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Abstract: This paper is aimed to introduce a new class of functions called almost Py-continuous functions by using P,-open sets in
topological spaces. Also some properties and characterizations are studied.
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1 Introduction and Preliminaries

In 1982, Mashhour et al [13] defined a new class of sets called preopen sets and almost precontinuous functions is
defined in [16]. In [10] the concept of P,-open sets is introduced. In the present paper, we introduce and investigate the
concept of almost P,-continuous functions. It will be shown that almost P,-continuity is weaker than P,-continuity
mentioned in [19], but it is stronger than almost precontinuity.

Throughout the present paper, a space X always means a topological space on which no separation axiom is assumed
unless explicitly stated. Let A be a subset of a space X. The closure and interior of A with respect to X are denoted by
CI(A) and Int(A) respectively. A subset A of a space X is said to be preopen [13] (resp., semi-open [11], a-open [17],
B-open [1] and regular open [22]), if A C Int(CI(A)) (resp., A C Cl(Int(A)), A C Int(Cl(Int(A)), A C Cl(Int(CI(A)) and
A = Int(CI(A))). The complement of a preopen (resp., semi-open, a-open, $-open and regular open ) set is said to be
preclosed (resp., semi-closed, a-closed, B-closed and regular closed). The family of all preopen (resp., semi-open,
o-open, fB-open and regular open) subsets of X is denoted by PO(X) (resp., SO(X), aO(X), BO(X) and RO(X)). A
subset A of a space X is called 8-open (resp., 0-open) if for each x € A, there exists an open set G such that
x € G CInt(Cl(G)) C A (resp., x € G C CI(G) C A). In 1968, Velicko [23] defined the concepts of §-open and 6-open
sets in X (denoted by 60(X) and 00(X) respectively).

A function f : X — Y is said to be precontinuous [13] (resp., super continuous [15], strongly 6-continuous [12]) if
f~Y(V) is preopen (resp., §-open, 8-open) in X for every open set V of Y. A function f : X — Y is said to be almost
precontinuous [16] if the inverse image of each regular open subset of Y is preopen in X. A function f: X — Y is said to
be O-continuous [7] (resp., almost strongly 0-continuous [18]) if for each x € X and each open set V of Y containing
f(x), there exists an open set U of X containing x such that f(CIU) C CIV (resp., f(CIU) C sCIV).

Definition 1.[10] A subset A of a space X is called Py-open, if for each x € A € PO(X), there exists a preclosed set F
such that x € F C A.The complement of a P,-open is P,-closed. The family of all P,-open subsets of a topological space
(X, ) is denoted by P,O(X, ) or P,O(X).
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The intersection of all P,-closed (resp., preclosed, semi-closed, a-closed and d-closed) sets of X containing A is called
the Pp-closure (resp. preclosure, semi-closure, a-closure and 8-closure) of A and is denoted by P,CI(A) (resp. pCI(A)
, SCI(A), aCl(A) and CI5(A)). The union of all Pp-open (resp., preopen, semi-open, ¢¢-open and §-open) sets of X
contained in A is called the P,-interior (resp., preinterior, semi-interior, a-interior and §-interior) of A and is denoted by
P,Int(A) (resp. pInt(A), sInt(A), odnt(A) and 8Int(A)).

Definition 2. A space X is said to be:

(1) locally indiscrete [5] if every open subset of X is closed.

(2) Pre-Ro [4], if U is a preopen set and x € U, then PCI({x}) C U.

(3) Pre-T1[9] if for each pair of distinct points x,y of X, there exist two preopen sets one containing x but not y and other
containing y but not Xx.

Definition 3. [21] A space X is said to be pre-regular if for each preclosed set F and each point x ¢ F, there exist disjoint
preopen sets U and V such thatx e U and F CV

Proposition 1. [10] The following statements are true:

(1) Ifa space X is pre-Ty, then PO(X) = P,O(X).
(2) If a space X is pre-regular, then T C P,O(X).
(3) Ifa space (X, ) is locally indiscrete, then PO(X) = P,O(X).

Corollary 1. [14] For any space X, if X is pre-Ry, then PO(X) = P,O(X).

Lemma 1. Let X be a space. The following statements are true:

(1) R € RO(X) and P € PO(X), then RN P € PO(P) [5].
(2) Let A CX. Then A € PO(X,7) if and only if sCI(A) = IntCIL(A) [8].
(3) A is B-open if and only if Cl(A) is regular closed [3].

