
NTMSCI 7, No. 3, 328-341 (2019) 328

New Trends in Mathematical Sciences
http://dx.doi.org/10.20852/ntmsci.2019.373

Some results on value distribution and uniqueness for
q-shift difference polynomials of meromorphic functions
Harina Pandit Waghamore and Vijaylaxmi Subhas Bhoosnurmath

Department of Mathematics, Jnanabharathi Campus, Bangalore University, Bengaluru-560 056, India

Received: 21 February 2019, Accepted: 14 August 2019
Published online: 29 September 2019.

Abstract: In the present paper, we investigate the problem on the valuedistribution and uniqueness forq-shift polynomials of
transcendental meromorphic(entire) functions of zero order of the form f m(z)Pn( f (qz+ η)) f (k)(z). By introducing the weighted
sharing our results take a new form. We obtain analogous results due to the authors H. Y. Xu, K. Liu and T. B. Cao [25], which is the
motivation for our work on the above mentioned combination.
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1 Introduction

A meromorphic functionf will always mean meromorphic in the whole complex planeC. We also assume that the

reader has familiarity with the standard notations and basic fundamental results of Nevanlinna Theory such asT(r, f ),

m(r, f ) andN(r, f ), the first and second main theorems of Nevanlinna, the lemma of logarithmic derivatives ([11], [26],

[28]). For a meromorphic functionf , we denoteS(r, f ) any quantity satisfyingS(r, f ) = o(T(r, f )) for all r outside a

possible exceptional set of the finite logarithmic measure.Also, we denoteS( f ) as the family of all meromorphic

functions α such thatT(r,α) = S(r, f ) = o(T(r, f )), where r → ∞ outside a possible exceptional set of the finite

logarithmic measure. We also agree thatS( f ) will include all constant functions and̂S := S( f )∪{∞}. DenoteS1(r, f ) by

any quantity satisfyingS1(r, f ) = o(T(r, f )) for all r on a set of logarithmic density 1.

Let f (z) and g(z) be two non-constant meromorphic functions. For somea ∈ C∪ {∞}, if the zeros of f (z)− a and

g(z)− a coincide in locations and multiplicities, then we say thatf (z) and g(z) share the valuea CM(counting

multiplicities) and if f (z)− a andg(z)− a coincide in locations only then, we say thatf (z) andg(z) share the valuea

IM(ignoring multiplicities). Also, if a = ∞, then the zeros off (z)−a andg(z)−a becomes the poles off (z) andg(z)

respectively.

The q-difference analog of the Nevanlinna theory and their applications on the value distribution ofq-difference

polynomials andq-shift-difference equations are being studied in recent years. Especially, for a transcendental

meromorphic (resp. entire) functionf (z) of order zero, Zhang and Korhonen [30] studied the value distribution of

q-difference polynomials off (z).

Recently, there has been an increase in the interest in studyof difference analogue’s of Nevanlinna Theory (See [3], [5],

[8], [10], [13], [14], [17], [18], [21], [23], [24], [29]). Halburd and Korhonen [8] established a difference analogue of the

lemma of logarithmic derivative. Later, the authors Barnett, Halburd, Korhonen and Morgan [2] also established
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difference analogue of the lemma of logarithmic derivativeonq-difference operators.

In the study ofq-difference of meromorphic functions, Zhang and Korhonen [30] obtained the following result on the

value distribution ofq-difference polynomial of meromorphic functions.

Theorem 1.[30]. Let f be a transcendental meromorphic (resp. entire) function of zero order and q be non-zero complex

constant. Then for n≥ 6 (resp. n≥ 2), fn(z) f (qz) assumes every non-zero value a∈ C infinitely often.

The author’s Liu and Qi [20] studied the value distribution for a q-shift of the meromorphic function and obtained the

following result.

Theorem 2. [20]. Let f be a zero-order transcendental meromorphic function,n ≥ 6, q∈ C \ {0}, η ∈ C, and R(z) a

rational function. Then the q-shift difference polynomialf n(z) f (qz+η)−R(z) has infinitely many zeros.

In 2015, the author’s H. Y. Xu, K. Liu and T. B. Cao [25] obtained the following results on finding the zeros ofP( f ) f (qz+

η) = a(z) andP( f ) [ f (qz+η)− f (z)] = a(z), wherea(z) ∈ S( f ) \ {0}, let P(z) = anzn+an−1zn−1+ ...+a1z+a0 be a

non-zero polynomial, wherea0,a1, ...,an−1,an(6= 0) are complex constants, and letm be the number of the distinct zeros

of P(z).

