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Abstract: Firstly, some new definitions which are the special casdsafnvex stochastic proceses are given. Then, we establish a
new refinement of Hermite-Hadamard inequality fieconvex stochastic processes and give some special cathes i@fsult.

Keywords: Hermite-Hadamard inequality, convex stochastic prodessnvex stochastic processes.

1 Introduction

The classical Hermite-Hadamard inequality which was fitdilizhed in p] gives us an estimate of the mean value of a

convex functionf : | — R,
a+b 1 P f(a)+ f(b)
- T < = < ~77 A7
f( - )_baéfuwx_ - L)

An account the history of this inequality can be found3h Burveys on various generalizations and developments can
be found in P] and [9].

In 1980, Nikodem 10 introduced convex stochastic processes and investighggd regularity properties. In 1992,
Skwronski [L4] obtained some further results on convex functions.

Let (Q,</,P) be an arbitrary probability space. A functiod : Q — R is called a random variable if it is
o/ —measurable. A functioX : | x Q — R, wherel C R is an interval, is called a stochastic process if for etery the
functionX (t,.) is a random variable.

Recall that the stochastic process | x Q — R is called(i) continuous in probability in intervdl, if for all to € | we
have
Pitllrt]ox (tﬂ ) =X (t05 ) )
whereP — lim denotes the limit in probabilityii) mean-square continuours the intervall , if for all tp € |
lim E | (X (t) — X (to))?| =0,

t—tp

whereE [X ()] denotes the expectation value of the random variAlite.).

Obviously,mean-squareontinuity implies continuity in probability, but the coerse implication is not true.
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Definition 1. Suppose we are given a sequefid€'} of partitions,A™ = {@amo, ..., amn, } - We say that the sequenga™}
is a normal sequence of partitions if the length of the grs@tgerval in the n-th partition tends to zero, i.e.,

lim sup |ami—ami-1| =0.

@ 1<i<nm

Now we would like to recall the concept of the mean-squaregral. For the definition and basic properties s [

LetX : 1 x Q — R be a stochastic process with| X (t)?| < w forallt e l. Let[ab]Cl,a=ty<t; <ty <..<ty=b
be a partition offa,b] and & € [t_1,t] for all k= 1,...,n. A random variable¥ : Q — R is called the mean-square
integral of the proces¥ on [a, b], if we have

n—oo

. 2
lim E X —t_1) =Y =0
Im (kzl (6x) (tk —te-1) )

for all normal sequence of partitions of the interfab] and for all® € [tx_1,t%], k= 1,...,n. Then, we write

b
Y()= ./x (s.-)ds(a.e.).

For the existence of the mean-square integral it is enoughdome the mean-square continuity of the stochastic (goces
X.

Throughout the paper we will frequently use the monotoyioftthe mean-square integral. Xi(t,-) <Y (t,-) (a.e.) in

some intervala, b], then
b b

/X(t,-)dt < /Y(t,-)dt (@e.).

a a

Of course, this inequality is the immediate consequenckefiefinition of the mean-square integral.

Definition 2. We say that a stochastic processes|X Q — R is convex, if for all € [0,1] and uv € | the inequality
XAu+@Q=2A)v,) <AX(u, )+ (2-2A)X(v,-) (a.e) 2
is satisfied. If the above inequality is assumed onlyXos % then the process X is Jensen-convex%erconvex. A

stochastic process X is concavé+fX) is convex. Some interesting properties of convex and Jectarex processes are
presented in (10, [ 15)]).

Now, we present some results proved by Kot@jsgbout Hermite-Hadamard inequality for convex stochgsticesses.

Lemmal. If X : 1 x Q — R is a stochastic process of the form(tX) = A(-)t 4+ B(-), where AB: Q — R are random
variables, such that £A?] < o, E [B?] < w and[a,b] C I, then

/x (t,)dt=A() bz;az +B()(b-a) (ae.).
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Proposition 1. Let X: 1 x Q — R be a convex stochastic process agdttintl. Then there exist a random variable
A: Q — R such that X is supported at by the process A) (t —tp) + X (to,-). That is

X(t,)) = A() (t—to) + X (to,") (a.e.).
forallt el.

Theorem 1.Let X: | x Q — R be Jensen-convex, mean-square continuous in the intestathastic process. Then for
any uv € | we have

\%

u+v 1 7 X(u,-)+X(v,)

< Jdt< ——~——~"" (a.e.

x( ; ,)_Vu./X(t,)dt_ ; (@.e) @3)
u

In [11], Sarikaya et al. proved the following refinement of the uagy (3):

Theorem 2.1f X : | x Q — R be Jensen-convex, mean-square continuous in the intestathastic process. Then for
anyuvelandforallA €[0,1], we have

X (57 =h) < o5 [xaodesnon < XX, @
where ) AVv+(2—A)u (1+A)v+(12—-A)u
h(A).)\X<f,>+(l)\)X< . >
and

H(A):= %(X(/\v+(17)\)u,-)+/\X(u,-)+(17/\)X(v,~)).

In [1], Barraez et al. introduced the conceptefconvex stochastic process with following definition.

