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Abstract: In the present paper, we investigate the problem on the \diktebution and uniqueness farshift polynomials of

transcendental meromorphic(entire) functions of zerceomf the form f™(z)P,(f(qz+ n))f¥)(z). By introducing the weighted
sharing our results take a new form. We obtain analogoustsetdwe to the authors H. Y. Xu, K. Liu and T. B. Cao [25], whictthe

motivation for our work on the above mentioned combination.
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1 Introduction

A meromorphic functionf will always mean meromorphic in the whole complex plaheWe also assume that the
reader has familiarity with the standard notations andd&sidamental results of Nevanlinna Theory suciTés f),
m(r, f) andN(r, f), the first and second main theorems of Nevanlinna, the lenfrizaarithmic derivatives ([11], [26],
[28]). For a meromorphic functiori, we denoteS(r, f) any quantity satisfying(r, f) = o(T(r, f)) for all r outside a
possible exceptional set of the finite logarithmic measiéso, we denoteS(f) as the family of all meromorphic
functions o such thatT(r,a) = S(r,f) = o(T(r, f)), wherer — o outside a possible exceptional set of the finite
logarithmic measure. We also agree that) will include all constant functions arfél:= S(f) U {e0}. DenoteSy(r, f) by
any quantity satisfying, (r, f) = o(T(r, f)) for all r on a set of logarithmic density 1.

Let f(z) andg(z) be two non-constant meromorphic functions. For sameC U {«}, if the zeros off(z) —a and
0(z) — a coincide in locations and multiplicities, then we say tHdr) and g(z) share the valuea CM(counting
multiplicities) and if f(z) — a andg(z) — a coincide in locations only then, we say thigtz) andg(z) share the valua
IM(ignoring multiplicities). Also, ifa = o, then the zeros of (z) — a andg(z) — a becomes the poles df(z) andg(z)
respectively.

The g-difference analog of the Nevanlinna theory and their aapibns on the value distribution af-difference
polynomials andg-shift-difference equations are being studied in recerdrge Especially, for a transcendental
meromorphic (resp. entire) functiof(z) of order zero, Zhang and Korhonen [30] studied the valueidigion of
g-difference polynomials of (z).

Recently, there has been an increase in the interest in sfultifference analogue’s of Nevanlinna Theory (See [3], [5]
[8], [10], [13], [14], [17], [18], [21], [23], [24], [29]). Halburd and Korhonen [8] established a difference analodjtieeo
lemma of logarithmic derivative. Later, the authors Batnétalburd, Korhonen and Morgan [2] also established
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difference analogue of the lemma of logarithmic derivatingl-difference operators.

In the study ofg-difference of meromorphic functions, Zhang and Korhor&®j jobtained the following result on the
value distribution ofy-difference polynomial of meromorphic functions.

Theorem 1.[30]. Let f be a transcendental meromorphic (resp. entire) fumotif zero order and g be non-zero complex
constant. Then for & 6 (resp. n> 2), f"(z) f(qz) assumes every non-zero value & infinitely often.

The author’s Liu and Qi [20] studied the value distributiam & g-shift of the meromorphic function and obtained the
following result.

Theorem 2.[20]. Let f be a zero-order transcendental meromorphic functior, 6, g€ C\ {0}, n € C, and Rz) a
rational function. Then the g-shift difference polynonfi&z) f (qz+ n) — R(z) has infinitely many zeros.

In 2015, the author’s H. Y. Xu, K. Liu and T. B. Cao [25] obtairtée following results on finding the zerosk(f ) f (qz+

n) = a(z) andP(f)[f(qz+n) — f(2)] = a(z), wherea(z) € S()\ {0}, let P(2) = an2" +an_12" 1 + ... + a;z+ag be a
non-zero polynomial, wheray, ay, ...,an_1,an(7# 0) are complex constants, and fatbe the number of the distinct zeros
of P(2).

Theorem 3.[25]. Let f be a zero-order transcendental meromorphic (resprerfunction, ge C\ {0}, n € C. Then for
n> m+4 (resp. n> m), P(f)f(qz+ n) = a(z) has infinitely many solutions, wher¢zac S(f) \ {0}, P(f) and m are
stated as above.

Theorem 4.[25]. Let f be a zero-order transcendental meromorphic (resprerfunction, ge C\ {0}, n € C. Then for
n> m+ 6 (resp. n> m+ 2), P(f) [f(qz+ n) — f(2)] = a(2) has infinitely many solutions, wheré¢zac S(f)\ {0}, P(f)
and m are stated as above.