Theorem 3.[25]. Let f be a zero-order transcendental meromorphic (resp. entire) function, q∈C\{0}, η ∈C. Then for

n> m+4 (resp. n> m), P( f ) f (qz+η) = a(z) has infinitely many solutions, where a(z) ∈ S( f ) \ {0}, P( f ) and m are

stated as above.

Theorem 4.[25]. Let f be a zero-order transcendental meromorphic (resp. entire) function, q∈C\{0}, η ∈C. Then for

n> m+6 (resp. n> m+2), P( f ) [ f (qz+η)− f (z)] = a(z) has infinitely many solutions, where a(z) ∈ S( f )\ {0}, P( f )

and m are stated as above.

Some recent results for the uniqueness of the difference andtheq-difference of meromorphic functions were obtained by

the authors ([12], [13], [17], [19], [22], [28], [29]).

In 2010, Zhang and Korhonen [30], obtained the following result.

Theorem 5. [30]. Let f(z) and g(z) be two transcendental entire functions of zero order. Suppose that q is a non-zero

complex constant and n≥ 6 is an integer. If fn(z)( f (z)−1) f (qz) and gn(z)(g(z)−1)g(qz) share 1 CM, then f(z)≡ g(z).

In the year 2011, X. D. Luo, W. C. Lin [22], obtained the following result.

Theorem 6.[22]. Let f and g be transcendental entire functions of finite order, c a non-zero complex constant, let P(z) be

a non-zero polynomial and let n> 2Γ0+1 be an integer, whereΓ0 = m1+2m2, m1 is the number of the simple zero of P(z)

and m2 is the number of multiple zeros of P(z). If P( f ) f (z+ c) and P(g)g(z+ c) share 1 CM, then one of the following

results holds:

(i) f = tg for a constant t such that td = 1, where d= GCD{λ0,λ1, ...,λn} and

λi =







i +1, ai 6= 0

n+1, ai = 0
i = 0,1,2, ...,n;

(ii) f and g satisfy the algebraic equation R( f ,g)≡ 0, where R(ω1,ω2) = P(ω1)ω1(z+ c)−P(ω2)ω2(z+ c);

(iii) f (z) = eα(z), g(z) = eβ (z), whereα(z) and β (z) are two polynomials, b is a constant satisfyingα + β ≡ b and

a2
ne(n+1)b = 1.
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In 2015, the author’s H. Y. Xu, K. Liu and T. B. Cao [25] obtained the following results on finding the uniqueness of

q-shifts of entire functions.

Theorem 7.[25]. Let f and g be transcendental entire functions of zero order,and let q∈ C\{0}, η ∈C, P( f ), Γ0, d be

as in Theorem F. If P( f ) f (qz+η) and P(g)g(qz+η) share 1 CM and n> 2Γ0+1, then one of the following cases holds:

(i) f = tg for a constant t such that td = 1;

(ii) f and g satisfy the algebraic equation R( f ,g)≡ 0, where R(ω1,ω2) = P(ω1)ω1(qz+η)−P(ω2)ω2(qz+η);
(iii) f g= µ , whereµ is a complex constant satisfying a2

nµn+1 ≡ 1.

Theorem 8.[25]. Under the assumptions of Theorem G, if El (1;P( f ) f (qz+η)) = El (1;P(g)g(qz+η)) and l, n, m are

integers satisfying one of the following conditions:

(I) l = 2, n> 2Γ0+m+2−λ ;

(II) l = 1, n> 2Γ0+2m+3−2λ ;

(III) l = 0, n> 2Γ0+3m+4−3λ ;

(IV) l ≥ 3, n> 2Γ0+1.

Then the conclusions of Theorem G hold, whereλ = min{Θ(0, f ),Θ(0,g)} and m is stated as above.

The investigation of the author’s H. Y. Xu, K. Liu and T. B. Caomotivated the present work. Here our aim is to find the

uniqueness of theq-shift difference polynomial by considering the functionf m(z)Pn( f (qz+ η)) f (k)(z) and

gm(z)Pn(g(qz+η))g(k)(z), wherePn( f (qz+η)) is theq-shift difference polynomial and lettn be the number of distinct

zeros ofPn( f (qz+η)).

We now state the main results.

Theorem 9.Let f be a zero-order transcendental meromorphic (resp. entire) functions, q∈C\{0}, η ∈C. Then, for n>

3k+ tn−m+6 (n> 2k+ tn−m+1), fm(z)Pn( f (qz+η)) f (k)(z) = a(z) has infinitely many solutions, where a(z) ∈ S( f )\

{0}, Pn( f (qz+η)) is a non-zero q-shift difference polynomial and let tn be the number of distinct zeros of Pn( f (qz+η)).

