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1 Introduction

Let A(p), p= 1,2,3, ... be the class ofp−valent analytic functions

f (z) = zp+
∞

∑
k=1

ap+kz
p+k (1)

defined in the open unit discU = {z∈ C : |z|< 1}.We write A(1) = A. A function f ∈ A(p) is said to bep−valently

starlike of orderα in U , if it satisfies the inequality

Re

{

z f
′
(z)

f (z)

}

> α (z∈U,0≤ α < p, p∈ N = {1,2, ...}) .

The class of allp−valently starlike functions of orderα is denoted byS∗p(α). On the other hand, a functionf ∈ A(p) is

said to bep−valently convex of orderα in U , if it satisfies the inequality.

Re

{

1+
z f

′′
(z)

f ′ (z)

}

> α (z∈U,0≤ α < p, p∈ N = {1,2, ...}) .

The class of allp− valently convex functions of orderα is denoted byCp (α). Let Sdenote the subclass ofA consisting

of analytic and univalent functionf (z) in the open unit discU . A function f (z) is said to beλ−spirallike of orderα, if it

is satisfies the inequality

Re

{

eiλ z f
′
(z)

f (z)

}

> α cosλ (0≤ α < 1,z∈U)

∗ Corresponding author e-mail:muhammet.kamali@manas.edu.kg © 2019 BISKA Bilisim Technology

 http://dx.doi.org/10.20852/ntmsci.2019.350


114 M. Kamali and M. Turabaev: Some results on two new subclassesof p-valent spirallike and convexlike...

for some realλ
(

|λ |< π
2

)

. The class of such functions is denoted bySα
p (λ ) [2].

In 2012, S.Owa, F.Sağsöz and M.Kamali[4]introduced and studied the classSβ (α),consists of functions inf ∈ S for

which
∣

∣

∣

∣

1

eiβ F (z)
− 1

2α

∣

∣

∣

∣

<
1

2α
(β ∈ R,0< α < 1,z∈U) ,

whereF (z) = z f
′
(z)

f (z) .They given the following Theorem 1.

Theorem 1.[4]. If f (z) ∈ A satisfies

∞

∑
n=2

{

n+
∣

∣

∣
n−2αe−iβ

∣

∣

∣

}

|an| ≤ 1−
∣

∣

∣
1−2αe−iβ

∣

∣

∣

for some|β |< 1 and0< α < cosβ , then f(z) ∈ Sβ (α).

A function f ∈ A(p) belongs to the classSβ (α, p) if it is satisfies the inequality

∣

∣

∣

∣

∣

f (p−1) (z)

eiβ z f(p) (z)
− 1

2α

∣

∣

∣

∣

∣

<
1

2α
,(z∈U)

for some realβ and 0< α < 1, wheref (p) (z) is the pth derivative off (z). On the other hand , a functionf ∈ A(p) is said

to be in the classCβ (α, p) if it is satisfies the inequality

∣

∣

∣

∣

∣

f (p) (z)

eiβ
(

z f(p) (z)
)′ −

1
2α

∣

∣

∣

∣

∣

<
1

2α
,(z∈U)

for some realβ and 0<α < 1, wheref (p) (z) is the pth derivative off (z). The classesSβ (α, p) andCβ (α, p)is introduced

and studied by N.Khan et al., [1]. They given the following Theorem 2 and Theorem 3.

Theorem 2.[1]. If f (z) ∈ A(p) satisfies

∞

∑
n=1

(p+n)!
(n+1)!

{

(n+1)+
∣

∣

∣
(n+1)−2αe−iβ

∣

∣

∣

}

∣

∣an+p
∣

∣≤ 1−
∣

∣

∣
1−2αe−iβ

∣

∣

∣

for some|β |< π
2 and0< α < cosβ , then f(z) ∈ Sβ (α, p).

Theorem 3.[1]. If f (z) ∈ A(p) satisfies

∞

∑
n=1

(p+n)!
n!

{

(n+1)+
∣

∣

∣
(n+1)−2αe−iβ

∣

∣

∣

}

∣

∣an+p
∣

∣≤ 1−
∣

∣

∣
1−2αe−iβ

∣

∣

∣

for some|β |< π
2 and0< α < cosβ , then f(z) ∈Cβ (α, p).

