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Abstract: In this paper, a new identity for functions defined on an opeax subset of set of real numbers is established, and bg usin
the this identity and the Holder integral inequality andv@o mean integral inequalitiy we present new type integrafjualities for
functions whose powers of fourth derivatives in absolutee/are prequasiinvex functions.
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1 Introduction

In recent years, many mathematicians have been studying pteinvexity and types of preinvexity. A lot of efforts heav
been made by many mathematicians to generalize the clbssinaexity. These studies include, among others, the wbrk o
[5,14,15,16]. In this papers have been studied the basic propertieggfrinvex functions and their role in optimization,
variational inequalities and equilibrium problems. Benakl and Mond gave the concept of preinvex functions wisieh i
special case of invexityp]. Pini introduced the concept of prequasiinvex functioaga@eneralization of invex functions

(14
Definition 1. A function f: 1 CR — R is said to be convex if the inequality
ftx+(1-t)y) <tf(x)+(1-t)f(y)
is valid for all x y € | and t € [0, 1]. If this inequality reverses, then f is said to be concaventerval | # &.

This definition is well known in the literature. Convexityeibry has appeared as a powerful technique to study a wide
class of unrelated problems in pure and applied sciences.

Definition 2. f : | CR — R be a convex function on the interval | of real numbers arfilal with a < b. The following
celebrated double inequality

b
f(a—;b> gb—iaa/f(x)dxgw

is well known in the literature as Hermite-Hadamard’s inatjty for convex functions. Both inequalities hold in the
reserved direction if f is concave.

The classical Hermite-Hadamard inequality provides et of the mean value of a continuous convex or concave
function. Hadamard’s inequality for convex or concave tiorws has received renewed attention in recent years and a
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remarkable variety of refinements and generalizations baea found; for example se&, §,8,11]. Hermite-Hadamard
inequality has been considered the most useful inequalitydthematical analysis. Some of the classical inequsfitie
means can be derived from Hermite-Hadamard inequalitydaiqular choices of the functioh

Definition 3. A function f: 1 CR — R is said to be quasi-convex if the inequality
f(tx+ (1-t)y) < max{f (x), f (y)}

holds for all xy € | and t € [0,1]. Clearly, any convex function is a quasi-convex functionrtfiermore, there exist
guasi-convex functions which are not convé [

Let us recall the notions of preinvexity and prequasiintyewhich are signicant generalizations of the notions ofuexity
and qusi-convexity respectively, and some related results

Definition 4.[15] Let K be a non-empty subsetlif andn : K x K — R". Let xe K, then the set K is said to be invex at
x with respect tay (-, ), if x+tn (y,x) €K, ¥x,ye K te€]0,1]. K is said to be an invex set with respect to if K is invex
at each xe K. The invex set K is also callegkconnected set.

Definition 5. [15 A function f: K — R on an invex set KC R is said to be preinvex with respectng if
f(u+tnvu)) < (1-t)f(u)+tf(v), YuveK, te][0,1].
The function f is said to be preconcave if and onby ff is preinvex.

It is to be noted that every convex function is preinvex webpect to the map (v,u) = v— u but the converse is not true
see for instance.

Definition 6. [1] A function f: K — R on an invex set K R is said to be prequasiinvex with respectroif
f(u+tn(v,u)) <max{f(u), f(v)},vuveK, te[0,1].

Also every quasi-convex function is a prequasiinvex witkpert to the map (v,u) = v— u but the converse does not
hold, see for exampld].

Mohan and NeogylZ] introduced Conditiol defined as follows:

Definition 7. [12] Let SC R be an open invex subset with respect to the majsx S— R. We say that the function
satisfies the Condition C if, for anywe S and any € [0, 1],

ny,y+tn(xy)) =—tn(xy) 1)

nxy+tn(xy)=(1-t)nxy). 2

Note that, from the Condition C, we have

ny+tn (xy)y,y+tn(xy)) = (ta—t1)n(xy)
forany xy € S and any4,t, € [0,1].