Some recent results for the uniqueness of the differencéatddifference of meromorphic functions were obtained by
the authors ([12], [13], [17], [19], [22], [28], [29)).

In 2010, Zhang and Korhonen [30], obtained the followingites

Theorem 5.[30]. Let f(z) and gz) be two transcendental entire functions of zero order. Saeppbat g is a non-zero
complex constant andn 6 is an integer. If f'(z)(f(z) — 1) f(q2) and d'(2)(g9(2) — 1)g(q2) share 1 CM, then (z) = g(2).

In the year 2011, X. D. Luo, W. C. Lin [22], obtained the follimg result.

Theorem 6.[22]. Let f and g be transcendental entire functions of finite grdarnon-zero complex constant, lgiZPbe

a non-zero polynomial and letyn 2+ 1 be an integer, wherBy = my + 2mp, ny is the number of the simple zero ofZP
and m is the number of multiple zeros of®. If P(f)f(z+ c) and P(g)g(z+ c) share 1 CM, then one of the following
results holds:

(i) f=tgfora constantt such thaft= 1, where d= GCD{Ag,A1,...,An} and

i+1 i 0
i= +L a# i=0,1,2,...,n;
n+1, a=0
(i) f and g satisfy the algebraic equatiorf Rg) = 0, where Ror, wp) = P(owr) w1 (24 ¢) — P(wp) wp(z+ ©);
(i) f(z) = €7@, g(z) = ¥@, wherea(z) and B(2) are two polynomials, b is a constant satisfyiagr 8 = b and
a%e(nle)b -1
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In 2015, the author’s H. Y. Xu, K. Liu and T. B. Cao [25] obtaihthe following results on finding the uniqueness of
g-shifts of entire functions.

Theorem 7.[25]. Let f and g be transcendental entire functions of zero oated, let gc C\ {0}, n € C, P(f), p, d be
asin Theorem F. If Pf) f(qz+ n) and Rg)g(qz+ n) share 1 CM and n- 2y + 1, then one of the following cases holds:

(i) f=tgforaconstantt such thaft=1;

(i) f and g satisfy the algebraic equatioriRg) = 0, where R, ;) = P(wi)wi(qz+ n) — P(wy)wp(qz+ n);
(iiiy fg= u, wherey is a complex constant satisfyingu't! = 1.

Theorem 8.[25]. Under the assumptions of Theorem G, ifEP(f)f(qz+n)) = E(1;P(g9)g(gz+n)) and I, n, m are
integers satisfying one of the following conditions:

M I'=2,n>2[p+m+2-A;
(I I'=21,n>2M+2m+3-2A;
(m 1=0,n>2rp+3m+4—3A;
(V) 1>3,n>2p+1.

Then the conclusions of Theorem G hold, where min{©(0, f),©(0,9)} and m is stated as above.

The investigation of the author’s H. Y. Xu, K. Liu and T. B. Camtivated the present work. Here our aim is to find the
uniqueness of theg-shift difference polynomial by considering the functiof"(z)P,(f(qz+ n))f®(z) and
g™(2)P(g(qz+ n))g®(z), whereP,(f (qz+ n)) is theg-shift difference polynomial and le; be the number of distinct
zeros ofR(f(qz+n)).

We now state the main results.

Theorem 9.Let f be a zero-order transcendental meromorphic (resgrarfunctions, g C\ {0}, n € C. Then, for >
3K+ty —m+6 (N> 2k+th—m+1), f™(2)Pa(f(qz+n)) f* (2) = a(2) has infinitely many solutions, wherézac S(f)\
{0}, Ri(f(qz+n)) is a non-zero g-shift difference polynomial and jghbe the number of distinct zeros of(P(qz+n)).