2 Some definitions and results for a new class ofp−valent β− spirallike functions of order α p
p+λ

Let A(p,n) denote the class of functions of the form

f (z) = zp+
∞

∑
k=n

ap+kz
p+k (n, p∈ N = {1,2, ...})

© 2019 BISKA Bilisim Technology



NTMSCI 7, No. 2, 113-122 (2019) /www.ntmsci.com 115

which are analytic andp−valent in the open unit discU . We writeA(1,1) = A. Now, we give the following equalities for

the functionsf (z) belonging to the classA(p,n):

D0 f (z) = f (z) ,

D1 f (z) = D f (z) = z
(

D0 f (z)
)′
= pzp+

∞
∑

k=n
(p+ k)ap+kzp+k,

D2 f (z) = D(D f (z)) = z
(

D1 f (z)
)′
= p2zp+

∞
∑

k=n
(p+ k)2ap+kzp+k,

...

DΩ f (z) = D
(

DΩ−1 f (z)
)

== pΩ zp+
∞
∑

k=n
(p+ k)Ω ap+kzp+k

.

We defineG(Ω ,λ ,p) f (z) : A(p,n)→ A(p,n) such that

G(Ω ,λ ,p) f (z) =

(

1
pΩ −λ

)

DΩ f (z)+
λ
p

z
(

DΩ f (z)
)′(

0≤ λ ≤ 1
pΩ ,Ω ∈ N

⋃

{0}
)

. (2)

Definition 1. A function f(z) ∈ A(p,n) belongs to the class Sβ (α, p,λ ) if it satisfies the inequality

∣

∣

∣

∣

∣

G(Ω ,λ ,p) f (z)

eiβ z(G(Ω ,λ ,p) f (z))′
− p+λ

2pα

∣

∣

∣

∣

∣

<
p+λ
2pα

(3)

for some realβ and0< α < 1, 0≤ λ ≤ 1
pΩ , Ω ∈ N∪{0}and for all z∈U.

Theorem 4.A function f(z) ∈ Sβ (α, p,λ ) iff Re

(

eiβ zG
′
(Ω ,λ ,p) f (z)

G(Ω ,λ ,p) f (z)

)

>
α p

p+λ .

Proof.Let H (z) =
zG

′
(Ω ,λ ,p) f (z)

G(Ω ,λ ,p) f (z) for f (z) ∈ A(p,n). If f (z) ∈ Sβ (α, p,λ ), we can write

∣

∣

∣

∣

1

eiβ H (z)
− p+λ

2pα

∣

∣

∣

∣

<
p+λ
2pα

(z∈U) .

Then, we can obtain

∣

∣

∣

∣

1

eiβ H (z)
− p+λ

2pα

∣

∣

∣

∣

<
p+λ
2pα

⇔
∣

∣

∣

∣

∣

2pα − (p+λ )eiβ H (z)

2pαeiβ H (z)

∣

∣

∣

∣

∣

<
p+λ
2pα

⇔
∣

∣

∣
2pα − (p+λ )eiβ H (z)

∣

∣

∣

2
< (p+λ )2

∣

∣

∣
eiβ H (z)

∣

∣

∣

2
⇔

[

2pα − (p+λ )eiβ H (z)
][

2pα − (p+λ )e−iβ H (z)
]

< (p+λ )2
(

eiβ H (z)
)(

e−iβ H (z)
)

⇔

4(pα)2−2α p(p+λ ).2Re
{

eiβ H (z)
}

+(p+λ )2 |H (z)|2 < (p+λ )2 |H (z)|2 ⇔

2α p(p+λ ) .2Re
{

eiβ H (z)
}

> 4(pα)2 ⇔ Re
{

eiβ H (z)
}

>
pα

p+λ
⇔ (2.3)Re

(

eiβ
zG

′
(Ω ,λ ,p) f (z)

G(Ω ,λ ,p) f (z)

)

>
α p

p+λ
. (4)

This complete the proof of Theorem 4.

Whenp= 1, λ = 0 andΩ = 0, we have the following known result proved by Owa et al., [4].
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Corollary 1. f ∈ Sβ (α,1,0) = Sβ (α) iff Re

(

eiβ z f
′
(z)

f (z)

)

> α.