Lemma 2. Let A be a subset of X. Then:

(1) IfA € SO(X), then pCI(A) = CI(A) [6].
(2) IfA € BO(X), then aCI(A) = CI(A) [2].
(3) IfA € BO(X), then Clg(A) = CI(A) [24].

Definition 4. [10] A function f: X — Y is called P,-continuous at a point x € X if for each open set V of Y containing
f(x), there exists a Py-open set U of X containing x such that f(U) C V. If f is Py,-continuous at every point x of X, then
it is called P,-continuous.

Definition S. [19] A function f : X — Y is called quasi 0-continuous at a point x € X if for each 0-open set V of Y
containing f(x), there exists a 0-open set U of X containing x such that f(U) C'V.

Corollary 2. [10] Every quasi 8-continuous is P,-continuous.

Definition 6. [20] A space X is said to be semi-regular if for any open set U of X and each point x € U, there exists a
regular open set V of X such thatx €V C U.

2 Almost P,-Continuous Functions

In this section, we introduce the notions of almost P,-Continuous functions by using P,-open sets. Some properties and
characterizations are given.
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Definition 7. A function f : X — Y is called almost P,-continuous at a point x € X if for each open set V of Y containing
f(x), there exists a P,-open set U of X containing x such that f(U) C IntCI(V). If f is almost P,-continuous at every
point x of X, then it is called almost P,-continuous.

Lemma 3. The following results follows directly from their definitions:

(1) Every Py-continuous function is almost P,-continuous.
(2) Every almost P,-continuous function is almost precontinuous.

Corollary 3. labelcsh Every quasi 8-continuous function is almost P,-continuous.
Proof. Follows from Corollary 2 and Lemma 3.

From Lemma 3, Corollary 2 and Corollary 5.4 in [10], the following diagram is obtained:

In the sequel, we shall show that none of the implications that concerning almost P,- continuity in Diagram 1 is
reversible.

Example 1. Consider X = {a,b,c,d} with the two topologies T = {¢,{a},{a,b},

{c.d}.{a,c,d}, X} and 0 = {¢,{b},{b.d},{b,c.d}, X}, PPO(X) ={9.{c}.{d},

{a,b},{c,d},{a,b,c},{a,b,d},X} Let f: (X,t) — (X,0) be the identity function. Then f is almost P,-continuous, but
it is not P,-continuous, because {b} is an open set in (X, ) containing f(b) = b, there exists no P,-open U in (X, 1)
containing b such that b € f(U) C {b}.

Example 2. Consider X = {a, b, c} with the topology 7 = ¢ = {¢,{a},{b},

{a,b},X}. Let f: (X,7) = (X,0) be the identity function. Then f is almost precontinuous, but it is not almost P,-
continuous, because {a} is an open set in (X, o) containing f(a) = a, there exists no P,-open U in (X,7) containing a
such that a € f(U) C IntCl({a}).

Theorem 1. For a function f : (X,7) — (Y, 0), the following statements are equivalent:

(1) f is almost P,-continuous.

(2) For each x € X and each open set V of Y containing f(x), there exists a P,-open set U in X containing x such that
F(U) C5CIV).

(3) For each x € X and each regular open setV of Y containing f(x), there exists a P,-open set U in X containing x such
that f(U) C V.

(4) For each x € X and each 8-open setV of Y containing f(x), there exists a P,-open set U in X containing x such that
fwycv.

Proof. (1) = (2). Let x € X and let V be any open set of ¥ containing f(x). By (1), there exists a P,-open set U of X
containing x such that f(U) C IntCI(V). Since V is open, hence V is preopen. Therefore, by Lemma 1 (2), f(U) C sCI(V).
(2) = (3). Follow directly from definition 7 and Lemma 1(2).

(3) = (4). Let x € X and let V be any J-open set of Y containing f(x). Then for each f(x) € V , there exists an open set
G containing f(x) such that G C IntCI(G) C V. Since IntCI(G) is a regular open set of ¥ containing f(x), by (3), there
exists a P,-open set U in X containing x such that f(U) C IntCI(G) C V. This completes the proof.

(4) = (1). Letx € X and let V be any open set of Y containing f(x). Then IntCI(V) is 6-open of Y containing f(x). By
(4), there exists a P,-open set U in X containing x such that f(U) C IntCI(V). Therefore, f is almost P,-continuous.

Theorem 2. For a function f : X — Y, the following statements are equivalent:

(1) f is almost P,-continuous.
(2) f~Y(IntCI(V)) is a P,-open set in X, for each open setV inY.
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(3) f~N(ClInt(F)) is a Py-closed set in X, for each closed set F in Y.
(4) f~YF) is a P,-closed set in X, for each regular closed set F of Y.
) f'(V)isa Py-open set in X, for each regular open set'V of Y.

