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Abstract: In the present paper, we introduce two new subclasses ofepivspirallike and p-valent convexlike functions whicle ar
analytic in the open unit disk. We prove necessary and seiffiatonditions for this newly defined classes and also paibtsome
known consequences of our results.
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1 Introduction

Let A(p), p=1,2,3,... be the class op—valent analytic functions
f@=2"+ 3 apua®™ (1)
K=1

defined in the open unit didd = {z€ C:|z] < 1}.We write A(1) = A. A function f € A(p) is said to bep—valently
starlike of ordemx in U, if it satisfies the inequality

Re{sz/((z?} >a(zeU,0<a<ppeN={12..}).

The class of alp—valently starlike functions of order is denoted by5; (a). On the other hand, a functidne A(p) is
said to bep—valently convex of ordea in U, if it satisfies the inequality.

Re{1+ fo, ((Z? } >a(zeU,0<a<ppeN={12.1).
The class of alp— valently convex functions of order is denoted byC, (o). Let Sdenote the subclass éfconsisting
of analytic and univalent functioh(z) in the open unit dist). A function f (2) is said to beA —spirallike of ordera, if it
is satisfies the inequality

Re{é" fo((z? } >acosh (0<a<1,zeU)
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for some real (|]A| < 7). The class of such functions is denotedS§y(A) [2].

In 2012, S.Owa, F.Sagsoz and M.Kamidiintroduced and studied the claSg(a),consists of functions irf € S for
which
’ 1 1

1
—_ | < = R,0 l,zeU
FEZ  2a <Za([§e ,0<a<1zeU),

zf (2)
f(2)

Theorem 1.[4]. If f (z) € A satisfies

whereF (z) = .They given the following Theorem 1.

0

;{n+ ‘n—Zae*‘ﬁ‘} lan| < 1— ‘1—2ae*iﬁ‘
n—

for some{3| < 1and0 < a < cosB, then f(2) € S (a).

A function f € A(p) belongs to the clas3; (a, p) if it is satisfies the inequality

I

1
éhfztP (z2) 2a < 5q(2€Y)

2a

for some reaP and 0< a < 1, wheref (P) (2) is the pth derivative of (z). On the other hand , a functidne A(p) is said
to be in the clas€;s (a, p) if it is satisfies the inequality

(P (2) 1
&b (zf(P)(z)) 201

for some reaB and 0< a < 1, wheref (P) (2) is the pth derivative of (z). The classe§g (a, p) andCg (a, p)is introduced
and studied by N.Khan et al., [1]. They given the followingeblnem 2 and Theorem 3.

Theorem 2.[1]. If f (z) € A(p) satisfies

2 (p+n)!

2

£ (n+1)!

{(n+1)+ ’(n+1)720{e*i3‘} |anip| <1-— ’1720e*i3‘

for some{B| < 7 and0 < a < cosB, then f(z) € Sz (a, p).

Theorem 3.[1]. If f (z) € A(p) satisfies

i (p:;n)! {(n+1)+‘(n+1)—20{e*i3’}\an+p’ <1- ‘1—2094[5’
n=1 .

for somel3| < 7 and0 < a < cosB, then f(z) € Cz (a, p).

2 Some definitions and results for a new class qgd—valent f— spirallike functions of order &—‘j\

Let A(p,n) denote the class of functions of the form

f@=2"+ 5 apu@® ™ (npeN={12.1)
k=n
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which are analytic ang—valent in the open unit didd. We writeA(1,1) = A. Now, we give the following equalities for
the functionsf (z) belonging to the clas&(p,n):

D°f(2)=f(2),
Df(z) =Df(2) =z(D°f (z))/ = p?+ E (p+K) ap k2P,
k=n
D?f(2) = D(Df (2)) =2(D* (2)) = P22+ 5 (p+K)2apud®,
k=n

D2 f(2) =D (D21 (2)) == p22°+ 5 (p+K)2 a2,

We defineG g » p) f (2) : A(p,n) — A(p,n) such that

Gaapf(@= (pig—)\) D f (z)—i—%z(DQf (z))/ (ogx\ < piQ,Q € NU{O}) _ (2)

Definition 1. A function f(z) € A(p,n) belongs to the classz%a, p,A) if it satisfies the inequality

p+A
2pa

mpufz) pth -

PzCarpf (@) 2pa

forsomereaB andO< a <1,0<A < p% , Q e Nu{0}and for all ze U.