In a recent paper, Noor has obtained the following Hermidelkinard type inequalities for the preinvex functiohd [
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Theorem 1.[13] Let f: K = [a,a+ n(b,a)] — (0,%) be a preinvex function on the interval of the real numbetgtke
interior of K) and ab € K° with nj(b,a) > 0. Then the following inequalities holds

2a+n(b,a) 1 a+n(ba) f(a)+ f(b)
f( ! )%(b,a)/a f(dx< (@O 3)

For several recent results on inequalities for preinvexmeduasiinvex functions which are connected to (1.3), erre
the interested reader t8,[7,10] and the references therein.

Let 0 < a < b, throughout this paper we will use

A=A(ab)= 2P
2
Lo (a,b) ( bP™ —aP™ )p £b, pER, p#£-1,0
a7 = o AN Ik ) a ) S ) 4
P (p+1)(b—a) Pes P

for the arithmetic and generalized logarithmic mean, retpaly. Moreover, for shortness, the following notatiomi
be used:

a:a(a,b,n):a+”(g’a), at:at(a,b,r]):ath@’
y=B@bm=a+ 0% y_y@bn=-ar 10
and
3 2
(i) = (2761) (a+n(t:a)) " (a+n(b,a) — (s,a) (a+n(2’a)) f”(a+n(b,a))

+n(b,a) <a+ @) f’(a+n(b,a))—(a+r)(b,a))f(a+r}(b,a))+r)(b,a)/olf(a+tr;(b,a))dt.

In this paper, using a general integral identity for a thieees differentiable functions, we establish some new type
integral inequalities for mappings whose fourth derivafivabsolute value at certain powers are prequasiinvex.

2 Main results

We will use the following Lemmad] for obtain our main results about the prequasiinvexity.

Lemma 1.Let KC R be an open invex subset with respect to mappifig-) : K x K — R and ab € K with n(b,a) > 0.
Suppose that the function : K — R is a fourth times differentiable function on K such th&V)fc L[a,a+ n(b,a)].
Then the following identity hold:

5 2 5 2B (a+n(ba))

+n(b,a)af’ (a+n(b,a))— f (a+n(b,a))(a+n(b,a))

n4(b7a)/olf (a+tm) f(iv)(a-f—tf](b,a))dt: '73(b,a) Vf/// (a+r7(b,a))— rlz(b,a)

-a+n(b,a)
+fa)a+ / f(x)dx
Ja
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Theorem 2. Let KC R be an open invex subset with respect to mappifg-) : K x K — R and ab € K with n(b,a) > 0.
Suppose that the function: K — R is a fourth times differentiable function on K such th&¥)fe L [a,a+ n(b,a)]. If

’ f(v) ‘ is prequasiinvex on K for ¢ 1, then the following inequality holds:
22 g 1 \? q ayyg L
(iv) (iv) Yca
b)) < 200 (555 ) (max{| (@[ |1 0)]'}) 'cl@an @
where
15214 (v, a>0,y>0,
Cn (qaaa b) = q+1A |:W+l (7 )q+l:| ) a< Oa y> Oa
10a)) 3 (—a,—y), a<0,y<O0.

T
Proof. If ’f("’) for q > 1is prequasiinvex ofa,a+ n (b,a)], using Lemmadl, the Holder integral inequality and

q

’f(iv) (@+tn(b, a))’q < max{‘ ™ (a) f(iv)(b)’q}

)

we obtain

It (a,b,n)| SW/;@ (a+t@) f™) (a+tn(b,a))dt

4 b 1 .
T2 1|1 -t b, at

Sw (/Oltspdt)% (/Ol“ﬂq‘f(iV)(a—f—tn(b,a))‘th)%
L () ([ o
b (5pa) (mac ] \“} %</!|xlqu>

o () (radr vl wc;