Theorem 10. Let f and g be transcendental entire functions of zero order,and let q∈ C\ {0}, η ∈ C, let Pn( f (qz+η))
be a non-zero polynomial andΓ0 = m1+2m2, where m1 is the number of simple zeros and m2 is the number of multiple

zeros of Pn( f (qz+η)). If f m(z)Pn( f (qz+η)) f (k)(z) and gm(z)Pn(g(qz+η))g(k)(z) share 1 CM and n> 2k+2Γ0+m+3,

then one of the following cases holds:

(i) f = tg for a constant t such that td = 1, where d= GCD{m+n+ k−1,m+n+k−2, ...,m+k−1}.
(ii) f and g satisfy the algebraic equation R( f ,g)≡ 0, where

R(ω1,ω2) =ωm+k−1
1

[

anωn
1(qz+η)(k−1)
m+n+k−1

+
an−1ωn−1

1 (qz+η)(k−1)

m+n+k−2
+ ...+

a0(k−1)
m+k−1

]

−

ωm+k−1
2

[

anωn
2(qz+η)(k−1)

m+n+k−1
+

an−1ωn−1
2 (qz+η)(k−1)

m+n+k−2
+ ...+

a0(k−1)
m+k−1

]

(iii) f g= µ, whereµ is a complex constant satisfying a2
nµn+m+k ≡ t.

We require the following definition to state our next theorem.

Definition 1. [15], [16]. Let l be a non-negative integer or infinity. For a∈ C∪{∞}, by El (a; f ) we denote the set of all

a-points of f where an a-point of multiplicity k is counted k times if k≤ l and l+1 times if k> l. If El (a; f ) = El (a;g),

we say that f , g share the value a with weight l.

c© 2019 BISKA Bilisim Technology

www.ntmsci.com


331 H.P. Waghamore and Vijaylaxmi S. B.: Some Results on Value Distribution ofq-shift difference ...

Theorem 11.Under the assumptions of Theorem 10, if

El (1; f m(z)Pn( f (qz+η)) f (k)(z)) = El (1;gm(z)Pn(g(qz+η))g(k)(z))

and l, m and tn are integers satisfying one of the following conditions:

(I) l = 2, n>
5k
2 +2Γ0+

tn
2 −m−λ + 17

2 ;

(II) l = 1, n> 4k+2Γ0+2tn−2λ −m+9;

(III) l = 0, n> 5k+2Γ0+3tn−3λ −m+13;

(IV) l ≥ 3, n> 2k+2Γ0−m+7.

Then the conclusions of Theorem 10. hold, whereλ = min{Θ(0, f ),Θ(0,g)} and tn is stated as in Theorem9.

We also require the following definition and notations in this paper.

For a ∈ C∪∞ andk a positive integer, byN(k

(

r, 1
f−a

)

we denote the counting function of thosea-points of f whose

multiplicities are not less thank in counting the a-points of f we ignore the multiplicities ([11]) and

Nk

(

r, 1
f−a

)

= N
(

r, 1
f−a

)

+N(2

(

r, 1
f−a

)

+ ...+N(k

(

r, 1
f−a

)

.

Fora∈C∪∞, we define

Θ(a, f ) = 1− limsup
r→∞

N
(

r, 1
f−a

)

T(r, f )
.

Definition 2. [1]. When f and g share 1 IM, we denote byNL

(

r, 1
f−1

)

the counting function of those 1-points of f whose

multiplicities are greater than 1-points of g, where each zero is counted only once; similarly, we haveNL

(

r, 1
g−1

)

. Let

z0 be a zero of f−1 of multiplicity p and a zero of g−1 of multiplicity q, by N11

(

r, 1
f−1

)

we also denote the counting

function of those 1-points of f and g where p= q= 1.

2 Lemmas

We use the following lemmas for proving our main results.

Lemma 1. [7]. Let f and g be two meromorphic functions. If f and g share 1 CM, then one of the following three cases

holds:

(i) T(r, f )+T(r,g)≤ 2N2(r, f )+2N2(r,g)+2N2(r, 1
f )+2N2(r, 1

g)+S(r, f )+S(r,g);

(ii) f ≡ g;

(iii) f .g= 1.

