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1 Introduction

Let f : D x D — R be a real function with (x,x) = 0 for all x € D, whereD is a nonempty subset & andX be a real
topological vector space. Then the following problem, ifinid x € D such that

f(x,y) >0, forall yeD,
is known as an classical single-valued equilibrium prob{emshort, EP)2].

This problem contains many problems as special cases f@mnices, optimization problem, problem of Nash equilibria,
fixed point problems, variational inequalities and competarity problemg$2, 6] etc. Also, existence results for various
type of equilibrium problems involving vector mapping irdered vector space have been considered by many authors,
see(l, 3,6,12. Recently, Laszlo and ViordB] obtaining existence results for the set-valued equiliriproblems
formulated by Kristaly and Varg@&|] by making the use of a special type of dense set i.e self-segdemnse set. Later on
Salahuddin and Verm#l1] use the same concept and obtaining existence results farajeed set-valued vector
equilibrium problems. In this paper, motivated by the reéagork [8, 11], we obtain the existence results for perturbed
vector equilibrium problem formulated by F4] and perturbed scalar equilibrium problem given by Blum ardtiO2]

both with and without compactness assumptions by usingdheept of self-segment-dense set.

The concept of self-segment-dense set was introduced kgld-asd Viorel[9] which is not same as that of a segment
dense set introduced by LyaQ. Although, in one dimensional case, the concepts of a segderse set and a
self-segment-dense set are same and equivalent to theptai@ dense set. But in higher dimensions i.e greater than
one, self-segment-dense subset possess certain spepales, characterized by LemrGawhich play an important
role in obtaining our existence results.

In an infinite dimensional real Hilbert space it is known ttieg unit sphere is dense in the unit ball with respect to the
weak topology, but it is not self-segment-dense. This ip&cht example of a dense set that is not self-segment-dense.
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We organize this paper as following. In the next section, & fintroduced the necessary apparatus that we need and
perturbed equilibrium problem and we also define the notioa self-segment-dense set. Section 3 and 4 contain the
main results of this paper, namely existence results faupsed equilibrium problem and scalar equilibrium probdem

by making the use of self-segment-dense set.

2 Preliminaries

LetY be real locally convex Hausdorff space, @d: Y a pointed, closed convex cone with apex at origin and with
intC # ¢@. We say tha€ satisfies the conditiof) if there is a pointed, closed convex caBsuch thaC\ {0} C C. Itis
well-known that ifC has a base, thed satisfies conditioA)

Definition 1. [10] Let X and Y be real locally convex topological vector spa€es,Y a closed convex cone with apex
at the origin, and Dc X a nonempty subset. Let:P> — 2" be a set-valued mapping. Then F is said to be lower semi-
continuous with respect to C atD (in short, C-l.s.c) if for any ¥ F(x) and each neighborhood V ofyrthere is a
neighborhood U of x such that for eacke2) ND,F(z) N (V +C) # ¢ and F is said to be C-l.s.con D if it is C-l.s.c at
each xe D.

Remark(i) If Fisl.s.c atx € D, then itisC-l.s.c atx € D. (ii) If F is single valued an# is (—C)-l.s.c atx € D, then it is
C- u.s.c ax € D in the sense of Tan and Tirjh3).

Definition 2. For a function f: X — R we denote by domf its domain, thatis domf{x € X : f(x) € R}. We say that f
is upper semicontinuous ag x domf iff, for everye > 0, there exists a neighborhood U af such that fx) < f(xg) + €
for all x € U. The function f is called upper semicontinuous iff it is @ppemicontinuous at every point of its domain.

Furthermore, we say that f is lower semicontinuousg@&xdomf iff, for everye > 0, there exists a neighborhood U of
Xo such that fx) > f(xg) — & for all x € U. The function f is called lower semicontinuous iff it is lovgemicontinuous
at every point of its domain.

Definition 3. Let f: X — 28 be a function. Then

(i) fis said to be upper semicontinuous gtifkand only if

Xlljlr%nxosur)f(xof) < f(%o),

where{xg } is a net converging togx
(i) f is said to be lower semicontinuous atikand only if

lim inff(xq) > f(xo),

Xa—Xo
where{xg } is a net converging togx

Definition 4. Let X and Y be topological vector spacescIX a convex subset and€Y a convex cone. Let FD — 2¥
and G: D x D — 2" be given, then.

() F is said to be C-convex if for anyyxe D, t € [0,1], we have
tF(x)+ (1-t)F(y) C F(tx+ (1 —-t)y)+C.
(i) Fis said to be C-concave if for anywe D, t € [0, 1], we have

F(tx+ (1—t)y) CtF(x)+ (1—t)F(y) +C.
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(iii) G is said to be monotone if for eachye D, G(x,y) + G(y,x) C —C.