Theorem 5.If f ∈ A(p,n) satisfies

∞

∑
k=n

(k+ p)Ω
(

1+λkpΩ−1
){

(p+λ ) (k+ p)+
∣

∣

∣
(p+λ ) (k+ p)−2pαe−iβ

∣

∣

∣

}

∣

∣ap+k
∣

∣≤ pΩ+1
{

(p+λ )−
∣

∣

∣
(p+λ )−2αe−iβ

∣

∣

∣

}

(5)

for some|β |< π
2 and0<

α
p+λ < cosβ , then f(z) ∈ Sβ (α, p,λ ).

Proof. It sufficient to show that

∣

∣

∣

∣

∣

2pαe−iβ G(Ω ,λ ,p) f (z)− (p+λ )zG
′
(Ω ,λ ,p) f (z)

(p+λ )zG
′
(Ω ,λ ,p) f (z)

∣

∣

∣

∣

∣

< 1

for some|β |< π
2 and 0< 2α

p+λ < cosβ , where

G(Ω ,λ ,p) f (z) =

(

1
pΩ −λ

)

DΩ f (z)+
λ
p

z
(

DΩ f (z)
)′

.

Note that
∣

∣

∣

∣

∣

2pαe−iβ G(Ω ,λ ,p) f (z)− (p+λ )zG
′
(Ω ,λ ,p) f (z)

(p+λ )zG′
(Ω ,λ ,p) f (z)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

2pαe−iβ {zp+C}− (p+λ ){pzp+B}
(p+λ ){pzp+B}

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

2pαe−iβ − p(p+λ )+∑∞
k=n

(

k+p
p

)Ω
(

1+λkpΩ−1
)[

2pαe−iβ − (p+ k)(p+λ )
]

ap+kzk

p(p+λ )+∑∞
k=n

(

k+p
p

)Ω
(k+ p)(p+λ )(1+λkpΩ−1)ap+kzk

∣

∣

∣

∣

∣

∣

∣

≤

∣

∣p(p+λ )−2pαe−iβ ∣
∣+∑∞

k=n

(

k+p
p

)Ω
(

1+λkpΩ−1
) ∣

∣(k+ p)(p+λ )−2pαe−iβ ∣
∣

∣

∣ap+k

∣

∣ |z|k

p(p+λ )−∑∞
k=n

(

k+p
p

)Ω
(1+λkpΩ−1) (k+ p)(p+λ )

∣

∣ap+k

∣

∣ |z|k

<

∣

∣p(p+λ )−2pαe−iβ
∣

∣+∑∞
k=n

(

k+p
p

)Ω
(

1+λkpΩ−1
)
∣

∣(k+ p)(p+λ )−2pαe−iβ
∣

∣

∣

∣ap+k

∣

∣

p(p+λ )−∑∞
k=n

(

k+p
p

)Ω
(1+λkpΩ−1) (k+ p)(p+λ )

∣

∣ap+k
∣

∣

. (6)

whereC= ∑∞
k=n

(

k+p
p

)Ω
(

1+λkpΩ−1
)

ap+kzp+k, B= ∑∞
k=n

(

k+p
p

)Ω
(k+ p)

(

1+λkpΩ−1
)

ap+kzp+k. Therefore, if

∞

∑
k=n

(

k+ p
p

)Ω
(

1+λkpΩ−1
){

(p+λ )(k+ p)+
∣

∣

∣
(p+λ )(k+ p)−2pαe−iβ

∣

∣

∣

}

∣

∣ap+k
∣

∣≤ p(p+λ )−
∣

∣

∣
p(p+λ )−2pαe−iβ

∣

∣

∣

for some|β |< π
2 and 0< α

p+λ < cosβ , then

∞

∑
k=n

(

k+ p
p

)Ω
(

1+λkpΩ−1
)∣

∣

∣
(p+λ )(k+ p)−2pαe−iβ

∣

∣

∣

∣

∣ap+k
∣

∣≤ p(p+λ )−
∣

∣

∣
p(p+λ )−2pαe−iβ

∣

∣

∣

−
∞

∑
k=n

(

k+ p
p

)Ω
(

1+λkpΩ−1
)

(k+ p)(p+λ )
∣

∣ap+k

∣

∣ .
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Using this inequality in (6), we obtain

∣

∣

∣

∣

∣

2pαe−iβ G(Ω ,λ ,p) f (z)− (p+λ )zG
′
(Ω ,λ ,p) f (z)