Proof. (1) = (2). Let V be any open set in Y. We have to show that f~! (IntCI(V)) is P,-openin X. Letx € £~ (IntCI(V)).
Then f(x) € IntCI(V) and IntCI(V) is a regular open set in Y. Since f is almost P,-continuous, by Theorem 1, there
exists a P,-open set U of X containing x such that f(U) C IntCI(V). Which implies that x € U C f~!(IntCIV). Therefore,
f~1(IntCI(V)) is P,-open in X.

(2) = (3). Let F be any closed set of Y. Then Y — F is an open set of Y. By (2), f~!(IntCI(Y \ F)) is P,-open in X and
Y IntClY\F)) = f~Y(Int(Y \IntF)) = f~Y(Y \ClIntF) = X \ ! (ClIntF) is P,-open in X and hence f~!(ClInt(F))
is Py-closed in X.

(3) = (4). Let F be any regular closed set of Y. Then F is a closed set of Y. By (3), f~!(ClInt(F)) is P,-closed in X.
Since F is regular closed set, then f~1(ClInt(F)) = f~(F). Therefore, f~!(F) is P,~closed set in X.

(4) = (5). Let V be any regular open set of Y. Then Y \ V is regular closed of ¥ and by (4), we have f~1(Y\V) =
X\ f~1(V)is P,-closed in X and hence f~!(V) is P,-open in X.

(5) = (1). Let x € X and let V be any regular open set of ¥ containing f(x). Then x € f~1(V). By (5), we have f~1(V) is
Py-open in X. Therefore, we obtain f(f~'(V)) C V. Hence, by Theorem 1, f is almost P,-continuous.

Theorem 3. For a function f : (X, ) — (Y, 0), the following statements are equivalent:

(1) f is almost P,-continuous.

(2) f(P,CI(A)) C Clsf(A), for each subset A of X.

(3) P,CI(f~1(B)) C f~'(Ci5(B)), for each subset B of Y.

4) f7UF) is a P,-closed set in X, for each §-closed set F of Y.
(5) fUV) is a P,-open set in X, for each 8-open set V of Y.
(6) f~'(Ints(B)) C PyInt(f~'(B)), for each subset B of Y.

(7) Ints(f(A)) C f(PyInt(A)), for each subset A of X.

Proof. (1) = (2). Let A be a subset of X. Since Clsf(A) is §-closed in Y. By (1) and Theorem 2, f~!(Clsf(A)) is P,-
closed set of X. Hence, P,CIA C f~1(Clsf(A)). Therefore, we obtain that f(P,CIA) C Clsf(A).

(2) = (3). Let B be any subset of Y. Then f~!(B) is a subset of X. By (2), we have f(P,CLf~'(B)) C Clsf(f~'(B)) =
ClsB. Hence, P,CLf~'(B) C f~(CIsB).

(3) = (4). Let F be any §-closed set of Y. By (3), we have P,Clf1(F) C f~!(ClsF) = f~'(F) and hence f~!(F) is
P,-closed in X.

(4) = (5). Let V be any 5-open set of Y. Then Y \ V is 8-closed of ¥ and by (4), we have f~'(Y\V) =X\ f~1(V) is
P,-closed in X. Hence f~!(V) is P,-open in X.

(5) = (6). For each subset B of Y. We have IntsB C B. Then f~!(IntsB) C f~'(B). By (5), f~!(IntsB) is P,-open in X.
Then f~!(IntsB) C PyIntf~'(B).

(6) = (7). Let A be any subset of X. Then f(A) is a subset of Y. By (6), we have f~!(Ints(f(A)) C P,Int(f~'(f(A)) C
P,Int(A). Therefore, Ints(f(A)) C f(PyInt(A)).

(7) = (1). Let x € X and let V be any regular open set of ¥ containing f(x). Then x € f~!(V) and f~!(V) is a subset
of X. By (7), we have Ints(f(f~'(V)) C f(PyInt(f~1(V)) implies that Ints(V) C f(PyInt(f~'(V)). Since V is regular
open and hence it is §-open, then V C f(P,Int(f~1(V)). This implies that f~1(V) C P,Int(f~!(V)). Therefore, f~1(V)
is a P,-open set in X which contains x and clearly f(f~!(V)) C V. Hence, by Theorem 1, f is almost P,-continuous.