Lemma 2. [6]. Let f and g be two meromorphic functions, and let l be a positive integer. If El (1; f ) = El (1;g), then one

of the following cases must occur:

(i) T(r, f)+T(r,g)≤ N2(r, f )+N2(r,g)+N2

(

r,
1
f

)

+N2

(

r,
1
g

)

+N

(

r,
1

f −1

)

+N

(

r,
1

g−1

)

−N11

(

r,
1

f −1

)

+N(l+1

(

r,
1

f −1

)

+N(l+1

(

r,
1

g−1

)

+S(r, f )+S(r,g).

(ii) f = (b+1)g+(a−b−1)
bg+(a−b) , wherea(6= 0), b are two constants.
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Lemma 3. [6]. Let f and g be two meromorphic functions. If f and g share 1 IM, then one of the following cases must

occur:

(i) T(r, f)+T(r,g)≤ 2

[

N2(r, f )+N2

(

r,
1
f

)

+N2(r,g)+N2

(

r,
1
g

)]

+3NL

(

r,
1

f −1

)

+3NL

(

r,
1

g−1

)

+S(r, f )+S(r,g);

(ii) f = (b+1)g+(a−b−1)
bg+(a−b) , wherea(6= 0), b are two constants.

Lemma 4. [28]. Let f be a non-constant meromorphic function and P( f ) = a0 + a1 f + a2 f 2 + ...+ an f n, where

a0,a1,a2, ..,an are constants and an 6= 0. Then

T(r,P( f )) = nT(r, f )+S(r, f ).

Lemma 5. [9]. Let f be a non-constant meromorphic function, s> 0, α < 1, and let F⊂ R+ be the set of all r such that

T(r, f )≤ αT(r + s, f ). If the logarithmic measure of F is infinite, that is,
∫

F
dt
t = ∞, then f is of infinite order of growth.

Lemma 6. [5]. Let f(z) be a meromorphic function of finite orderρ and c a non-zero complex constant. Then, for each

ε > 0, we have

T(r, f (z+ c)) = T(r, f (z))+O(rρ−1+ε )+O(logr).

Lemma 7. [30]. Let f(z) be a transcendental meromorphic function of zero order and qa non-zero complex constant.

Then

T(r, f (qz)) = (1+o(1))T(r, f (z))

and

N(r, f (qz)) = (1+o(1))N(r, f (z)),

on a set of logarithmic density 1.

Remark.[25]. Under the assumptions of Lemma 2.7, from the definitionof S1(r, f ) we have

T(r, f (qz)) = T(r, f (z))+S1(r, f ),

N(r, f (qz)) = N(r, f (z))+S1(r, f ).

Lemma 8. [25]. Let f(z) be a transcendental meromorphic function of zero order and q,η two non-zero complex

constants. Then

T(r, f (qz+η)) = T(r, f (z))+S1(r, f ),

N

(

r,
1

f (qz+η)

)

≤ N

(

r,
1
f

)

+S1(r, f ),

N(r, f (qz+η))≤ N(r, f )+S1(r, f ),

N

(

r,
1

f (qz+η)

)

≤ N

(

r,
1
f

)

+S1(r, f ),

N(r, f (qz+η))≤ N(r, f )+S1(r, f ).

Lemma 9. [20]. Let f(z) be a non-constant zero order meromorphic function and q∈C\ {0}. Then

m

(

r,
f (qz+η)

f (z)

)

= S(r, f ),
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on a set of logarithmic density 1.

Lemma 10. [25], Lemma 12.Let f(z) and g(z) be transcendental entire functions of zero order. P(z) be a non-zero

polynomial as stated above. If n≥ 2, and

f (z)mPn( f (qz+η)) f (k)(z)g(z)mPn(g(qz+η))g(k)(z) ≡ t

where q(6= 0), η , t(6= 0) are complex constants, then we have f g= µ , where a2nµn+m+k = t.

Proof.Proof of the lemma here is similar to the proof of Lemma 12 in [25].

Lemma 11. Let f be a transcendental meromorphic function of zero order, q(6= 0), η be complex constants, and let

Pn( f (qz+ η)) = an f n(qz+η) + an−1 f n−1(qz+ η) + ...+ a1 f (qz+ η) + a0. Also, F(z) = f m(z)Pn( f (qz+ η)) f (k)(z).

Then, we have

(m+n−1− k)T(r, f )+S1(r, f ) ≤ T(r,F(z))≤ (m+n+1+ k)T(r, f )+S1(r, f ).

If f is a transcendental entire function of zero order, we have

T(r,F(z)) = T(r, f m(z)Pn( f (qz+η)) f (k)(z)) = (m+n+1)T(r, f )+S1(r, f ).