(p+λ )zG′
(Ω ,λ ,p) f (z)

∣

∣

∣

∣

∣

<

∣

∣p(p+λ )−2pαe−iβ ∣
∣−
∣

∣p(p+λ )−2pαe−iβ ∣
∣+AW

p(p+λ )−AW
= 1,

whereAW = p(p+λ )− ∑∞
k=n

(

k+p
p

)Ω
(

1+λkpΩ−1
)

(k+ p)(p+λ )
∣

∣ap+k

∣

∣ . Therefore, f (z) ∈ Sβ (α, p,λ ) for some

|β |< π
2 and 0< α

p+λ < cosβ .

Takingβ = π
4 in Theorem 5, we have the following Corollary 3.

Corollary 2. f (z) ∈ A(p,n) satisfies

∞

∑
k=n

(k+ p)Ω
(

1+λkpΩ−1
)

{

(p+λ )(k+ p)+
√

(p+λ )2 (k+ p)2−2
√

2pα (p+λ )(k+ p)+4α2p2

}

∣

∣ap+k
∣

∣

≤ pΩ+1
{

(p+λ )−
√

(p+λ )2−2
√

2α (p+λ )+4α2

}

for some0<
α

p+λ <

√
2

2 , then f(z) ∈ Sπ
4
(α, p,λ ). Puttingβ = 0 in Theorem 5, we have the following Corollary 2.

Corollary 3. Let 0< α < p+λ . f (z) ∈ A(p,n) satisfies the following coefficient inequality

∞

∑
k=n

(k+ p)Ω
(

1+λkpΩ−1
)

{(p+λ )(k+ p)− pα}
∣

∣ap+k

∣

∣≤
{

pΩ+1α; 0< α ≤ p+λ
2

pΩ+1 (p+λ −α) ; p+λ
2 ≤ α < p

then f(z) ∈ S0 (α, p,λ ). TakingΩ = 0,λ = 0, p= 1 in Corollary 3, we write the Corollary 4 given by Owa et al.[5].

Corollary 4. [5] Let 0< α < 1. If f (z) ∈ A satisfies the following coefficient inequality

∞

∑
k=1

(k+1−α)|ak+1| ≤
{

α; 0< α ≤ 1
2

1−α; 1
2 ≤ α < 1

then f(z) ∈ M (α) . To prove Theorem 6, first we give the following Lemma 1 due to Miller and Mocanu[3].

Lemma 1.Let φ (u,v) be a complex –valued function such that

φ : D → C,D ⊂ C×C

C being (as usual) the complex plane, and let u= u1+ iu2 and v= v1+ iv2. Suppose that the functionφ (u,v) satisfies

each of the following conditions:

(1) φ (u,v) is continuous in D;

(2) (1,0) ∈ D and Re{φ (1,0)}> 0;

(3) Re{φ (iu2,v1)} ≤ 0 for all (iu2,v1) ∈ D such that v1 ≤− (1+u2
2)

2 .

Let q(z) = 1+q1z+q2z2+q3z3+ ... be analytic (regular) in the unit disk U such that

(

q(z) ,zq
′
(z)
)

∈ D

for all z∈U. If

Re
{

φ
(

q(z) ,zq
′
(z)
)}

> 0(z∈U) ,

© 2019 BISKA Bilisim Technology
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then

Re(q(z))> 0(z∈U) .

Theorem 6.Let the function f(z)defined by (1) be in the class Sβ (α, p,λ ) and let

0< ξ ≤ 1

2p
(

cosβ − α
p+λ

) and 0<
α

p+λ
≤ cosβ . (7)

Then, we have

Re







(

G(Ω ,λ ,p) f (z)

zp

)ξeiβ






>
1

2ξ
(

pcosβ − pα
p+λ

)

+1
(z∈U) .