Theorem 4. For a function f : X — Y, the following statements are equivalent:

(1) f is almost P,-continuous.
(2) P,CLF~Y(V) C f~Y(CIV), for each B-open set V of Y.
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(3) £ 1(Int(F)) C PyInt(f~'(F)), for each B-closed set F of Y.
4) f~Y(Int(F)) C PyInt(f~'(F)), for each semi-closed set F of Y.
(5) P,CIf~Y(V) C f71(CIV), for each semi-open set V of Y.

Proof. (1) = (2). Let V be any 3-open set of Y. By Lemma 1(3) that CI(V) is regular closed in Y. Since f is almost
P,-continuous, by Theorem 2, f~!(CIV) is P,-closed set in X. Therefore, we obtain P,CLf~1(V) C f=1(CIV).

(2) = (3). Let F be any B-closed of Y. Then Y \ F is 3-open of ¥ and by (2), we have P,Clf ' (Y \F) C f~Y(CI(Y \ F))
and P,CI(X \ f'(F)) € f 'Y \ ImF) and hence, X \ Pntf~'(F) C X \ f~'(ImF). Therefore,
fY(IntF) C PyInt f~(F).

(3) = (4). Obvious since every semi-closed set is 3-closed.

(4) = (5). Let V be any semi-open set of Y. Then Y \ V is semi-closed in Y and by (4), we have
T Int(Y\V)) CPntf~1(Y\V) and f~1(Y \CIV) C P,Int(X \ f~1(V)) and hence, X \ f~1(CIV) C X\ P,CLf~1(V).
Therefore, P,CLf~1(V) C f~1(CIV).

(5) = (1). Let F be any regular closed set of Y. Then F is a semi-open set of Y. By (5), we have
P,Clf~(F) C f~Y(CIF) = f~!(F). This shows that f~!(F) is a P,-closed set in X. Therefore, by Theorem 2, f is
almost P,-continuous.

Theorem 5. For a function f : X — Y, the following statements are equivalent:

(1) f is almost P,-continuous.

(2) P,CLf~Y(V) C f~Y(aCIV), for each B-open set V of Y.

(3) P,CIf~Y(V) C f~1(Cl5V), for each B-open set V of Y.

4) P,CLf~Y(V) C f~Y(P,CIV), for each semi-open set V of Y.
vycr

-
(5) P,CLfF (V) C pCIL(V), for each semi-open setV of Y.

1
3
4
1

Proof.
(2)=
3)=
(5) =

= (2). Follows from Theorem 4 and Lemma 2(2).

. Follows from the fact that aCIV C ClsV.

and (4) = (5). Follows from Theorem 4 and Lemma 2(1).
. Follows from Theorem 4 and Lemma 2(1).

,\,\,.\,.\
~— — — ~—

The following result also can be concluded directly.

Corollary 4. For a function f : X — Y, the following statements are equivalent:

(1) f is almost P,-continuous.

(2) fY(aIntF) C PyIntf~1(F) , for each B-closed set F of Y.

(3) f'(IntsF) C PyIntf~\(F), for each B-closed set F of Y.

4) fY(P,IntF) C P,Intf~1(F), for each semi-closed set F of Y.
(5) fYpIntF) C PyIntf~\(F), for each semi-closed set F of Y.

Theorem 6. A function f : X — Y is almost Py-continuous if and only if f~1(V) C P,Int f~1(IntCIV') for each preopen
setV of Y.

Proof. Necessity. Let V be any preopen set of Y. Then V C IntCIV and IntCIV is a regular open set in Y. Since f is
almost P,-continuous, by Theorem 2, f~'(IntCIV) is P,open in X and hence we obtain that
FUV) C I IntCIv) = PyInt £~ (IntCIV).

Sufficiency. Let V be any regular open set of Y. Then V is a preopen set of Y. By hypothesis, we have
FYV) C PyInt f~1(IntCIV) = PyInt f~' (V). Therefore, f~!(V) is P,-open in X and hence by Theorem 2, f is almost
P,-continuous.

Corollary 5. The following statements are equivalent for a function f: X —Y:
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(1) f is almost P,-continuous.

() f~YV) C P,Intf~(sCIV) for each preopen set V of Y.
(3) P,CLf~Y(ClIntF) C f~1(F) for each preclosed set F of Y.
(4) P,CLf~Y(sIntF) C f~1(F) for each preclosed set F of Y.

Corollary 6. For a function f : X — Y, the following statements are equivalent:

(1) f is almost P,-continuous.
(2) For each neighborhood V of f(x), x € PyIntf~!(sCIV).
(3) For each neighborhood V of f(x), x € PyInt(IntCIV ).

Proof. Follows from Theorem 6 and Corollary 5.