) f(2)
B Q.A.p ap
Theorem 4.A function f(2) € Sz (a, p,A) iff Re(eI 79@)“)) > o

Coyof
Proof.LetH (z) = ZG:%;%((:)) for f (z) € A(p,n). Iff (2) € Sz (a,p,A), we can write

1 P+A|  p+A
- — U).
‘e'BH(z) 2pa 2pa (zev)
Then, we can obtain
1 p+A _ p+A 2pa — (p+A)€PH(2)| p+A
gfH (z) 2pa 2pa 2paePH (2) 2pa

) 2 ) 2
2pa — (p+A)ePH @[ < (p+AP[PH @) «
:2paf (p+A)€PH (z)} [Zpaf (p+)\)e*iBH—(z)} <(p+A)? (eiBH (z)) (e*iBH—(z)) &
4(pa)? —2ap(p-+1).2Re{€PH (2) } + (p+A P H (@) < (p+A)*H @

j i pa i ZG/(Q,)\, (2 ap
2ap(p+)\).2Re{e3H (z)} > 4(pa)? < Re{eﬁH (z)} > o e (2.3)Re<e'3 G(Q,,\’F:f @) pix (4)

This complete the proof of Theorem 4.

Whenp=1,A =0andQ =0, we have the following known result proved by Owa et al.,. [4]
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Corollary 1. f € S3(a,1,0) = Sz () iff Re<éB%> - a.

Theorem 5.1f f € A(p,n) satisfies

é (k+p)? (1+Akp9*1){<p+A>(k+p>+\<p+m(k+p>—2pae*iﬁ\}yamkysp9+1{<p+A>—\<p+A>—Zae*iﬁ\} (5)

for somel| < 3 and0 < pﬂ < cosB, then f(z) € S (a, p,A

Proof. It sufficient to show that

2p0!efiBG(Q,A,p) (2 —(p+A)2G (Q/\ p)f(z)

1
(P+M)2G g, (2 -

for some|B| < £ and 0< pﬂ < cosP, where

!

1 A
Gaapf (@)= (p_Q )\> D?f (2) + BZ(DQ f (z)) .
Note that

2pae B {zP+C} — (p+A){p2’+B}
(p+A){p2?+B}

2pae G, o f (2~ (pP+2)2G (g pf (2) _
(P+2A)2G g pf(2)

2pae i~ p(p+A)+5iq (452

“ (1+Akp?~1) [2pae P — (p+K) (p+A)] ap

U\_/

Q
p(P+A)+ 57 (K52) (Kt P) (p+4) (1+ AKp? ) ap i

'O

p
k+p

(1+Akp? 1) [(k+p) (p+A) — 2pae P [ap.i] |2

() ¢
(62) (L +-Akp2 ) (- p) () [apa 12
()
(552) ¢

K)

) |p(p+A)—2pae P+ 5%
n

P(P+A)— 3
Q .
(14+2Akp271) |(k+ p) (p+A) — 2pae P | |ap.| ©
- .
(1+2Akp?-1) (k4 p) (p+A) |apk|

p
Ip(p+A)—2pae B+ 3y (kP

< p
k
er/\ Zk n %

Q
whereC = 55, (%’) (1+2Akp? Y ap 2Pk B=3p , (kipp) (k+ p) (1+Akp?~1) ap (2Pt Therefore, if

i(k%p)g (1+2kp> ) {(p+A) (k- P)+ |(p+A) (k-+ p) ~2pae | } [ap.i| < p(p+2) ~ |p(P+A) — 2pae

for some|B| < 7 and 0< &5 < cosp, then

8

k+p\° 1 _ip -ip
(T) (1+)\kpQ )‘(p+)\)(k+p)—2pae “amklSD(D+A)—‘p(p+A)—2pae ‘

k=n

_ Z (k+ p) (24 Akp%2) (k) (p+A) [apii].
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Using this inequality in (6), we obtain

2pae PG pf (2~ (P+1)2G (g p T (2)
(p+A)ZG(Q,)\,p)f(Z)

lp(p+A)—2paeP|—|p(p+A)—2pae P|+ AW
P(p+A)-

where AW = p(p+A) — S5 n("“’) (14+2kp?71) (k+p) (p+A)|apsk|. Therefore,f (z) € Sz(a,p,A) for some
IB] < 7 and 0< &5 < cosB.

Taking = ¥ in Theorem 5, we have the following Corollary 3.

Corollary 2. f (z) € A(p,n) satisfies

i(k+ p)? (1+Akp91){ p+A)(k+p) +\/ p+A)2(k+ p)2—2v2pa (p+A) (k+ p)+4a2p2}|ap+k\
k=n

< pg“{(erA)— \/(p+)\)2—2\/§a(p+}\)+4a2}

for some0 < ‘/5 ,then f(z) € Sr(a, p,A). Putting3 = 0in Theorem 5, we have the following Corollary 2.

p+/\ <

Corollary 3. LetO< a < p+A.f(2) € A(p,n) satisfies the following coefficient inequality

. A
p?+iq: Ojag%
p? i (p+A—a); B2 <a<p

z (k+p) (1+Amﬁj)«p+Axk+mpaHaqu{

then f(z) € S (a,p,A). TakingQ = 0,A =0, p=1in Corollary 3, we write the Corollary 4 given by Owa et al.[5]

Corollary 4. [5] LetO< a < 1. If f(2) € A satisfies the following coefficient inequality

8

a; O<a<i

k+1—a <
( >mﬂﬂ_{1m%§a<l

k=1

then f(z) € M (o). To prove Theorem 6, first we give the following Lemma 1 due leind Mocanu[3].