Proof. If we put

A=
1

2ξ
(

pcosβ − pα
p+λ

)

+1
(8)

and

(

G(Ω ,λ ,p) f (z)

zp

)ξeiβ

= (1−A)q(z)+A (9)

whereξ satisfies (7) thenq(z) is regular in the unit diskU andq(z) = 1+q1z+ ... From (9) after taking the logarithmical

differentiation we have that

ξ eiβ

[

G
′
(Ω ,λ ,p) f (z)

G
′
(Ω ,λ ,p) f (z)

− p
z

]

=
(1−A)q

′
(z)

(1−A)q(z)+A
⇒

eiβ
zG

′
(Ω ,λ ,p) f (z)

G(Ω ,λ ,p) f (z)
− peiβ =

(1−A)zq
′
(z)

ξ {(1−A)q(z)+A}

and from there

eiβ
zG

′
(Ω ,λ ,p) f (z)

G(Ω ,λ ,p) f (z)
− pα

p+λ
= peiβ − pα

p+λ
+(1−A)

zq
′
(z)

ξ {(1−A)q(z)+A} . (10)

Since f (z) ∈ Sβ (α, p,λ ) then from (10) we get

Re

{

peiβ − pα
p+λ

+(1−A)
zq

′
(z)

ξ {(1−A)q(z)+A}

}

> 0,

(

z∈U,0<
α

p+λ
< cosβ

)

.

Let consider the functionφ (u,v) defined by

φ (u,v) = peiβ − pα
p+λ

+(1−A)
v

ξ {(1−A)u+A} ,

whereu= q(z) andv= zq
′
(z). Thenφ (u,v) is continuous inD =

(

C− A
A−1

)

×C.
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Also (1,0) ∈ D andRe{φ (1,0)}= p
(

cosβ − α
p+λ

)

> 0. Furthermore, for allφ (iu2,v1) ∈ D such that

v1 ≤−1+u2
2

2
,

we have

Re{φ (iu2,v1)}= pcosβ − pα
p+λ

+Re

{

(1−A)
v1

ξ {(1−A) iu2+A}

}

≤ pcosβ − pα
p+λ

−Re

{

(1−A)

(

1+u2
2

)

2ξ {(1−A) iu2+A}

}

= pcosβ − pα
p+λ

−Re

{

(1−A)
{(1−A)(−iu2)+A}

(

1+u2
2

)

2ξ {(1−A) iu2+A}{(1−A)(−iu2)+A}

}

= pcosβ − pα
p+λ

− (1−A)
A
(

1+u2
2

)

2ξ
{

(1−A)2 u2
2+A2

} . (11)

When(1−A) is withdrawn from equality (8),we write

2ξ A

(

pcosβ − α p
p+λ

)

= 1−A.

By using this last equality in (11), we obtain

Re{φ (iu2,v1)} ≤ pcosβ − pα
p+λ

−
2ξ A

(

pcosβ − α p
p+λ

)

A
(

1+u2
2

)

2ξ
{

(1−A)2 u2
2+A2

}

=

{

pcosβ − pα
p+λ

}







A2

{

(

1−A
A

)2−1
}

u2
2

{

(1−A)2 u2
2+A2

}







=

{

pcosβ − pα
p+λ

}















A2

{

[

2ξ
(

pcosβ − α p
p+λ

)]2
−1

}

u2
2

{

(1−A)2u2
2+A2

}















≤ 0

because 0< α
p+λ < cosβ and

[

2ξ
(

pcosβ − α p
p+λ

)]2

−1≤ 0⇒ ξ ≤ 1

2p
(

cosβ − α
p+λ

) .

Therefore, the functionφ (u,v) satisfies the conditions in Lemma 1. This proves thatRe(q(z))> 0 for z∈U , that is , that

from (2.8)

Re







(

G(Ω ,λ ,p) f (z)

zp

)ξeiβ






> A⇒ Re







(

G(Ω ,λ ,p) f (z)

zp

)ξeiβ






>
1

2pξ
(

cosβ − α
p+λ

)

+1

which is equivalent to the statement Theorem 5. Takingp= 1 , Ω = 0andλ = 0 in Theorem 6, we obtain the following

Corollary 5.
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Corollary 5. [4]. Let the function f(z) defined by (1) be in the class Sβ (α,1,0) = Sβ (α) and let0< ξ ≤ 1
2(cosβ−α) and

0< α < cosβ . Then, we have

Re

{

(

f (z)
z

)ξeiβ}

>
1

2ξ (cosβ −α)+1
(z∈U) .

Taking p= 1, Ω = 0,λ = 0andβ = 0 in Theorem 6, we obtain the following Corollary 6.