This completes the proof of theorem.
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L
Corollary 1. Suppose that all the assumptions of TheoBsre satisfied. If we choosgb,a) =b—a then Whedf(“’)
is prequasiinvex on K for ¢ 1 we have

_3)? _ _ b
‘(b 6a) (3a4+b) () a)(2a3+b) f,,(b)a;bf,(b)_f(b)Eig;(a)aijia/a £ 00dx

N

<2t (52)} (rad| ] o)) chiaan

3 3p+1
where
bza) 3 (L3 a)1 a>0,2t% >0,
C(g,a,b) = qLA[(msa)(H ,(7a)q+1}7 a<0,b3 5 o
b2a1d(—a 053, a<0,23 <0
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T
Remarklf the mappingn satisfies conditio then by use of the prequasiinvexity }d‘l("’) we get

() @+tn(b.a)| = 1™ @+ nb.a)+@L-tn@a+nba)| <max{ |V @[, [1" @+nba)|'} ©)

for everyt € [0,1]. If we use the inequalityd) in the proof of Theoren, then the inequality4) becomes the following
inequality:

ol

(max{ ’ fV)(a) q, f™ (a+n(b, a))‘q}) q C,é (g,a,b) (6)

1 1
It (a,b,n)| < 3 p(b,a)<m>

TS
We note that by use of the prequasiinvexit;* ofV)| we have

@b <ma| @] |1 @rnba)[}

Therefore, the inequality] is better than the inequalityl).

Theorem 3. Let K C R be an open invex subset with respect to mappi(g-) : K x K — R and ab € K with n(b,a) > 0.
Suppose that the function: K — R is a fourth times differentiable function on K such thdt)fe L[a,a+n(b,a)]. If

N
‘ (V)| " is prequasiinvex on K for & 1, then the following inequality holds:

7 g g
l11(a,b,n)| < 23 (max{| 1™ @|", |1 (0)|"}) Daq(ab) @)
where .
174‘(12 a) l7(b.;1())+5a7 a> 0 y> 0
Dip(ab):=¢{ 1ba ‘(1% ) nbajia | & 520, y>0,
BUNCLE 7’7“;‘2)*5&, a<0,y<0

Proof. From Lemmal and Power-mean integral inequality, we obtain

lr(ab,n)| < @/jﬁ <a+t@) ) (a+tn(b,a))dt

102 [y 0t tn b,

s@(/ltwmt)l%( 3|w|\f<”><a+tn<b,a>>]th)%'

( t3|mdt)1 é( [ eimax{|1¥@[" 1)} o)
2 (ma {w \ Jrmf)* [

( a{|r™(a
{

(max ’f

IN

chT)

NG,|-I>

This completes the proof of theorem.
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Corollary 2. Suppose that all the assumptions of TheoBeane satisfied. If we choosg(b,a) = b — a then wher |4
is prequasiinvex on K for g 1 we have

‘(b a) (3a4+b) () a)(2a+b) (o) 1 3Py fBP=f@a, 1 /af(x)dx

6 2 3 2 b—a b—a

q

)

< %ﬁi (max{‘f(“’) (a) f(“’)(b)‘q}) i D1, (a,b)

where .y
b-a)* brda b+3
(44) 452, a>0,22>0
_ b—a)* 5
Dip(ab)=q Caibia, & g0 b2,
(b—a)* b+4a

b+3
@ 20 a<0,>*<0

Remark.Let n satisfies the conditio@. If we use the inequalitys) in the proof of Theoren3, then the inequalityq)
becomes the following inequality:

1t (a,b,n)| < %7 (max{‘ f(i")(a)‘q, ’ f<“’)(a+r](b,a))’q}) g D1,(a,b)

This inequality is better than the inequalif) (

Corollary 3. If we take g= 1 in the inequality {) in Theoren®, then we have the following inequality:

)

27 -
il (iv)
[If(a,b,n)| < 3max{‘f (a)

i (0)|} Daglab)
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