Lemma 1.Let¢(u,v) be a complex —valued function such that
¢:D—-CDcCCxC

C being (as usual) the complex plane, and let w; + iuz and v= v + ivy. Suppose that the functiap(u,v) satisfies
each of the following conditions:

(1) @(u,v) is continuous in D
(2) (1,0) € Dand Re(¢(1,0)} > 0;

(3) Re{g(iuz,v1)} < 0Oforall (iuz,v1) € D such thaty < —@.

Let q(2) = 1+ quz+ o722 + GsZ° + ... be analytic (regular) in the unit disk U such that
(a@.2d(2) €D

forallze U. If

Re{qo(q(z),zd (z))} >0(zel),
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then
Re(q(2)) >0(zeU).

Theorem 6.Let the function {z)defined by 1) be in the class §(a, p,A) and let

1
2p (cosB — p%\)

0<é<

a
and 0< —— < cosB. 7
A = 0% )

Then, we have

Proof. If we put

A= 8)

and

Glanpf (@)
(%HZ)) — (1-A)d@) +A ©)

whereé satisfies 7) thenq(z) is regular in the unit disk) andq(z) = 1+ g1z+ ... From () after taking the logarithmical
differentiation we have that

/

ggf | C@an'@ pl (1-Ad(@
Gaapf@ 2| (1-Ag@+A
oP ZG/(Q,)\,p)f (2) pdf = (1-A)zd (2)
Gaapf(2 E{(1-A)a(2) +A}
and from there
- 2G f(2) 2d (2
pZoap 'Y pa i pa B q(2
et @ pir P TN TE A A 4o
Sincef (2) € S (a, p,A) then from (0) we get
p__Pa_ Lo 24 (2) _a_
Re{pel DA +(1 A)E{(lA)q(z)+A}} >0, (zeU,0< 5T A <cosﬁ).

Let consider the functiop (u, v) defined by

pa v

@(u,v) = péﬁ—w—/\‘F(l—A)mv

whereu = q(z) andv = zq (z). Theng(u,V) is continuous irD = (C—z25) xC.
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Also (1,0) e D andRe{@(1,0)} = p (cosB p+A) > 0. Furthermore, for allp(iuy,v1) € D such that

1+u3
VlS 7727

we have

Re{¢(iuz,v1)} = pcosf — ——— + Re{(l_A) z {(17X)liuz+A} }
i RQ{M e
<ot 28y ol e e A )
= peosB — o — (1~ 2t f(lA;éL T (11)

When(1— A) is withdrawn from equality&),we write

ZEA(pcosﬁ— porp ) =1-A

By using this last equality in1(1), we obtain

28A( pco A(1+u2
Re{@(iuz,v1)} < pcosp — pa (p B p+A) ( 2)
p+A 25{(17A) u§+A2}

2 (7)1}
{pCOSB— Dt A } {A {ilA)zugi}AZ}}
T

_ pa
{pcosﬁpﬂ} {@-nPui+r2)

because & p%\ < cosB and

2

ap 1
2 - -1<0 < .
{ E(pcosﬁ p+)\)} s0= s 2p(cosﬁ—p%\)

Therefore, the functiop(u,v) satisfies the conditions in Lemma 1. This proves feg(z)) > 0 forze U, that is , that

from (2.8)

Re (G@J\’P)f(z))éem > A= Re (7G(Q’A’p)f(z))féﬁ > !
z° z ZpE(cosB p+)\)+1

which is equivalent to the statement Theorem 5. Talprg1l , Q = 0andA = 0 in Theorem 6, we obtain the following

Corollary 5.
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Corollary 5. [4]. Let the function {z) defined by 1) be in the class §(a,1,0) = S (a) and let0 < & < Cosﬁ cow—a) and
0 < o < cosB. Then, we have
i
f(2))%® 1
R — .
e{( z ) >2£(cos[37a)+1(zeu)

Taking p=1, Q =0,A = 0and = 0in Theorem 6, we obtain the following Corollary 6.
Corollary 6. Let the function {z) defined by1) be in the class§a,1,0) = S(a) and let0 < & < 5 ) andO< a <1

Then, we have

f(2\* 1
Re{ (?) }> m(zeu).