Corollary 6. Let the function f(z) defined by (1) be in the class S0(α,1,0) = S(α) and let0< ξ ≤ 1
2(1−α) and0< α < 1.

Then, we have

Re

{

(

f (z)
z

)ξ
}

>
1

2ξ (1−α)+1
(z∈U) .

3 Some definitions and results for a new class ofp−valent β− convexlike functions of order
α p

p+λ

Definition 2. Let K(z) = 1+
zG

′′
(Ω ,λ ,p) f (z)

G
′
(Ω ,λ ,p) f (z)

for f (z) ∈ A(p,n). A function f(z) ∈ A(p,n) is a said to be in the class

Kβ (α, p,λ ) if it is satisfies the inequality

∣

∣

∣

∣

1

eiβ K (z)
− p+λ

2pα

∣

∣

∣

∣

<
p+λ
2pα

(12)

for some realβ and0< α < 1, 0≤ λ ≤ 1
pΩ , Ω ∈ N∪{0}and for all z∈U.

Theorem 7.A function f(z) ∈ Kβ (α, p,λ ) iff Re

{

eiβ
(

1+
zG

′′
(Ω ,λ ,p) f (z)

G
′
(Ω ,λ ,p) f (z)

)}

>
α p

p+λ .

Proof.Let K (z) = 1+
zG

′′
(α,p,λ) f (z)

G
′
(α,p,λ) f (z)

for f (z) ∈ A(p,n). If f (z) ∈ Kβ (α, p,λ ), we can write

∣

∣

∣

∣

1

eiβ K (z)
− p+λ

2pα

∣

∣

∣

∣

<
p+λ
2pα

(z∈U) .

Then, we can obtain

∣

∣

∣

∣

1

eiβ K (z)
− p+λ

2pα

∣

∣

∣

∣

<
p+λ
2pα

⇔
∣

∣

∣

∣

∣

2pα − (p+λ )eiβ K (z)

2pαeiβ K (z)

∣

∣

∣

∣

∣

<
p+λ
2pα

⇔
[

2pα − (p+λ )eiβ K (z)
][

2pα − (p+λ )e−iβ K (z)
]

< (p+λ )2
(

eiβ K (z)
)(

eiβ K (z)
)

⇔

2α p(p+λ ) .2Re
{

eiβ K (z)
}

> 4(pα)2 ⇔ Re
{

eiβ K (z)
}

>
pα

p+λ
⇔ Re

{

eiβ

(

1+
zG

′′
(Ω ,λ ,p) f (z)

G
′
(Ω ,λ ,p) f (z)

)}

>
α p

p+λ
.

This complete the proof of Theorem 7.

Theorem 8.If f ∈ A(p,n) satisfies

∞

∑
k=n

(p+ k)Ω+1
(

1+λkpΩ−1
){

(p+λ )(p+ k)+
∣

∣

∣
(p+λ )(p+ k)−2pαe−iβ

∣

∣

∣

}

∣

∣ap+k
∣

∣ ≤pΩ+2FG (13)

where FG=
{

(p+λ )−
∣

∣(p+λ )−2αe−iβ
∣

∣

}

, for some|β |< π
2 and0<

α
p+λ < cosβ , then f(z) ∈ Kβ (α, p,λ ).
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Proof. It sufficient to show that

∣

∣

∣

∣

∣

∣

2pαe−iβ G
′
(Ω ,λ ,p) f (z)− (p+λ )

[

G
′
(Ω ,λ ,p) f (z)+ zG

′′
(Ω ,λ ,p) f (z)

]

(p+λ )
[

G
′
(Ω ,λ ,p) f (z)+ zG

′′
(Ω ,λ ,p) f (z)

]

∣

∣

∣

∣

∣

∣

< 1

for some|β |< π
2 and 0< α

p+λ < cosβ , where

G(Ω ,λ ,p) f (z) =

(

1
pΩ −λ

)

DΩ f (z)+
λ
p

z
(

DΩ f (z)
)′

.