Definition 3. Let h: (0,1) — R be a non-negative function, 0.we say that a stochastic process Xx Q — R is an
h—convex stochastic process if, for evenytt € I, A € (0,1), the following inequality is satisfied

XAu+(2-2)v,-) <h(A)X(u,-)+h(1-A)X(v,-) (a.e.) (5)

Obviously, if we takeh(A) = A andh(A) = A% in (5), then the definition oh—convex stochastic process reduces to the
definition of classical convex stochastic proce&§] [and s—convex stochastic process in the second sef& [
respectively. Moreover, A stochastic proc&ssl x Q — Ris:

(1) Godunova-Levin stochastic process if, we thk&) = /\i in (5),

X(Au4(1—-A)v,-) < X(;") + );(_V/\> (a.e.) (6)
(2) P—stochastic process if, we takéA ) = 1 in (5),
XAu+2=2)v,-) <X(u,-)+X(v,-) (a.e) (7)

Authors proved the following Hermite-Hadamard inequdliitiyh—convex stochastic process it |

Theorem 3.1f X : | x Q — R Let be h: (0,1) — R a non-negative function, # 0 and X: | x Q — R a non negative,
h—convex, mean square integrable stochastic process. Fay eve € |, (u < v), the following inequality is satisfied
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almost everywhere

th%)x(uzv7,)gvlulj/x(t Yt < [X (U, ) + X (v O/lh

For more information and recent developments on Hermitdafaard type inequalities for stochastic process, pledse re
to ([1], [4], [6]-[8], [11]-[13], [16]). The aim of this paper is to establish an improvement ofkier-Hadamard inequality
for h—convex stochastic process.

2 Main results

Theorem 4.1f X : | x Q — R Let be h: (0,1) — R a non-negative function, # 0 and X: | x Q — R a non negative,
h—convex, mean square integrable stochastic process. Foyevec I, (u < v), we have the following inequality

4[h(11)}2x(ugv )<Al<—/x ) dt< A < [X(u,-) +X (V)] B—l—h(%)}/lh()\)d)\ 8)
? 0
where

w0 ()]

Ay e |:X(u,.)—2|—X(V,) (u+v )]/h

Proof. SinceX : 1 x Q — R is ah—convex stochastic process, we have

and

uty AU+ (1—A)SY (1 A)u+ ALY
X(u+ - )x( u+( )Y+ ( JU+ A% ) ©)
2 2
1 u+v u+v
on(2) e (e om0 ) ox (-t
Integrating ©) from O to 1 with respect td, we get
3 N[ 7 /
x( U+V,-)§h(—) /x()\u+(1—)\)ﬂ’,-)d;\+/x((1 Mus Attty )d/\]
4 2) . 2 2
Lo 0
1 2 2 7
<h(z . _ : 1
_h(z) Viu/x(t,)dt—kviu./X(t,)dt (10)
u u
N
4h (%
= (2)/X(t,)dt
V—u
u
That is,
%ﬂl
1 3u+v 1/
X ) < —— [ X(t,-)dt. 11
aa (a) =t X 1)
u
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SinceX is ah—convex stochastic process, we also have

S R )

Integrating (2) from O to 1 with respect td, we get
3 1 1 1
x(“+v,) h() /x(AiiY+a M. )dA+/X(1 AEiX+A )m]
4 2/ |. 2
0 0
m+——/X

IN

IA
=
TR
NIH Q’b
\
><

1 u+3v 1
4M%X< 4,>gv_u/x¢qm (13)

Summing inequalities](l) and (L3), we obtain

e a2 e

which finishes the proof of second inequality 8).(

Applying the Hermite-Hadamard inequality for-convex stochastic process (Theorgynwe have

B u+v
\Y

2
1 1 2
A [xoa= 2] 2 [xwae 2o [ xe)
vV—u 2 |v—u vV—u

Y v

! '[x<u,.>+x(u7+v,.)]_/*hw]+; [e(252) x| o]

0

_ [X(u,.);LX(v,.) X (UZV7')] b/l‘h(/\)d/\
A

This completes the proof of third inequality i8)(
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For the first inequality, using the—convexity ofX, we have
1 u-+v 1 13u+v 1u+3v
5X )= >X | 5 += )
4[h(3)] 2 afh(3))” \2 2 2 4

S IORCIRORES)

Finally,

X () £ X (%] E+h<§>} /1h()\)d)\.
0

This completes completely the proof of the Theorem.

RemarkUnder assumption of Theoredrwith h(t) =t, we have

\
u+v 1 X(u,-)+X(v,-)
X{—, ) <A < — [ X(t,- <l ——F——-
( 2 ’)— l—v—u/ (t)dt<dp < 2
u
where . 3 3
1 u+v u+3v
wimg () (55
and

Ay e % [X(u,.);rx(v,.) +X(quv,.)} _

This inequality is a special case of the Theo2zmith A = %

Corollary 1. Under assumption of Theorednwith h(t) = tS, we have the refinement Hermite-Hadamard inequality for
s—convex stochastic processes in the second sense

\%
- u+v 1 1 1 1
2252X—-<A<—/X- <l <XU)+XWV)|z+=| —
( 2 a)_ 1_V*U (t7)dt— 2—[ (U,)+ (V7 )]|:2+25:| S+1
u

_ 3u+v u+3v
_ 952 : )
a=22x (3 )+ (45

o P (03

where

and

(© 2019 BISKA Bilisim Technology
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Corollary 2. Under assumption of Theorednwith h(t) = 1, we have the following Hermite-Hadamard type inequality
for P—stochastic processes

v
%x (%’) <l < ﬁ/X(t,-)dtgAzg g[X(u,-)—i-X(v,-)]
u

where

e Ep(5) (452
and «

b [HOR (4]
Corollary 3. Under assumption of Theore#nwith h(t) = %, we have the following Hermite-Hadamard type inequality

for Godunova-Levin stochastic processes

\%
1 u+v 1
X[ —, ) <A< — | X(t,-
16 ( 2 ’)_ _v—u/ (t,)dt
u

o= (2 (520)]

where
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