Theorem 7. Let f : X — Y be an almost P,-continuous function and let V be any open subset of Y. If x € P,CILf (V) \
F7Y(V), then f(x) € P,CIV.

Proof. Let x € X be such that x € P,C1f~1(V)\ f~!(V) and suppose f(x) ¢ P,CIV. Then there exists a P,-open set H
containing f(x) such that HNV = ¢. Then CIH NV = ¢ implies IntCIH NV = ¢ and IntCIH is a regular open set. Since
f is almost P,-continuous, by Theorem 1, there exists a P,-open set U in X containing x such that f (U) C IntCIH.
Therefore, f(U) NV = ¢. However, since x € P,CLf~1(V),U N f~! (V) # ¢ for every P,-open set U in X containing x, so
that f(U)NV # ¢. We have a contradiction. It follows that f(x) € P,CIV.

Theorem 8. If f : X — Y is almost P,-continuous and g : ¥ — Z is super continuous function, then the composition
function go f : X — Z is P,-continuous.

Proof. Let W be any open subset of Z. Since g is super continuous, g~ ! (W) is §-open of Y. Since f is almost P,-continuous,
by Theorem 3, (go f) "' (W) = f~!(g~'(W)) is P,-open in X. Therefore, by Definition 4, go f is P,-continuous.

Theorem 9. If f: X — Y is almost P,-continuous and g : Y — Z is continuous and open, then the composition function
go f: X — Z is almost P,-continuous.

Proof. Let x € X and W be an open set of Z containing g(f(x)). Since g is continuous, g~ (W) is an open set of ¥ containing
f(x). Since f is almost P,-continuous, there exists a P,-open set U of X containing x such that f(U) C Int(Cl(g~"(W))).
Also, since g is continuous, then we obtain (go f)(U) C g(Int(g~'(CI(W)))). Since g is open, we obtain (gof)(U) C
Int(CI(W)). Therefore, go f is almost P,-continuous.

Theorem 10. If f : X — Y is an almost P,-continuous function and Y is semi-regular, then f is P,-continuous.

Proof. Let x € X and let V be any open set of ¥ containing f(x). By the semi-regularity of Y , there exists a regular open
set G of Y such that f(x) € G C V. Since f is almost P,-continuous, by Theorem 1, there exists a P,-open set U of X
containing x such that f(U) C G C V. Therefore, f is P,-continuous.

Proposition 2. If f: X — Y is an almost P,-continuous function and g : ¥ — Z a strongly 8-continuous function, then
go f: X — Z is almost P,-continuous.

Proof. Let W be an open subset of Z. In view of strong #-continuity of g, g~' (W) is a @-open subset of Y. Again, since f
is almost P,-continuous, (go f)~'(W)=f""'(g~!(W)) is P,-open in X. Hence, go f is almost P,-continuous.

Theorem 11. Let f: X — Y be almost P,-continuous. If Y is a preopen subset of Z , then f : X — Z is almost P,-continuous.

Proof. Let V be any regular open set of Z. Since Y is preopen, by Lemma 1(1), VNY is a regular open set in Y. Since
f:X —Y is almost P,-continuous, by Theorem 2, f~!(V NY) is a P,-open set in X. But f(x) € Y for each x € X. Thus
f71(V) = f~1(vNY) is a P,-open set of X. Therefore, by Theorem 2, f : X — Z is almost P,-continuous.

© 2019 BISKA Bilisim Technology



(_/
NTMSCI 7, No. 4, 413-420 (2019) / www.ntmsci.com BISKA 419

Corollary 7. Let f : X — Y be a function and let X be a pre-T| space. Then f is almost precontinuous if and only if f is
almost P,-continuous.

Proof. Follows from Proposition 1(1).

Corollary 8. Let f : X — Y be a function and let X be a pre-Ry space. Then f is almost precontinuous if and only if f is
almost Py,-continuous.

Proof. Follows from Corollary 1.

Corollary 9. Let f : X — Y be a function and let X be a pre-regular space. If f is almost continuous, then f is almost
Py-continuous.

Proof. Follows from Proposition 1(2).

Corollary 10. Let f : X — Y be a function and let X be a locally indiscrete space. Then f is almost precontinuous if and
only if f is almost P,-continuous.

Proof. Follows from Proposition 1(3).
Theorem 12. If a function f : X — Y is almost strongly 0-continuous, then f is almost P,- continuous.

Proof. Let V be any regular open set of Y. Since f is almost strongly 0-continuous, so f~!(V) is 8-open and hence it is
P,-open. Therefore, by Theorem 2, f is almost P,-continuous.
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