Theorem 10. Let f and g be transcendental entire functions of zero owed let ge C\ {0}, n € C, let R(f(qz+n))
be a non-zero polynomial an@ = m; + 2mp, where m is the number of simple zeros and m the number of multiple
zeros of R(f(qz+n)). If f™(2)Py(f(qz+n)) ™ (2) and d"(2)Pa(9(qz+n))g™ (2) share 1 CM and n> 2k+ 2+ m—+3,
then one of the following cases holds:

(i) f=tgforaconstantt such thatt= 1, where d= GCD{m+n+k—1,m4+n+k—2,...m+k—1}.
(i) f and g satisfy the algebraic equatiorf Rg) = 0, where

~miken | @@z n)(k=1) | an 1) H(gztn)(k—1) agk-1)|
R(er, ap) =0y { m+n+k—1 + m+n+k—2 +"'+m+k—1

mike1 | @B (qz+n)(k—1) an_1a) 1(qz+n)(k—1) ao(k—1)
©2 { m+n+k—1 * m+n+k—2 +‘“+m+k—1

(iiiy fg= p, wherey is a complex constant satisfying ™ =t.
We require the following definition to state our next theorem

Definition 1. [15], [16]. Let | be a non-negative integer or infinity. ForaC U {«}, by g (a; f) we denote the set of all
a-points of f where an a-point of multiplicity k is countedrkes if k< | and I+ 1 times if k> I. If E|(a; f) = E/(a;0),
we say that f, g share the value a with weight I.
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Theorem 11.Under the assumptions of Theorem 10, if

Ei (L f™(2)Pa(f (az+n)) T (2)) = E(1;9™(@)Pa(g(az+n))g™ ()

and |, m and4 are integers satisfying one of the following conditions:

M I=2,n>%*12+8 -m-A+1;
(n 1=1,n>4k+2h+2th—2A —m+9;
() =0, n>5k+ 2+ 3th— 34 —m+13;
(IV) 1>3,n>2k+2lp—m+7.

Then the conclusions of Theorem 10. hold, where min{©(0, f),©(0,g)} and t, is stated as in Theored

We also require the following definition and notations irsthaper.

Fora e CUo andk a positive integer, by\I K (r, = a) we denote the counting function of thoagooints of f whose
multiplicities are not less thark in counting the a-points of f we ignore the multiplicities ([11]) and

N (r, L a) =N (r, ﬁ) +N, (r, f—fa) + ...+ N (r, L a)
Fora e CUw, we define
N(r,+=
O(a, f)= 1Iirpﬁsmup%.

Definition 2. [1]. When f and g share 1 IM, we denotely (r, f—ll) the counting function of those 1-points of f whose
multiplicities are greater than 1-points of g, where eaclozs counted only once; similarly, we hadg (r ( ) Let

7y be a zero of £ 1 of multiplicity p and a zero of g 1 of multiplicity g, by Nl( ,m) we also denote the counting
function of those 1-points of f and g where=p = 1.

2 Lemmas

We use the following lemmas for proving our main results.

Lemma 1.[7]. Let f and g be two meromorphic functions. If f and g share 1 Gldntone of the following three cases
holds:

() T(r£)+T(r,g) < 2Na(r, f) +2Na(r,g) + 2No(r, §) +2No(r, ) + S(r, f) + S(r,);
(i) f=g;
(iiiy f.g=1.

Lemma 2.[6]. Let f and g be two meromorphic functions, and let | be a pasititeger. If E(1; f) = E (1;g), then one
of the following cases must occur:

. 1 1 — 1
() 00+ 0.0 < Nalr 1) M. 0) Mo (1) Mo (12 ) 4 (r 25 )
_ 1 1 — 1 — 1
+N <r, ng> —Naz <r, m) +N41 <r, m) +N41 (ﬂ ng) +38(r, f) +S(r,9).

(i) f= %, wherea(+ 0), b are two constants.
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Lemma 3.[6]. Let f and g be two meromorphic functions. If f and g share 1 l@ntone of the following cases must
occur:

(i) T(r,f)+T(r,g) <2 [Nz(r, )+ Ny (r, %) +No(r, ) + No <r7 é)]
+ 3N, <r,fT11> +3NL (r,gfll) +9(r, )+ S(r,9);

@iy f= %, wherea(# 0), b are two constants.

Lemma 4. [28]. Let f be a non-constant meromorphic function antf)P= ag+ a;f + axf? + ... + a,f", where
ap,a1,ay,..,an are constants anda# 0. Then

T(r,P(f)) =nT(r, f)+S(r, f).
Lemma 5.[9]. Let f be a non-constant meromorphic function; 8, a < 1, and let F C R be the set of all r such that
T(r,f) <aT(r+s,f). If the logarithmic measure of F is infinite, that i % = oo, then f is of infinite order of growth.