Lemmal. [4 Let DY and C be as in definitionl and F: D — 2¥ be C-l.s.c on D. Then the set
A={xeD:F(x) CY\intC}is closedin D.

Lemma 2.[4] Let D,Y and C be as in Lemng and F: D — 2" be given. For any fixed,y € D, let g(t) = T (ty+ (1—
t)x), t € [0,1]. Assume that(@) is (—C)-l.s.c att=0andVvt € (0,1], g(t) C Y\ (—intC). Then g0) C Y \ (—intC).

Definition 5. Let D be a nonempty convex subset of a vector space X. A setevalapping FE D — 2% is called KKM-
mapping if for each finite subséks,X,....xn} C D, we have

n
co{xy, X2+ Xa} C | JF (%),
i—1

where cdE) is a convex hull of a set E.

Lemma 3. (Fan Lemma )[5] Let X be a Hausdorff topological vector space, and let D be m&mpty convex subset of
X. Let F: D — 2X be a KKM -mapping. If each () is closed and at least one(K) is compact, therﬂ F(x) # o.

xeD

Now we will work for the following equilibrium problems.

Let X andY be real topological vector spacés,C X a nonempty subset af@lC Y a closed, pointed and convex cone
with apex at origin andntC # ¢. Let G,H : D x D — 2¥ be set valued mappings. Then we consider the following
Perturbed vector equilibrium problems:

(PVEP 1) Findxp € D such thaG(xo,y) +H(Xo,y) C Y\ (—intC), ¥y € D.

(PVEP 2) Findxg € D such thafG(Xo,Y) + H (X0, y)] N (Y \ (—intC)) # ¢, ¥y € D.

(PVEP 3) Findxp € D such thaG(xo,y) +H (Xo,y) C Y\ (—C\ {0}),Vy € D.

If G andH are single valued mappings, then the problems (PVEP 1) aviiRR2) both collapse to the following VEP
equilibrium problems:

(PVEP 4) Findxg € D such thats(xg,y) + H(xo,y) € Y \ (—intC), Vy € D.
(PVEP 5) Findkg € D such thaG(xo,y) +H (Xo,y) € Y\ (—C\ {0}),Vy € D.

The scalar equilibrium problem introduced and studied byinBland Oettli [2], for sum of two bifunctions
f,g0: K x K — R consists in findingg € K such that

f(xo,y) +9(x0,y) > 0,vy e K. (EP)

Now we shall recall the original existence results of EQ regarding the set valued vector equilibrium problems (VEP1
and Blum and Oettlj2] for (EP).

Lemma 4.([4], Lemma 4)Let X and Y be real locally convex Hausdorff topological sm=® a nonempty closed, convex
subset of X and € Y a pointed, closed convex cone with apex at origin and#t Let G H : D x D — 2" be set-valued
mappings satisfing the following conditions:

(i) Forallx e D,0e G(x,x) CC,0€ H(x,x) CC,

(ii) G is monotone,
(i) For any fixed xy € D, the mapping ¢) := G(ty+ (1—t)x), t € [0,1], is (-C)- l.s.catt =0,
(iv) Forany fixed xc D,G(x,.),H(x,.) : D — 2" are C-convex.

Then the following are equivalent:
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(I) There existse D, G(y,x*) —H(x*,y) C Y\ (intC), Vye D,
(1) There exists’xe D, G(x*,y) +H(x",y) C Y\ (—intC), Vye D.

Theorem 1.([4], Lemma 5) Let K be a nonempty compact subset of X anHl GK x K — 2" be a set-valued mappings
such that:

(i) Forallx e K,0€ G(x,x) cC,0€ H(x,x) CC,
(i) G is monotone,
(iii) For any fixed xy € K, the mapping ¢) := G(ty+ (1 —t)x),t € [0,1], is (-C)-l.s.c at t=0,
(iv) Forany fixed xc K,G(x,.),H(x,.) : K — 2" are C-convex,
(v) Forany fixed xc K,G(x,y) is C-l.s.c iny, and for any fixedy K, H(x,y) is (—C)-l.s.cin x

Then, there exists'» K such that
G(X",y) +H(X",y) C Y\ (—intC),vy e K.
Theorem 2.([4], Theorem 2)Let D, C, G and H be as in Lemndaand let all conditions (i)-(v) of Theorem 10 holds. In

addition, G and H satisfy the following condition:

(vi)there exists a nonempty compact convex subsetXsuch thatyx € D\ K, JacK,
G(a,x) —H(x,a) ¢ Y \intC,
Then, there exists» K such that
G(x",y)+H(X"y) C Y\ (—intC),Vy € D.
If C satisfies the conditiof), then
G(x",y) +H(X",y) €Y\ (-C\{0}),vy € D.