Proof.Let f be a transcendental entire function of zero order. Also, letF(z) = f m(z)Pn( f (qz+η)) f (k)(z). We have,

T(r,Pn( f (qz+η))) = nT(r, f (qz+η)) = nT(r, f )+S1(r, f ).

Consider,

T(r,F(z)) = m(r,F(z))

≤ m(r, f m(z)Pn( f (qz+η)) f (z))+m

(

r,
f (k)(z)
f (z)

)

≤ T(r, f m(z)Pn( f (qz+η)) f (z))+S1(r, f )

i.e.,T(r,F(z))≤ (m+n+1)T(r, f )+S1(r, f ) (1)

On the otherhand, let us consider

i.e.,(m+n+1)T(r, f ) = T(r, f m(z)Pn( f (qz+η)) f (z))+S(r, f )

≤ m(r, f m(z)Pn( f (qz+η)) f (k)(z))+m

(

r,
f (z)

f (k)(z)

)

+S(r, f )

≤ T(r,F(z))+S(r, f )

i.e.,(m+n+1)T(r, f )+S1(r, f )≤ T(r,F(z)) (2)

By (1), (2), we have

T(r,F(z)) = T(r, f m(z)Pn( f (qz+η)) f (k)(z)) = (m+n+1)T(r, f )+S1(r, f ).
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If f is a transcendental meromorphic function of zero order, from Lemma8 and Lemma4, we have

T(r, f m(z)Pn( f (qz+η)) f (k)(z)) ≤ T(r, f m(z))+T(r,Pn( f (qz+η)))+T(r, f (k)(z))+S1(r, f ).

≤ (m+n+1+ k)T(r, f )+S1(r, f ).
(3)

On the otherhand, by Lemma4, we have

(m+n+1)T(r, f ) = T(r, f m(z)Pn( f (qz+η)) f (z))+S(r, f )

≤ T(r,F(z))+T

(

r,
f (z)

f (k)(z)

)

+S(r, f )

≤ T(r,F(z))+ (2+ k)T(r, f )+S(r, f )

i.e.,T(r,F(z))≥ (m+n−1− k)T(r, f )+S1(r, f ). (4)

By (3), (4), we get

(m+n−1− k)T(r, f )+S1(r, f ) ≤ T(r,F(z))≤ (m+n+1+ k)T(r, f )+S1(r, f ).

3 Proof of Theorems

Proof. (Proof of Theorem9)

Case 1.Let f be a transcendental meromorphic function of zero order.

Let us suppose thatf m(z)Pn( f (qz+ η)) f (k)(z) = α(z) has finitely many solutions. From Lemma11, we have

S(r, f m(z)Pn( f (qz+η)) f (k)(z)) = S(r, f ). By using the second fundamental theorem, Lemma8 and the definition oftn,

we have

T(r, f m(z)Pn( f (qz+η)) f (k)(z)) ≤ N(r, f m(z)Pn( f (qz+η)) f (k)(z))+N

(

r,
1

f m(z)Pn( f (qz+η)) f (k)(z)

)

+N

(

r,
1

f m(z)Pn( f (qz+η)) f (k)(z)−α(z)

)

+S(r, f )

≤ 3N(r, f )+N

(

r,
1
f

)

+ tnN

(

r,
1
f

)

+N1+k

(

r,
1
f

)

+ kN(r, f )+S(r, f )

≤ (2k+ tn+5)T(r, f )+S(r, f )

i.e., (m+n−1− k)T(r, f )+S(r, f ) ≤ (2k+ tn+5)T(r, f )+S(r, f ), i.e., n≤ 3k+ tn−m+6, which is a contradiction to

n> 3k+ tn−m+6.

Case 2.Let f be a transcendental entire function of zero order. Let us suppose thatf m(z)Pn( f (qz+η)) f (k)(z) = α(z)

has finitely many solutions. By using the same argument as in Case 1 and (4), we get

T(r, f m(z)Pn( f (qz+η)) f (k)(z))≤ N

(

r,
1

f m(z)Pn( f (qz+η)) f (k)(z)

)

+S(r, f )

≤ (2k+ tn+2)T(r, f )+S(r, f )
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i.e., (m+ n+ 1)T(r, f ) +S(r, f ) ≤ (2k+ tn + 2)T(r, f ) +S(r, f ), i.e., n ≤ 2k+ tn −m+ 1, which is a contradiction to

n> 2k+ tn−m+1. This completes proof of Theorem9.

Proof. (Proof of Theorem10)

Let F(z) = f m(z)Pn( f (qz+η)) f (k)(z), G(z) = gm(z)Pn(g(qz+η))g(k)(z). By the assumption of Theorem??, we have

F(z),G(z) share 1 CM. Then, the following three cases will arise in viewof Lemma1.