Lemma 6.[5]. Let f(z) be a meromorphic function of finite ordprand c a non-zero complex constant. Then, for each
€ > 0, we have
T(r,f(z+¢)) =T(r,f(2) + O(rP~1+¢) + O(logr).

Lemma 7.[30]. Let f(z) be a transcendental meromorphic function of zero order ardnpn-zero complex constant.
Then

T(r,f(92) = (1+0(2))T(r, f(2)
and

N(r, f(g92) = (1+0(1))N(r, f(2)),
on a set of logarithmic density 1.

Remark[25]. Under the assumptions of Lemma 2.7, from the definitib§, (r, f) we have
T(rf(a2) =T(rf(2)+S(rf),

N(r, f(02)) = N(r, f(2) + Si(r, ).
Lemma 8. [25]. Let f(z) be a transcendental meromorphic function of zero order angl tvo non-zero complex
constants. Then

rf(az+n)) =T(r.f(2)+S( 1),

) <N (o) e

N(r, f(gz+n)) < N(r, f)+ Si(r, T),

) <N(07) rsen

(r. f(az+n)) <N(r, f) + Si(r, ).

| /\

IN
Z|

T,
N
N(

Lemma 9.[20]. Let f(z) be a non-constant zero order meromorphic function amd@\ {0}. Then
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on a set of logarithmic density 1.

Lemma 10.[25], Lemma 12.Let f(z) and gz) be transcendental entire functions of zero order. P(z) beoa-rero
polynomial as stated above. Itn2, and

f(2)™Pa(f(az+n)) f X (29(2)™Pu(a(az+n))g¥ (2) =t

where d# 0), n, t( 0) are complex constants, then we have=fg, where gu"m* =t

Proof. Proof of the lemma here is similar to the proof of Lemma 12 B [2

Lemma 11.Let f be a transcendental meromorphic function of zero grde# 0), n be complex constants, and let

Po(f(az+n)) = anf"(qz+n) +an-1f"(az+n) + ... + a1 f (az+n) + ao. Also, F(z) = fMZPu(f(qz+n))f¥ (2).
Then, we have
(M+n—=1-KT(rH)+S(r,f) <T(r,F(2) < (M+n+1+K)T(r, f)+S(r, f).

If f is a transcendental entire function of zero order, wedav
T(r,F(2) =T f"@Pu(f(az+n)) ¥ (2) = (M+n+D)T(r, )+ S(r, ).

Proof.Let f be a transcendental entire function of zero order. Alsd; [gf = f™(2)Pa(f(qz+n)) ¥ (2). We have,
T(r,Pa(f(az+n))) = nT(r, f(qz+n)) = nT(r, f) + S(r, f).

Consider,

T(r,F(2) =m(r,F(2)

(k)
< m(r, {(@)Pf (gz+ '7>>f<z))+m<r’ ff(z@)

ST M @Pa(f(az+n)F(2) +Su(r, T)

i.e, T(r,F(2) < (m+n+1)T(r,f)+S(r, f) Q)
On the otherhand, let us consider

i.e,(M+n+2)T(r,f) =T(r,f™(2P.(f(qz+n))f(2)) + S(r, )

< i @Bz 1) 1)+ m (1 ) + S0

<T(r,F(2))+9S(r,f)

i.e,(M+n+L)T(r,f)+S(r,f) <T(r,F(2) 2
By (1), (2), we have

T(LF(2)=T(, f"2P(f(qz+n) % (2) = (M+n+2)T(r, )+ S (r, f).
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If fis atranscendental meromorphic function of zero ordemftemma8 and Lemmat, we have

T(r, fP@Pa(f(az+n) 9 (2) < T(r (@) + T(r.Pa(f(az+m) + T(r, 19 (@) + Si(r. ).

i(m+n+1+k)T(r,f)+Sl(r,f). )
On the otherhand, by Lemn#awe have
(M+n+T(r, ) =T(r, f(2P(f(az+n))f(2)) +S(r, f)
<TUF@)+T (g ) +S0D)
<T(F@)+2+K)T(r,f)+S(r, f)
e, T(rF(2)> (m+n—1—KT(rf)+Sr,f). (4)

By (3), (4), we get

(M+n—1-K)T(r, f)+S(r,f) <T(r,F(2) < (M+n+1+K)T(r, )+ S(r, f).

3 Proof of Theorems

Proof. (Proof of Theoren®)
Case 1.Let f be a transcendental meromorphic function of zero order.

