)
on X. Now, let’s prove it.
Let 7’ be any smooth topology that makes smooth continuous to functions
fit (X,7) — (Xiw)

on X and be u € IX. Let
si=t(u)=\/{re0,1]:neT}.

There exists at least r € (0, 1] for each € > 0 such thatr > s—¢€ and u € T,. Since U € T, ve .7, is subbase,

yk € S, (YEA andk € {1,2,...,n}) suchthat p = | J [ty (1)
yeAk=1

For every [y € .7, there exists at least iy; € A such that iy, € T,-M’,. From the definiton of T,-y)k.,,

EPWE (Tfy,k), such that iy = £ ! (Ayx), VY € A, Vk € {1,2,...,n}. )
Therefore,
r;%k (Ayx) =1, VY€ A andVk € {1,2,...,n}. 3)
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From the hypothesis, since f; : (X,7') — (X; %) is smooth continuous for every i € A, f;, : (X,7') — (X,»y:k’r,-y?k) is
smooth continuous for every y € A and every k € {1,2,...,n} and

7 (f,;kl (Ar4) ) >, (Ayx) 27

From here,
7 (fj;; (A) ) > rforVy € A and Vk € {1,2,...,n} (4)
From (2) and (4), 7/ (,I,L%k) > rforevery y € A and every k € {1,2,...,n}. Since 7’ is the smooth topology,

/ n
T U N >r
(yeA k=1 “y’k> =

From (1), 7/ (1) > r > s — €. Since € > 0 is arbitrary, 7/ (1) > s =7 (u). Thatis, 7/ (1) > (). Since p € IX is arbitrary,
t' > 1. Therefore, since 7’ is also arbitrary, 7 is the weakest topology that makes smooth continuous to every function
fir(X,7) — (Xi, 1) on X.

3 Conclusion

In this paper, we considered initial smooth topology for a family of mappings. We showed that the Sostak’s initial smooth
topology for family of functions is wrong. After that, we gave the correct concept.
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