Case 1.Suppose thatF(z),G(z) satisfy Lemma1 (i), we have

T(r,F(z))+T(r,G(z)) ≤ 2N2(r,F)+2N2(r,G)+2N2(r,
1
F
)+2N2(r,

1
G
)+S(r,F)+S(r,G).

Since f (z), g(z) are entire functions of zero order, by using Lemma8, Lemma11, we haveS(r,F) = S(r, f ),S(r,G) =

S(r,g).

T(r,F(z))+T(r,G(z)) ≤ 2N2(r,
1
F
)+2N2(r,

1
G
)+S(r, f )+S(r,g)

≤ 2N2

(

r,
1

f (z)m

)

+2N2

(

r,
1

Pn( f (qz+η))

)

+2N2

(

r,
1

f (k)(z)

)

+2N2

(

r,
1

g(z)m

)

+2N2

(

r,
1

Pn(g(qz+η))

)

+2N2

(

r,
1

g(k)(z)

)

+S(r, f )+S(r,g)

≤ (2m+2Γ0+2k+4)(T(r, f )+T(r,g))+S(r, f )+S(r,g)

i.e.,(m+n+1)(T(r, f )+T(r,g))≤ (2m+2Γ0+2k+4)(T(r, f )+T(r,g))+S(r, f )+S(r,g)

On simplifying, we getn≤ 2k+2Γ0+m+3, which contradictsn> 2k+2Γ0+m+3.

Case 2.If F(z)≡ G(z), that is,

f (z)mPn( f (qz+η)) f (k)(z) = g(z)mPn(g(qz+η))g(k)(z). (5)

Let h(z) = f (z)
g(z) .

Subcase 1.1.Suppose thath(z) is a constant. On Integrating (5), we get

f m+k−1
[

an f n(qz+η)(k−1)
m+n+ k−1

+
an−1 f n−1(qz+η)(k−1)

m+n+ k−2
+ ...+

a0(k−1)
m+ k−1

]

= gm+k−1
[

angn(qz+η)(k−1)
m+n+ k−1

+
an−1gn−1(qz+η)(k−1)

m+n+ k−2
+ ...+

a0(k−1)
m+ k−1

]
(6)

On substitutingf = gh in (6), we get

gm+k−1
[

angn(qz+η)(k−1)
m+n+ k−1

(hm+n+k−1−1)+
an−1gn−1(qz+η)(k−1)

m+n+ k−2
(hm+n+k−2−1)+ ...+

a0(k−1)
m+ k−1

(hm+k−1−1)

]

≡ 0

Sinceg is a transcendental entire function,gm+k−1 6= 0. Hence,

angn(qz+η)(k−1)
m+n+ k−1

(hm+n+k−1−1)+
an−1gn−1(qz+η)(k−1)

m+n+ k−2
(hm+n+k−2−1)+ ...+

a0(k−1)
m+ k−1

(hm+k−1−1)≡ 0. (7)
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By (7), we gethd = 1, whered = GCD{m+n+ k−1,m+n+k−2, ...,m+k−1}, an−i 6= 0, for somei = 0,1,2, ...,n.

Thus, f = tg, wheretd = 1.

Subcase 1.2.Suppose thath(z) is not a constant. Then, by (6),f andg satisfy the algebraic equationR( f ,g)≡ 0, where

R(ω1,ω2) =ωm+k−1
1

[

anωn
1(qz+η)(k−1)
m+n+ k−1

+
an−1ωn−1

1 (qz+η)(k−1)
m+n+ k−2

+ ...+
a0(k−1)
m+ k−1

]

−

ωm+k−1
2

[

anωn
2(qz+η)(k−1)
m+n+ k−1

+
an−1ωn−1

2 (qz+η)(k−1)
m+n+ k−2

+ ...+
a0(k−1)
m+ k−1

]

.

Subcase 1.3.If F(z)G(z) ≡ 1. By using Lemma 2.10, we getf g = µ , for a constantµ such thata2
nµn+m+k = t. This

completes proof of Theorem 1.2.

Proof. (Proof of Theorem11)

From the assumptions of Theorem 1.3., we haveEl (1;F(z)) = El (1;G(z)). Then,

(I) l = 2. Since

N

(

r,
1

F −1

)

+N

(

r,
1

G−1

)

−N11

(

r,
1

F −1

)

+
1
2

N(l+1

(

r,
1

F −1

)

+
1
2

N(l+1

(

r,
1

G−1

)

.