Let us suppose that™(z)P,(f(qz+ n))f®(2) = a(z) has finitely many solutions. From Lemmkl, we have
S(r, f™(2)Pa(f(qz+n)) K (2)) = (r, f). By using the second fundamental theorem, Lentnaad the definition of,,
we have

T " @Pa(f(az+ ) ¥ @) <N(r. f"@Pu(f(qz+n) 9 (2) + N <r, fm<z>pn<f<qi+ n))f® (z))
N 1
+Nir, fm(Z)Pn(f(qz+n))f(k)(z)_a(z)>Jrs(r,f)

_ —( 1 —( 1 1 —
<3N(r,f)+N (r,?) +tnN (r,?) + Nk (r,?) +KkN(r, )4+ S(r, f)
< (2k+th+5)T(r, f) + S(r, f)
ie,(m+n—1—KT(r,f)+9(r ) < (2k+ta+5)T(r, f)+ S, f), i.e.,n < 3k+t, — m+ 6, which is a contradiction to

n> 3k+t,—m+6.

Case 2.Let f be a transcendental entire function of zero order. Let upssgthatt ™(2)P,(f(qz+n))f®(2) = a(z)
has finitely many solutions. By using the same argument asge@ and (4), we get

T(r, i (@Pa(f(az+ 1) (@) <N (r, fm(z)Pn(f(q;L M)

< (2k+-th+2)T(r, f) + S(r, f)

)+S(r,f)
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e, M+n+2)T(r,f)+Sr,f) < (2k+th+2)T(r, f) + S, f), i.e., n < 2k+t, — m+ 1, which is a contradiction to
n > 2k+t, — m+ 1. This completes proof of Theoretn

Proof. (Proof of Theorenl0)

Let F(2) = fM(2)P\(f(qz+n))fM(2), G(2) = g™(2)Pn(g(qz+n))g® (2). By the assumption of Theoref?, we have
F(z),G(z) share 1 CM. Then, the following three cases will arise in vidleemmal.

Case 1.Suppose that (z),G(z) satisfy Lemmal (i), we have

T(r,F(2)+T(r,G(z)) < 2Na(r,F) + 2Na(r, G) + 2No(T, é) + 2No(r, é) +S(r,F) + S(r,G).

Sincef(z), g(z) are entire functions of zero order, by using Lem&aemmall, we haveS(r,F) = S, f),Sr,G) =

S(r,9).

T(LF(2)+T(r,G(2) < 2Naf(r, %) + 2Na(r, é) +9(r, )+ S(r,9)

<N, <rri)m> 2N <“m>

#2775 )+ 2% (v ) + 2% (“ )
+2N; <r, g<T1(z)> +8(r, ) +S(r,9)

< (2m+ 2o+ 2k+4)(T(r, f)+T(r,9)) + S(r, f) + S(r,9)

i.e,(m+n+1)(T(r,f)+T(r,9)) < (2m+2Mo+2k+4)(T(r, f)+T(r,g)) + S(r, f) + S(r, )

On simplifying, we get < 2k+ 2o+ m+ 3, which contradicte > 2k+ 2o+ m+ 3.
Case 2If F(z) = G(2), that is,

f(2)™Pa(f(az+n)) % (2) = 9(2™Pa(g(az+n))g™ (2). (5)

(N

Leth(z) = 12

(z

«Q
R

Subcase 1.1Suppose that(z) is a constant. On Integrating (5), we get

gkt [af (@24 n)(k—1) | an1f"*(qz+n)(k—1) 2o(k—1)
+.oit—
m+n+k—1 m-+n+k-2 m+k—1 6)
_ g1 [ @ng" @z n)(k—1) an-19"*(qz+n)(k—1) ao(k—1)
m+n+k—1 m+n+k—2 T m+k-1

On substitutingf = ghin (6), we get

gt [29 @K1 e gy 20" HAZEMK=D) ez gy, B0K-D pmica )] g

m+n+k—1 m+n+k—2 "'+m+k—1

Sinceg is a transcendental entire functigiftk—1 £ 0. Hence,

ang"(@2+ MK=1) mendes gy, 810024 MK=D) mineica 20k=1) mik1 1o (7
m+n+k—1 (h D+ min+k—2 (h 1)+...+m+k71(h 1)=0. (7)
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By (7), we gethd = 1, whered = GCD{m+n+k—1,m+n+k—2,...m+k—1}, a,_; # 0, for some = 0,1,2,....n.
Thus, f =tg, wheretd =1.