Lemma 5.[2] Let X be areal topological vector spaces and KK be a compact convex nonempty set. LBt ¢ x K —
R be two functions satisfies following:

(i) Forallx € K, g(x,x) =0,h(x,x) =0,

(i) gis monotone,
(iii) Forall x,y € K, the mapping £ [0,1] — g(ty+ (1 —t)x,y), is u.s.c at t= 0, (hemicontinuity)
(iv) Forallx e K, g(x,.),h(x,.) : K— R, are convex.

Then the fillowing are equivalent:
(I) There eXiStSG(G Ka g(y;XO) - h(Xan) < 07 Vy € K7
(INThere exists ¥ € K,g(xo,Y) + h(Xo,y) > 0,Wy € K,

Theorem 3.[2] Let X be a real topological vector spaces anddKX be a compact convex nonempty set. Lét:g
K x K — R be two functions satisfies following:

(i) ForallxeK, g(x,x) =0,h(x,x) =0,
(ii) gis monotone,
(i) Forall x,y € K, the mapping € [0,1] — g(ty+ (1 —t)x,y),isu.s.catt=0 (hemicontinuity),
(iv) Forallx e K, g(x,.),h(x,.) : K— R, are convex,
(v) Forallx € K, g(x,.) is I.s.c and for all ye K, h(.,y), is u.s.c.

Then, there existg»e K such that
9(Xo,y) + h(xo,y) >0, Yy e K.
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Theorem 4.[2] Let X be areal topological vector spaces andKX be a closed, convex nonempty set. Lat ¢k x K —
R be two functions satisfies following:

(i) Forallx € K, g(x,x) = 0,h(x,x) =0,
(ii) gis monotone,
(i) Forall x,y € K, the mapping € [0,1] — g(ty+ (1 —t)x,y),is u.s.catt=0,
(iv) Forallx e K, g(x,.),h(x,.) : K— R, are convex,
(v) Forallx € K, g(x,.) isl.s.c and for all ye K, h(.,y), is u.s.c,
(vi) There exists a nonempty compact convex setBsuch that for any x K\ B, there exists & B with

g(x,a) +h(x,a) < 0.

Then, there existgye B such that
9(Xo,y) +h(xo,y) =0, vyeK.

Self-segment dense set.et X be a Hausdorff topological vector space. We will use follogvhotations for the open,
respectively closed, line segmentsdrwith the endpoints x and y

(xy)={zeX:z=x+t(y—x),t € (0,1)},

0,1 ={ze X:z=x+t(y—X),t €[0,1]}.

In [10], Definition 4, The Luc has introduced the notion of a so-chflegment-dense set. D&tC X be a convex set. One
says that the séi CV is segment-denda V if for eachx € V there can be founde U such thak is a cluster point of
the setx,y]NU.

Laszlo and Viore[9] presented a denseness notion which is slightly differemfthe concept of the Lud( presented
above.

Consider the setd CV C X and assume that is convex. We say thal is self-segment-denseV if U is dense iV
and
vx,y € U, the setx,y]NU is dense in[x,Yy].

3 Self-segment-dense set and vector equilibrium problems

Lemma 6.([8], Lemma 1) Let X be a Hausdroff locally convex topological vector spdegV/ C X be a convex set and
letU CV a self-segment-dense in V. Than for all finite subsetu, - --uy} C U one has

cl(co{ug,uz---up} ND) = co{ug,uz---Un}.

Theorem 5. Let X be a Hausdroff locally convex topological vector sparal let K be a nonempty convex, compact
subset of X, let BC K be a self-segment-dense, and leHG K x K — 2 be set-valued mappings satisfying:

(i) Forallx e D,0e G(x,x) CC,0€ H(x,x) CC,
(ii) G is monotone,
(i) For any fixed xy € D, the mapping ¢) = G(ty+ (1—t)x,y),t € [0,1], is (—C)— l.s.c at t=0,
(iv) Forany fixed xc D,G(x,.),H(x,.) : D — 2" are C-convex,
(v) Forany fixed > D,G(x,y) is C-l.s.c iny on K and for any fixedeyD,H (x,y) is (—C)-I.s.c in x on K,
(vi) Forany fixed ye K,G(x,y) is C-l.s.cin x on K\ D, for any fixed > K,H(x,y) is (—C)-l.s.ciny on K\ D.
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Then, there exists»x K such that

G(x",y) +H(X",y) C Y\ (—intC), VyeK.

Proof. DefineF : D — 2X by
F(y) = {xeK:G(y,x) —H(x,y) C Y\ (intC)}, VyeD.
Since for fixedy € D,G(y,.) —H(.,y) isC—Il.s.conD, soF(y) is closed inK and hence compact.