≤
1
2

N

(

r,
1

F −1

)

+
1
2

N

(

r,
1

G−1

)

≤
1
2

T(r,F)+
1
2

T(r,G)+S(r,F)+S(r,G)

and

N(l+1

(

r,
1

F −1

)

≤
1
2

N

(

r,
F
F ′

)

=
1
2

N

(

r,
F

′

F

)

+S(r,F)

≤
1
2

N

(

r,
1
F

)

+S(r,F)

≤

(

k+ tn+1
2

)

T(r, f )+
1
2

N

(

r,
1
f

)

+S(r, f ).

Similarly,

N(l+1

(

r,
1

G−1

)

≤

(

k+ tn+1
2

)

T(r,g)+
1
2

N

(

r,
1
g

)

+S(r,g). (8)

Case 1.Let F(z), G(z) satisfy Lemma1 (i). Since f (z), g(z) are transcendental entire functions and (8), we have

T(r,F(z))+T(r,G(z))≤ 2N2

(

r,
1
F

)

+2N2

(

r,
1
G

)

+N(l+1

(

r,
1

F −1

)

+N(l+1

(

r,
1

G−1

)

+S(r, f )+S(r,g).

By using Lemma11and letλ = min{Θ(0, f ),Θ(0,g)} and on simplifying, we get

[

n−

(

4Γ0+5k+ tn+17
2

)

+m+λ
]

(T(r, f )+T(r,g))≤ S(r, f )+S(r,g)
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That is,n≤ 5k
2 +2Γ0+

tn
2 −m−λ + 17

2 , which contradicts

n>
5k
2
+2Γ0+

tn
2
−m−λ +

17
2
. (9)

Case 2.Let F(z),G(z) satisfy Lemma2 (ii), that is,

F =
(b+1)G+(a−b−1)

bG+(a−b)
, (10)

wherea(6= 0),b are two constants. We now consider the following three cases.

Subcase 2.1.b 6= 0,−1. If a−b−1 6= 0, then by (10), we have

N

(

r,
1

G+ a−b−1
b+1

)

= N

(

r,
1
F

)

.

Since f ,g are entire functions of zero order, by using the Second Fundamental Theorem and Lemma7 and Lemma8, we

have

T(r,G) ≤ N

(

r,
1
G

)

+N

(

r,
1

G+ a−b−1
b+1

)

+S(r,g)

≤ N

(

r,
1
G

)

+N

(

r,
1
F

)

+S(r,g)

By using Lemma11and simplifying, we get

(m+n+1)T(r,g)+S(r,g)≤ (k+ tn+2)(T(r, f )+T(r,g))+S(r, f )+S(r,g)

Similarly,

(m+n+1)T(r, f )+S(r, f )≤ (k+ tn+2)(T(r, f )+T(r,g))+S(r, f )+S(r,g)

On adding, we get

(m+n+1)(T(r, f )+T(r,g))≤ (2k+2tn+4)(T(r, f )+T(r,g))+S(r, f )+S(r,g)

That is,n≤ 2k+2tn−m+3, which contradicts (9). Ifa−b−1= 0, then by (10), we know

F =
(b+1)G
bG+1

.

Since f , g are entire functions, we get that−1
b is a Picard’s exceptional value ofG(z). By the second main theorem, we

get

T(r,G)≤ N

(

r,
1
G

)

+S(r,G).

By Lemma11, we have

(m+n+1)T(r,g)+S(r,g)≤ (k+ tn+2)T(r,g)+S(r,g)
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That is,n≤ k+ tn−m+1, which contradicts (9).

Subcase 2.2.b=−1. Then, (10) becomes,

F =
a

a+1−G
.

If a+1 6= 0, thena+1 is a Picard’s exceptional value ofG. Similarly, to the above discussion in Subcase 2.1., we deduce

a contradiction.

If a+1= 0, thenFG= 1, that is

f (z)mPn( f (qz+η)) f (k)(z)g(z)mPn(g(qz+η))g(k)(z)≡ 1.

Sincen>
5k
2 +2Γ0+

tn
2 −m−λ + 17

2 ≥ 9, by Lemma 2.10, we getf g= µ , for a constantµ such thata2
nµn+m+k ≡ t.

Subcase 2.3.b= 0. Then, (10) becomes,

F =
G+a−1

a
.

If a−1 6= 0, then

N

(

r,
1

G+a−1

)

= N

(

r,
1
F

)

.

Similarly, to the discussion in Subcase 2.1, we get a contradiction. If a−1= 0, thenF ≡ G, that is

f (z)mPn( f (qz+η)) f (k)(z) = g(z)mPn(g(qz+η))g(k)(z).