3 Some definitions and results for a new class gi—valent — convexlike functions of order

ap
p+A

I

Gy f
Definition 2. Let K(z) = 1+ ZKLP)“(ZZ; for f(2) € A(p,n). A function f(z) € A(p,n) is a said to be in the class
(@A.p)
Kg (a,p,A) ifitis satisfies the inequality

1 p+A p+A
. - 12
‘e‘ﬁK(z) 2pa 2pa (12)
forsomereaB and0<a <1,0<A < pig, Q e Nu{0}and forall ze U.
_ _ . 2G5 (2 ap
Theorem 7.A function f(z) € Kg (a,p,A) iff Req €P 1+ ,7"“2) > o5
@A.p)
2Gy o)
Proof.LetK (2) = 1+$:ZZ) for f(2) € A(p,n). If f(2) € Kg(a,p,A), we can write
(a.pA)
1 P+A|  p+A
- — uU).
‘e'BK(z) 2pa < 2pa (zeU)
Then, we can obtain
1 p+A|_p+A  |2pa—(p+2A)ePK(z)| p+A -
€PfK(z) 2pa 2pa 2pa€PK (z) 2pa
{Zpaf(pr)\)eiBK(z)} {Zpaf(pr)\)e*iBK(z)] < (p+A)? (eiﬁK(z)) (e‘BK(z)) =
20p(p+A) 2Re{eiBK(z)} > 4(pa)? < Re{eiBK(z)} > P4 ReldP 1+M > P
' p+A G/(Q’A’p)f (2) pP+A"

This complete the proof of Theorem 7.

Theorem 8.1f f € A(p,n) satisfies
z (p+k)2+t (1+)\ka ){ p+A)(p+Kk)+ (p+)\)(p+k)72pae*i5‘}‘amk‘ <p?*FG (13)

where FG= {(p+A)—|(p+A)—2ae '#|}, for some|B| < F and0 < 5ix < cos, then f(2) € Kg (a. p,A).
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Proof. It sufficient to show that

2pae #G g, o 1(2)~ (p+1) Gl () +2G 0, T (2)
(P+1)[Glanp | @+2C0s, @)

<1

T a
for some|B| < 7 and 0< pix < cosB, where

!

1 2
Gaapf (@)= (p_Q —A) D?f (2) + Bz(DQf @) .
Note that

2pae*iBG’(Q’,\7p)f (29— (p+A) {Gl(g,\ of(Z >+ZG/Q/\ o )}
(p+A) [G'(QA o )+2G’QA ) (Z)}

2p?ae P —p?(p+A)+ z <p+k) (p+K) (1+Akp?~1) [2pae P — (p+K) (p+A)] apskz

[p+A>{p2+ 5 (55)" (P (14 Ak )3

2|(p+4) ~2ae 8]+ 5 (25)” (p+k) (L4 AKB? 1) |(p-+K) (p-+) ~ 2pare ¥
< _ . (14
P(p+A)— 3 (25)” 1+ Akp22) (p-+K2 (p+)facrs

Therefore, if

k§n<p_?()g(p+k)(1+/\kpgfl){’_}’ap+k\ <p?{(p+A)- ’(ij)\),zae—iB‘}

wherel = {(p+A)(p+K) +|(p+A)(p+k) —2pae'P|}, for some|B| < § and 0< 5% < cosp, then

'ﬁ (p——:()g (142K ) (p+K)|(p ) (p+K) — 2pte | [apas < 97 {(p+A) = | (p+ ) 20 ]}
_ki(p—;k)g (1+2kp%) (p+ K (P+A) fapid

Using this inequality in (14), we obtain

Q
2pae PG, L 12 (p+A)[Glg s o 124260 1 F2)] Y- Z (%() (1+Akp? 1) (P (p+A) |ap.i

/
(P+1)[Glg ) (D +2G5 5 (D]

P2(p+A ) én(pg_k)g(l“kPQ’l)(F’*k)z(p“”aP*H

whereY = p?|(p+A) — 2ae B| + p?{(p+A)—|(p+A) — 2ae 'P|}. Therefore f (z) € Kg (a, p,A) for some|B| < §
and 0< p% < cosB. Putting = 7 in Theorem 8, we have the following Corollary 7.

Corollary 7. f € A(p,n) satisfies

kg (k+p) 2 (1+Akp? 1) {A} |ap] gp9+2{(p+A) \/(p+A)22ﬁa(p+A)+4a2}
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where A = {(p+)\)(k+ p)+\/(p+/\)2(k+ p)2—2v2pa (p+A) (k+ p)+4azp2}, for some0 < a < @ then
f(z) e Krzr (a,p,A). Taking p=1, Q =0,A = 0andf = 0in Theorem 8, we obtain the following Corollary 8.

Corollary 8. [5] If f € A satisfies

[ee]

S (k1) {(k+ 1)+ | (k+ 1) 20]} |aa] < 1 [1- 2a]
k=1

for somed < a < 1, then f(z) e N(a).
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