Subcase 1.2Suppose that(z) is not a constant. Then, by (6),andg satisfy the algebraic equatidt{ f,g) = 0, where

R(wy, op) =1 lanwf(qz-i- n)(k—1) n an_ 1) (qz+n)(k—1) - ao(k— 1)1 -

m+n+k—1 m+n+k—2 T m+k-1

mik 1 | @B (gz+n)(k—1)  an_16) (qz+n)(k—1) ap(k—1)
«2 l mtntk—1 mintk—2 T mek—1l|

Subcase 1.3If F(2)G(z) = 1. By using Lemma 2.10, we gt = y, for a constanu such thata2u™ ™k =t. This
completes proof of Theorem 1.2.

Proof. (Proof of Theorem.1)
From the assumptions of Theorem 1.3., we hBM@&;F (2)) = E (1;G(2)). Then,
(I =2 Since

_ 1 — 1 1 1_— 1 1_— 1
N (ﬂ F—l) +N (r’G—l) —Ni1 (r’F—l) + EN(|+1 (r, F—l) + EN“H (ﬂ G—l) :
1 1 1 1
N(r’F1> 3N (r’Gl)
1
T(er) +§T(raG) +S(r7|:) +S(rvG)

and

Similarly,

N1 (r, Gi1> < <k+t£+ 1> T(r,g)+%N <r,$> +9(r,g). (8)

Case 1lLetF(z), G(z) satisfy Lemmeél (i). Sincef(z), g(z) are transcendental entire functions and (8), we have

1 1 — 1
T(r,F(2)+T(r,G(2)) < 2N (r, E) + 2N, (r, 6) +N41 (r, F—l)
— 1
+ N(|+1 (r7 ﬁ) + S(ra f) + S(ra g)
By using Lemmalland letA = min{©(0, f),©(0,g)} and on simplifying, we get

{n_ (W) +m+}\} (T(r, )+ T(r,g)) < Sr,f)+S(r,)
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Thatis,n < 3%+ 2+ % —m—A + 47, which contradicts

5k th 17
n>7+2l'o+§—mf)\+7. 9

Case 2LetF(z),G(z) satisfy Lemma (ii), that is,

(b+1)G+(a—b—1)

F = bGr@-b

(10)
wherea(# 0),b are two constants. We now consider the following three cases
Subcase 2.1b# 0,—1. If a— b— 10, then by (10), we have
_ 1 —/ 1
N(rr———|=N(r.=].
( G+ab$ll) ( F)

Sincef, g are entire functions of zero order, by using the Second Fuedéal Theorem and LemnYaand LemmaB, we
have

— 1 1
Tr,G)<N(r=]+ rh———— | + 9(r,

<r, é) +N <r, é) +95(r,9)

(m+n+1)T(r,g) + Sr,9) < (K+th+2)(T(r, f)+T(r,9)) + S(r, f) + Sr,0)

Z|

IN
Z|

By using Lemmal 1 and simplifying, we get

Similarly.
(M+n+1)T(r, £) +S(r, f) < (K+-th +2)(T(r, f) + T(r,9)) + S(r, f) +S(r,9)
On adding, we get
(M+n+1)(T(r, £) +T(r,9)) < (2K+2ta+4)(T(r, £) +T(r,9)) + S, f) +S(r,9)

That is,n < 2k+ 2t, — m+ 3, which contradicts (9). l&— b— 1= 0, then by (10), we know

(b+1)G
bG+1 -

Sincef, g are entire functions, we get thqf— is a Picard’s exceptional value Gf(z). By the second main theorem, we
get

— 1
T(r,G) <N (r,a) +8(r,G).
By Lemmall, we have

(m+n+ 1)T(ra g) +S(rvg) S (k+tn+2)T(ra g) +S(rvg)

(© 2019 BISKA Bilisim Technology
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That is,n < k+t, — m+ 1, which contradicts (9).

Subcase 2.2b = —1. Then, (10) becomes, a

F=—7—.
a+1-G
If a+1+# 0, thena+ 1 is a Picard’s exceptional value Gf Similarly, to the above discussion in Subcase 2.1., we ckedu
a contradiction.

If a+1=0, thenFG =1, thatis
t(2"Pa(f(az+ 1)) f ¥ (292 ™Pa(g(az+ )™ (2) = 1
Sincen > %X + 25+ % —m—A + 1/ > 9, by Lemma 2.10, we gty = 1, for a constani such thagZu™ ™k =t.