Note that

∣

∣

∣

∣

∣

∣

2pαe−iβ G
′
(Ω ,λ ,p) f (z)− (p+λ )

[

G
′
(Ω ,λ ,p) f (z)+ zG

′′
(Ω ,λ ,p) f (z)

]

(p+λ )
[

G
′
(Ω ,λ ,p) f (z)+ zG

′′
(Ω ,λ ,p) f (z)

]

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

2p2αe−iβ − p2(p+λ )+
∞
∑

k=n

(

p+k
p

)Ω
(p+ k)

(

1+λkpΩ−1
)[

2pαe−iβ − (p+ k)(p+λ )
]

ap+kzk

[p+λ )
{

p2+
∞
∑

k=n

(

p+k
p

)Ω
(p+ k)2 (1+λkpΩ−1)ap+kzk

}

∣

∣

∣

∣

∣

∣

∣

∣

<

p2
∣

∣(p+λ )−2αe−iβ
∣

∣+
∞
∑

k=n

(

p+k
p

)Ω
(p+ k)

(

1+λkpΩ−1
)
∣

∣(p+ k)(p+λ )−2pαe−iβ
∣

∣

∣

∣ak+p

∣

∣

p2 (p+λ )−
∞
∑

k=n

(

p+k
p

)Ω
(1+λkpΩ−1)(p+ k)2 (p+λ )

∣

∣ak+p

∣

∣

. (14)

Therefore, if
∞
∑

k=n

(

p+k
p

)Ω
(p+ k)

(

1+λkpΩ−1
)

{Γ }
∣

∣ap+k
∣

∣≤p2
{

(p+λ )−
∣

∣(p+λ )−2αe−iβ ∣
∣

}

whereΓ =
{

(p+λ )(p+ k)+
∣

∣(p+λ )(p+ k)−2pαe−iβ
∣

∣

}

, for some|β |< π
2 and 0< α

p+λ < cosβ , then

∞

∑
k=n

(

p+ k
p

)Ω
(

1+λkpΩ−1
)

(p+ k)
∣

∣

∣
(p+λ )(p+ k)−2pαe−iβ

∣

∣

∣

∣

∣ap+k

∣

∣≤ p2
{

(p+λ )−
∣

∣

∣
(p+λ )−2αe−iβ

∣

∣

∣

}

−
∞

∑
k=n

(

p+ k
p

)Ω
(

1+λkpΩ−1
)

(p+ k)2 (p+λ )
∣

∣ap+k

∣

∣

Using this inequality in (14), we obtain

∣

∣

∣

∣

∣

2pαe−iβ G
′
(Ω ,λ ,p) f (z)−(p+λ )

[

G
′
(Ω ,λ ,p) f (z)+zG

′′
(Ω ,λ ,p) f (z)

]

(p+λ )
[

G
′
(Ω ,λ ,p) f (z)+zG

′′
(Ω ,λ ,p) f (z)

]

∣

∣

∣

∣

∣

<

ϒ−
∞
∑

k=n

(

p+k
p

)Ω
(1+λ kpΩ−1)(p+k)2(p+λ )|ap+k|

p2(p+λ )−
∞
∑

k=n

(

p+k
p

)Ω
(1+λ kpΩ−1)(p+k)2(p+λ )|ap+k|

= 1

whereϒ = p2
∣

∣(p+λ )−2αe−iβ ∣
∣+ p2

{

(p+λ )−
∣

∣(p+λ )−2αe−iβ ∣
∣

}

. Therefore,f (z) ∈ Kβ (α, p,λ ) for some|β |< π
2

and 0< α
p+λ < cosβ . Puttingβ = π

4 in Theorem 8, we have the following Corollary 7.

Corollary 7. f ∈ A(p,n) satisfies

∞
∑

k=n
(k+ p)Ω+1(1+λkpΩ−1

)

{Λ}
∣

∣ap+k
∣

∣≤pΩ+2

{

(p+λ )−
√

(p+λ )2−2
√

2α (p+λ )+4α2

}
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where Λ =

{

(p+λ )(k+ p)+
√

(p+λ )2 (k+ p)2−2
√

2pα (p+λ )(k+ p)+4α2p2

}

, for some0 < α <

√
2

2 , then

f (z) ∈ Kπ
4
(α, p,λ ). Taking p= 1, Ω = 0,λ = 0andβ = 0 in Theorem 8, we obtain the following Corollary 8.

Corollary 8. [5] If f ∈ A satisfies

∞

∑
k=1

(k+1){(k+1)+ |(k+1)−2α|} |ak+1| ≤ 1−|1−2α|

for some0< α < 1, then f(z) ∈ N (α).
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