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Abstract: Let .o, be the class of analytic functions

f(2) =P +ap 1Pl +ap 2Pt 2+

in the open unit diskJ. We introduce a subclasg(j, a) of <7 using some inequality fof (z) € «7p. The object of the present paper
is to consider some interesting properties f¢r) concerning with the class/p(j, o).
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1 Introduction

Let <7, denote the class of functiorigz) of the form

f(zg=2"+ g aZ (peN={1,23--}) (1)
k=pr1

which are analytic in the open unit didk= {z< C: |z] < 1}. For functionsf(z) in the class«),, we say thatf(z) €
o/p(j, ) if it satisfies
‘arg<f(”<_2>> <a
ZP—]

for some rear (0<a < J)andj=1,23,---,p. If we takej = panda = T in (2), then the inequality) can be
written by

<1+7—1_[Iogj) (zeU) 2)

’argf(p)(z)’ < 7—2T(1+7—1_[Iog p) (zeU). 3)

The above inequality3) was considered by Nunokawa] [ In his paper ], we know thatf(z) € <, is p-valent inU if
f(z) satisfies 8). Recently, Nunokawa, Cho, Kwon and Sokol published thejrgs §] applying the inequality3). Also,
Nunokawa B] showed that iff (z) € <7, satisfies

largf(P)(2)| < gn (ze ), (4)

thenf(z) is p-valent inU. To discuss our problem for the clag$(j, ), we have to recall here the following lemma due
to Fejér and Rieszl] (or Tsuji [5] ).
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Lemma 1. Let a function fz) be analytic in|zl < 1. Then f(z) satisfies the following inequality

1 1
[ f@ldz<5 [ 1@l ez (a>0) ©)
-1 |7=1
where the above integral on the left hand side is considel@ugthe real axis.

If we make a change of variables in Lemhahen the inequalitys) can be change that

T : 2mn .
[ 15pd®)%p < 7 [ 1(1e) . ©

2 Properties of functions

Our first result forf (z) € <7(j, a) is given in the following theorem.

Theorem 1. If a function f(z) € 7, satisfies

2+ ()
f(J)(z)

g%@+#m0—%wﬁ)@€@ @)

forsomerealr (0 < a < J)and j=1,2,3,---,p, then {z) € @(j, ).

() ()
log < fsz(jz)> =log +i arg( fZ:)(jz)) (8)

() z (J) ! 2 _ . _
'09<fz;(,-z>> :/O <Iog<ft;(jt)>> dt:/ (Iogf“)(t))’dt—/o (logtP~7)dt
f

Proof. We note that

f(J)(Z)
ZP—i

and

g €)
:/ (t dt_ _J/tdt
This gives us that
) z §(i+1)
arg(fsz(jz)ﬂz‘lm/o r (t()t)dt—(p—j)arQZ)
r£(j+1) 0y
S|méi—é§%%%p+mnmqm
r ei9f(j+l)(pei9) )
S/o Im <W> do+2(p—j)m (10)

r ei9f(j+l)(pei9) )
r f(j+l)(pei9) )
—./4 ) (pa?) p+2(p—jm,
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wherez=re'?, 0<r <1,0< p <r, and 0< 8 < 27. Applying Lemmal with (6), we obtain that

2n
ol B )| <2

f(J+l) e|9
(re

£ |9 do+2(p—j)m

21T relef(JJrl rele .
—/ ref ) de+2(p—j)m
2)o | f0)(re®) '9 (11)
1/a 1, . . on .
<Z (= = — _ —
<5 (n(1+ nlogj) 2(p J))/0 dé+2(p—j)m
=a (1+ — Iogj)
This shows us that(z) € «(j,a).
Letting j = panda = 7 in Theoreml , we have
Corollary 1. If f(2) € @, satisfies
zfPth(z)| 1 1
R N e =
) | =2 <1+ nlogp) (zel), (12)
then L L
largf (P (z)| < 5 <1+ —log p> (ze ). (13)
Remark Corollary1 is given by Nunokawa, Cho, Kwon, and Sokd],[recently.
Next, we derive
Theorem 2. If a function f(z) € <7}, satisfies
zt0+(z)|  a 1, . 1+(28-1)z _
—___ Vi« - L S A R —
fil(z) |~ n<1+ nlogj> Re< T3 > 2(p—j) (zel) (14)
forsomereabr (O<a < %), j=1,2,3,---,p, and for some regB (0 < B < 1), then f(2) € op(j,a).
Proof. It follows from the proof of Theoren that
f(i)(z) 1 p2m reief(j+l)(rei9) _
‘arg( P < EA W d9+2(pfj)7'[
1 (2" (a 1, . 1+ (2B —1)re'® .
< = = = [ S A, _
_2/0 {n(1+ nlogj) Re( 1 a? ) 2(p J)}de
+2(p-j)m
(15)

_a 1, .\ /2 (1+(2B-1re®
a Loal) /PR 28
_ﬁ(l—i—glogj)/o (1 26+ relg)da
1 .
a(1+7—TIogJ).