Subcase 2.3b = 0. Then, (10) becomes,
_G+a-1

a

_ 1 _ 1
N(“m)’“(%)-

Similarly, to the discussion in Subcase 2.1, we get a coitiiad. If a— 1 = 0, thenF = G, that is

F

If a—1+#0, then

f(2)™Pa(f(az+n)) f®(2) = 9(2™Pn(g(az+n))a¥ (2).

By using the same argument as in the proof of Case 2 of The®Peme get the same conclusion.

(I 1'=1. Since

— 1 - 1 1 1 1 1 1
- - )= _— < Z - Z -
N(r,F1)+N(r,Gl) Nll(r,Fl) < 2N (r,F1)+2N (r’Gl) an

T(r,F)+ %T(r,G) +9(r,F)+ S(r,G).

_ 1 F F/
N (ﬂﬁ) <N (raa) =N (raf) +3(r, )

gN(r,é) +9(r, f)

From LemmaB, we have

< (k+1+ty)T(r,f)+N (r, %) +9(r, f),
and

N (r, Gi—l) < (k+1+t)T(r,9)+N (r, é) +9(r,9) (12)
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Case 1If F(z), G(2) satisfy Lemma (i), sincef, g are entire functions and by (11), (12), we get

1 1 — 1
< i = I
TLE)+T(r,G) <N (r, F) +Ny (r,G) +N (r, Fl)

_ 1 1 — 1
+N (r,—G_l) Nll(r,—F_l) JrN(Z (I’,—F_l>

N <r, Gi—1> +S(ILF) + S1,6).

By using Lemma 11 and simplifying, we getn < 4k + 2 + 2t, — 22 — m+ 11, which contradicts
n> 4k+ 2o+ 2th — 2A —m+11.

Case 2If F(z), G(2) satisfy Lemma (ii). Similar to the proof of Case 2 in (1), we get the conctuss of Theoremi 1.
(1) 1=0. ThenF(z), G(z) share 1 IM. From the definitions &f(z), G(z), we have
!
N (hee ) <N(re ) =N(rS ) +s6F) <N (2 ) +S0F)
F-1 F’ F F (13)
— 1
< (Kt ta+ DT( F) +N(r, ) +S(1, )

Similarly, we have

— 1 —( 1

N <r, G—_1> < (Kttat )T(r,g)+ N <r, 5) +S(9) (14)

Case 1LetF(z), G(z) satisfy LemmaB (i). From (13), (14), we get

T(hF(2)+T(r,G(2) <2 [Nz <r,é) + Ny <r,é)] +3NL <r,Fi_1>

+3N, (r, Gil) +S(r,F) + S(r,G).

By using Lemma 11 and simplifying, we getn < 5k + 2 + 3ty — m — 3A + 13, which contradicts
n> 5k+ 2o+ 3th —m—3A +13.

Case 2If F(z), G(z) satisfy LemmaB (ii). Similar to the proof of Case 2 in (I), we get the conctuss of Theorenl 1

(IV) 1> 3.Since

Mrrmmy) M rame) o)

+ N1 <r’ﬁ—l) —Ni1 (Hﬂ%—l)
< %N (rF(T—1> +%N <re(%—1 +9S(r,F) +S(r,G)

< %T(r,F)Jr %T(r,GHS(r,FHS(r,G).

(© 2019 BISKA Bilisim Technology



=
NTMSCI 7, No. 3, 328-341 (2019)www.ntmsci.com BISKKA 340

Case 1LetF(z), G(2) satisfy Lemma (i). By using LemmaB, Lemma9 and Lemmall, we get
(n—2k—2Mo+m—7)(T(r, )+ T(r,)) < S(r, ) + (1, ).
That is,n < 2k+ 2o — m+ 7, which contradicts > 2k+ 2g— m+ 7.

Case 2LetF(2), G(z) satisfy Lemma (ii). Similar to the proof of Case 2 in (I), we get the concluss of Theorenil
This completes the proof of Theoreii.

4 Conclusion

By considering the g-shift difference polynomial in the dtions of the form f™(2)P(f(qz+ n))f™(2) and
g™(2)Px(9(gqz+ n))g®(2), along with weighted sharing concept in Theor&fip we prove important analogous results
for transcendental meromorphic (resp. entire) functidreeoo order.
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