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Abstract: In this work we we prove that all involutive Hom-Lie triplestgms are whether simple or semi-simple. Moreover, we prove
that an involutive simple Lie triple system give a rise ofdhutive Hom-Lie triple system.
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1 Introduction

The classification of semisimple Lie algebras with invaug can be found irg]. The Hom-Lie algebras were initially
introduced by Hartwig, Larson and Silvestrov i8] jnotivated initially by examples of deformed Lie algebrasming
from twisted discretizations of vector fields. The Killingrin K of g is nondegenerate alﬁds symmetric with respect

to K. In [1], the author studied Hom-Lie triple system using the dowxiension and gives an inductive description of
guadratic Hom-Lie triple system. In this work we recall thefidition of involutive Hom-Lie triple systems and some
related structure and we prove that all involutive Hom-Liiplé systems are whether simple or semi-simple. Moreover,
we prove that an involutive simple Lie triple system giveserof Involutive Hom-Lie triple system.

Definition 1. AHom-Lie triple system is a tripld., [—, —, —], a) consisting of a linear spade, a trilinear map[—, —,—] :
LxLxL—L andalinear mapm : L — L such that

[x,x,Z =0, (skewsymmetry)
XVY,Z +[y,zX + [z,x,y] =0, (ternary Jacobi identity)
[a(u),a(v),[xy,Z] = [[u,vX],a(y), a(2)] +[a(x), [uvy],a(2)] +[a(x),a(y),[u,v.2],

forall x,y,z u,v € L. If Moreovera satisfiesa([x,y,2)) = [a(x),a(y),a(2)] (resp.a® =id. ) for all x,y,z< L, we say that
(L,[-,—,—],a) is a multiplicative (resp. involutive) Hom-Lie triple sgst. A Hom-Lie triple systeifL,[—,—,—],a) is
said to be regular ifx is an automorhism df.

When the twisting mag is equal to the identity map, we recover the usual notion efttiple system4,3]. So, Lie
triple systems are examples of Hom-Lie triple systems. lintoduce the right multiplicatioR defined for allx,y € L
by R(x,y¥)(2) := [x,y,27], then the conditions above can be written as follow:

R(X’ y) = _R(ya X),
R(x,y)z+ R(y,2)x+ R(z,x)y = 0,
R(a(u),a(v))[xy,Z = [R(u,v)x,a(y),a(2)]+[a(x),Ru,v)y,a(2)] +[a(x),a(y),R(u,v)Z.
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We can also introduce the middle (resp. left) multiplicataperatoiM(x, 2)y := [x,y,Z] (resp.L(y,2)x := [x,y,2)) for all
X,¥,z € L. The equations above can be written in operator form resfgtas follows:

M(Xa y) = _L(Xa y) (1)
M(x,y) —M(y,x) = R(x,y) forallx,y e L. 2
We can write the equation above as one of the equivalentiigksntf operators:

R(a(u),a(v))R(x,y) — R(a(x),a(y))R(u,v) = (R(R(u,v)x, a(y)) + R(a(x),R(u,v)y))a.
R(a(u),a(v))M(x,2) — M(a(x),a(2))R(u,v) = (M(R(u,v)x,a(2)) + M(a(x),R(u,v)z))a.

Definition 2. Let(L,[—,—,—],a) and(L’,[—,—,—],a’) be two two Hom-Lie triple systems. A linear mapLf— L' is
a morphism of Hom-Lie triple systems if

f(xy,2) =[f(x),f(y),f(2)] and foa =a’of.

In particular, if f is invertible, therL andL’ are said to be isomorphic.

Definition 3. Let (L,[—,—,—],a) be a Hom-Lie triple system arlcbe a subspace df. We say that is an ideal of L if
[I,L,L]Clanda(l) ClI.

Definition 4. A Hom-Lie triple systen. is said to be simple (resp. semisimple) if it contains no raat ideal (resp.

Rad(L) = {0}).

According to a result ing], if Ais a Malcev algebra, thef®\, [—,—, —]) is a Lie triple system with triple product

X.¥,2 = 2(xy)z— (z3)y — (Y2)x. (©)
Thus, ifAis a Malcev algebra and : A — A is an algebra morphism, theAy = (A,[—,—,—]a = ao[—,—,—],0)is a
multiplicative Hom-Lie triple system, wheffe-, —, —] is the triple product inJ).