By using the same argument as in the proof of Case 2 of Theorem??, we get the same conclusion.

(II) l = 1. Since

N

(

r,
1

F −1

)

+N

(

r,
1

G−1

)

−N11

(

r,
1

F −1

)

≤
1
2

N

(

r,
1

F −1

)

+
1
2

N

(

r,
1

G−1

)

≤
1
2

T(r,F)+
1
2

T(r,G)+S(r,F)+S(r,G).

(11)

From Lemma8, we have

N(2

(

r,
1

F −1

)

≤ N

(

r,
F
F ′

)

= N

(

r,
F ′

F

)

+S(r, f )

≤ N

(

r,
1
F

)

+S(r, f )

≤ (k+1+ tn)T(r, f )+N

(

r,
1
f

)

+S(r, f ),

and

N(2

(

r,
1

G−1

)

≤ (k+1+ tn)T(r,g)+N

(

r,
1
g

)

+S(r,g) (12)
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Case 1.If F(z), G(z) satisfy Lemma2 (i), since f , g are entire functions and by (11), (12), we get

T(r,F)+T(r,G)≤ N2

(

r,
1
F

)

+N2

(

r,
1
G

)

+N

(

r,
1

F −1

)

+N

(

r,
1

G−1

)

−N11

(

r,
1

F −1

)

+N(2

(

r,
1

F −1

)

+N(2

(

r,
1

G−1

)

+S(r,F)+S(r,G).

By using Lemma 11 and simplifying, we get n ≤ 4k + 2Γ0 + 2tn − 2λ − m + 11, which contradicts

n> 4k+2Γ0+2tn−2λ −m+11.

Case 2.If F(z), G(z) satisfy Lemma2 (ii). Similar to the proof of Case 2 in (I), we get the conclusions of Theorem11.

(III) l = 0. ThenF(z), G(z) share 1 IM. From the definitions ofF(z), G(z), we have

NL

(

r,
1

F −1

)

≤ N

(

r,
F
F ′

)

= N

(

r,
F ′

F

)

+S(r,F)≤ N

(

r,
1
F

)

+S(r,F)

≤ (k+ tn+1)T(r, f )+N(r,
1
f
)+S(r, f )

(13)

Similarly, we have

NL

(

r,
1

G−1

)

≤ (k+ tn+1)T(r,g)+N

(

r,
1
g

)

+S(r,g) (14)

Case 1.Let F(z), G(z) satisfy Lemma3 (i). From (13), (14), we get

T(r,F(z))+T(r,G(z)) ≤ 2

[

N2

(

r,
1
F

)

+N2

(

r,
1
G

)]

+3NL

(

r,
1

F −1

)

+3NL

(

r,
1

G−1

)

+S(r,F)+S(r,G).

By using Lemma 11 and simplifying, we get n ≤ 5k + 2Γ0 + 3tn − m − 3λ + 13, which contradicts

n> 5k+2Γ0+3tn−m−3λ +13.

Case 2.If F(z), G(z) satisfy Lemma3 (ii). Similar to the proof of Case 2 in (I), we get the conclusions of Theorem11.

(IV) l ≥ 3. Since

N

(

r,
1

F(z)−1

)

+N

(

r,
1

G(z)−1

)

+N(l+1

(

r,
1

F(z)−1

)

+N(l+1

(

r,
1

G(z)−1

)

−N11

(

r,
1

F(z)−1

)

≤
1
2

N

(

r,
1

F(z)−1

)

+
1
2

N

(

r,
1

G(z)−1

)

+S(r,F)+S(r,G)

≤
1
2

T(r,F)+
1
2

T(r,G)+S(r,F)+S(r,G).
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Case 1.Let F(z), G(z) satisfy Lemma2 (i). By using Lemma8, Lemma9 and Lemma11, we get

(n−2k−2Γ0+m−7)(T(r, f )+T(r,g))≤ S(r, f )+S(r,g).

That is,n≤ 2k+2Γ0−m+7, which contradictsn> 2k+2Γ0−m+7.

Case 2.Let F(z), G(z) satisfy Lemma2 (ii). Similar to the proof of Case 2 in (I), we get the conclusions of Theorem11.

This completes the proof of Theorem11.

4 Conclusion

By considering the q-shift difference polynomial in the functions of the form f m(z)Pn( f (qz+ η)) f (k)(z) and

gm(z)Pn(g(qz+η))g(k)(z), along with weighted sharing concept in Theorem11, we prove important analogous results

for transcendental meromorphic (resp. entire) functions of zero order.
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