This means that(z) € o7y(j, ).
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Making j = panda = J in Theoren2, we obtain

Corollary 2. If f(2) € 27, satisfies

zfPth(z)| 1 1 1+(28-1)z
f(T(z) < > <1+ 7_r|Og p) Re(T) (zeU) (16)
for some rea (0< B < 1), then
largf(P)(z)| < TET (1+%Iog p) (ze 1), 17)

that is, that f{z) is p-valent inU.

Remarklf we take3 = 1 in Corollary2, then we have the result due to Nunokawa, Cho, Kwon and Sdkol [
Letting B = 1 in Theoren?, we see

Corollary 3. If f(z) € o7 satisfies

zfU+1)(2)
f(j)(z)

g%(1+7—1TIogj) Re(liz)—Z(p—j) (zeU) (18)

forsomerear (O<a < J)and j=1,2,3,---,p, then f(z) € (], Q).
T

Remarklf we makea = 5 andj = pin Corollary3, then we have the result by Nunokawa, Cho, Kwon and SaKol [

3 Caseof j =1for @p(j,a)

Let us consider the special casejcf 1 in Section 2.

Corollary 4. If f(z) € <7 satisfies
zf"(2)
f(2)

forsomerealr (0 < a < Z)and j=1,2,3,---,p, then f(z) € o,(1, a). Further, if p=1in (19), then we have

g%—Z(p—l) (ze 1) (19)

largf’(2)] <a (zeU). (20)

Thus f(2) is univalent inU.
From Theoren2, we obtain

Corollary 5. If f(z) € <7 satisfies

zf(2)
f(2)

< 9Re 1+(28-1)z
< Spe( L1

2 )—Z(p—l) (ze ) (21)

for some realr (0 < a < 7) and for some reaB (0 < B < 1), then f(2) € «(1, a). Further, if p=1in (21), then we
have
largf’(z)] <a (ze D) (22)

Thus f(2) is univalent inU.
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Finally, we derive

Theorem 3. If f (2) € @ satisfies

zf"(z) zf'(2)| « 1+(2-1)z
’” ) To | = ERe(?) (zel)
for some realr (0 < a < 7) and for some reaB (0 < 3 < 1), then
arngf/((z? } <a (zel).
Proof. Note that
zf'(2)\ /7 tf )\’
oo (%) = ; (oo (7))
/Z< () f(t
0

This gives us that

zf'(2)|
‘arg @ |

wherez=re'?, 0<r <1,0<p <r,and 0< 6 < 2r.

Applying Lemmal with (6), we see that

z f/ 1 rel@)

f/(rel?)

21
73]

arg

f(z re'9

f/(rei)
rel9 /! rele)

do

f(reif)
rein/(reiQ)

3
<3l e

f/ ele) T f(r

1+ (2B —1)re'®

1—rel®

(re'®)

)de

_a /ZnRe<—l+ (2B _.1)"3'9) do

211 /o
=4da.

This completes the proof of the theorem.

If we take = 1 andB = 3 in Theorens, then we have

1—rei®

do

(23)

(24)

(25)

(26)

(27)

(© 2019 BISKA Bilisim Technology


 ntmsci.com/cmma 

(_/
77 BISKA Z. Karahiiseyin, M. Aydogan and S. Owa: Notes on sgavalent functions

Coroallary 6. If f(z) € .« satisfies

zf"(z) zf'(2)| « 1+z
_ < = -~
’1+ e TERE nRe 1 (ze ) (28)
for some realr (0 < a < 7), then
ar 2 (2 <a (zeU) (29)
e |
Corollary 7. If f(z) € o satisfies
zt"(z) zf'(z7)|  a 1
‘1+ o Tw < _Re(— ) (zeD) (30)
for some realr (0 < a < 7), then
ar 2 () <a (zeU) (31)
e |

RemarkIf we considerar = 7 in Corollary 7, then we obtain the result due to Nunokawa, Cho, Kwon and I§éko
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