Proposition 1.LetL be a Lie triple system and be an automorphism af. If L is simple, the is also simple.

SinceL is not abelian, theh 4 is also not abelian. Moreover, lebe an ideal of 4. For allx,y € L anda € | we have,
[a7 Xay]a S I

That s,
[a(a),a(x),a(y)] €.
Consequentlyl, is an ideal ofL becauser is an automorphism. Thus= {0}.
Theorem 1. Let (L,[.,.,.],8) be an involutive Hom-Lie triple system. Theh,|.,.,.]g,0) is simple or semi-simple.

Moreover, in the second casecan be wrien ad :=Lg = .7 @ 0(.¥) where. is a simple ideal of.. Conversely, If
(L,[.,.,.],8) is an involutive simple Lie triple system, th@n|.,.,.]g, 8) is an involutive Hom-Lie triple system.

Suppose thlt g is not simple and put” a minimal ideal ol . We get[L g, L ,-]s is an ideal oL g which is contained
on.7. Thus,
[Lg,Lg,#)g={0}or[Lg,Lg,.”]g=.7.

Now, firstly, if [Lg,Lg,]g = {0}, thenB([Lg),6(Lg),0()] = {0}. That is,[L,L,6()] = {0}, becaused is a
bijective linear map. which mean thé@f.”) C Z(L) = {0}. Thus,[Lg,Lg,-%]s =.¥. Hence|L,L,0(.7)] = .. Which
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implies thatd([L,L,8(.#)]) = [8(L),8(L),68%(.#)] = 6(.%). Consequently,
L,L,.7+08(¥)] C+06(Y).

Furthermore,
0(S+0(F)=0(F)+6%(F)=0(F)+.7.

Thus,. + 8() is anideal of(L,][.,.,.],0). Since.” + 6(.7) # {0}, thenL = . + 6(.¥).

Now, we have to prove that the summation is direct. In factesb is an automorphism df g, then6(.) is an ideal of
Lg. Thus,.”NO(.) =% or.#NOB(.¥) = {0} because” is minimal. Suppose tha¥ N 6(.) = .7, then.” = 6(.)
becausd is bijective. On the other hand,

L,L,.]=6([6(L),0(L),8()]) =06([L,L,]g) C 6(F)=.7".

Thus,.” is an ideal of(L, ., .,.],0) and. = L becaus€L,|.,.,.]) which contradict the fact tha?’ # L and.” # {0}.
Consequently? N 0(.) = {0} andL = . ® 0(.¥).

Let us prove that” is a simple ideal ofL g,[.,.,.]). In fact,L =Lg = . @ 6(.). Sinced is an automorphism df
then® is an automorphism df g.

[6(7),L,L]=6([6(¥),L,L]=6([.,8(L),0(L)] =6([-,L,L]) C 6(.7).
Thus,0(.7) is an ideal ofL . Furthermore,
7,7, Lle=[B0(Y),SDO0(),S]e=][Lo,Lg, ] =7.
Thus,. is a simple ideal oL g because it is simple with?,.#]theta= .. Consequentlyl. g is semi-simple.

Corollary 1. Let(L,[.,.,.]) be a Lie triple system with involutich such that | = . @& 6(.) where.” is a simple ideal
of (L,[.,.,.]). Then the Hom-Lie triple systethg,|.,.,.]g, 0) is simple.

Let.# be an ideal of g such that# # {0}. We have
L,L,6(7)]=[6(L),8(L),6(S)]=][,L,7]
becausé = 6(L) and.# is an ideal olL g. Moreover,
L,L,#]=06([6(L),6(L),0(.#)])=06(|L,L,F]theta Cc 6(F) = .7,
because/ is stable undef since it is an ideal of the Hom-Lie triple systemlof. Consequently,# is an ideal ofL.

Thus,.s = S or.# =0()or.# =L. Since(.¥) C .7, then.s £ . and.¥ # 6(). Thus,.¥ =# .7 $08() =L.
Moreover, sincélL,L,L] =L, then[Lg,Lg,Lg] =Lg. Thus,(Lg,][.,.,.]e, 0) is a simple Hom-Lie triple system.
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