Claim: F is aKKM mapping. i.e For anyyi,y»---yn} C D, we have
n
co{ys,y2---yn}ND C [ JF (%)
i=1

Suppose not, then there exisfgi,y2---yn} C D andty,t---tn with 3Lt =1 andz= 3 ;tiy; € D such that
z¢ UL F(yi)

=z¢F(y),Yi=12,---,n.
= G(Vi,2) —H(zyi) Z Y\intC,Vi=1,..,n.
= G(yi,z) —H(z)y;) CintC,Vi=1,..,n.
This implies that there exists € G(yi,z),bi € H(z i) such thag; — bj € intC, Vi =1, ..,n.
n
= ZIi(a; —hi) €intC 1)

SinceG is monotone an@-convex in second argument, it follows that
n n
thiG(yi,z) c-C- ZtiG(z,yi) c-C-G(zz-Cc-C. 2
i= i=
Also H is C-convex in second argument
n
ZtiH(z,yi)cH(z,z)+CcC+C:C. (3)
i=
From 2) and @), we get
n
Zti (G(yi,2) —H(zyi) ¢ -C. 4)
i=

From (1) and @), we have
n

Z(G(Yi,z) —H(zyi)) C (-C)nintC = ¢,
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n
a contradiction. Henc&o{y1,y2---yn} ND C U F(yi).
i—1

n

= cl(co{yr,y2---yn} ND) C cl({ JF(y))- (5)

i=1

n n

By Lemmas, cl (co{y1,Y2---,Yn} ND) = co{y1,y2---Yn} and also we know thaﬂ(U F(yi))

I
—~
-

T
—~
<
~—
~—

Hence from §), we have

cofys,y2--Yn} € [ JF (V).

i=1

HenceF is a KKM- mapping, So by Ky-Fan lemma,

F) #e.
yeD
i.e. there existg* € K such that
G(an*)iH(X*ay) Cy\ (|ntC),Vy€ D. (6)
To complete the proof we have to show that,
F) #e.
yeK

Suppose there exisgs € K\ D such that
G(y*,x) — H(xy") ¢ Y \ntC.

= G(y*,x) —H(x,y") C intC.

SinceintC is a neighborhood oF (y*), whereF(y*) = G(y*,x) — H(x,y*), andF is C-l.s.c onK\ D, there exists a
neighborhood) of y* such that
F(y)n(intC+C) # ¢,Vy e U.

= F(y)n(intC) # @,vy € U.
SinceD is dense irK, so there existg; € U andy; € D such that

F(y1) NintC # ¢

a contradiction tog). Hence,ﬂ F(y) # @, i.e. there existg* € K such that
yeK

G(y,x") —H(x",y) C Y\ (intC),¥y € K.
Hence by Lemmd, there existx* € K such that
G(X",y)+H(X",y) C Y\ (—intC),vy e K.

Theorem 6.Let D C K be a self-segment dense set and K is a compact subset of ¥ hL:é x K — R be two single
valued functions satisfying following conditions:

(i) Forallx e D,g(x,x) =0,h(x,x) =0,
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(ii) gis monotone,

(iii) Forall x,y € D, the mapping € [0,1] — g(ty+ (1 —1t)x,y), is u.s.c at t=0.
(iv) Forallx € D,g(x,.),h(x,.) : K — R, are convex,

(v) Forallx € D, g(x,.) is l.s.c on K and for all y& D,h(.,y), is u.s.con K,

(vi) Forally e K, g(.,y), is l.s.c on K\ D and for all xe K,h(x,.) is u.s.c on K\ D.

Then, there existg»e K such that
9(xo0,y) + h(xo,y) > 0,Vy € K.

Proof. Define a set-valued map: D — 2K by
F(y) :={xeK:g(y,x) —h(xy) <0},vy e D.
Since for fixedy € D, g(y,.) — h(.,y) l.s.c onD, F(y) is closed irK andK is compact and hendg&(y) is compactyy € D.

Claim: F is aKKM —map i.e. For any finite sefys,y2,--yn} C D, we have

cofy1,yz. ... ¥n}[ 1D € | JF (W)
i=1

n n n
Suppose not, then there exi$ts, 2, --yn} C D andty,ty, .., ty with Z\ti =1andz= Zitiyi € D such thatz ¢ U F(yi)
= i= i=1

=z¢F(yi),Vi=12,---n
=9(yi,2 —h(zy) >0Vi=12---n
=9(¥i,2) >h(zy),Vi=1,2,---n.

= _iﬂig(YiaZ) > _iuih(z,yi) @)

Sinceg is monotone and convex in second argument, we have

1 n
ziul (Vi,Z <ZZulngy,,y| é a(yi,yj) +9(yj,vi)) <0. (8)

Sinceh is C—convex in second argument

S5

0= h(Z, Z) < uih(zvyi)' (9)

From (8) and 9), we have
n

_iuig(yi, <0 Z (i)

a contradiction to (7). Hencep({y1,Yz,....¥n})[ ]D € U F(yi)
i—1

= cl(co({y1,Y2," .¥n})(D) C cl(|JF (¥))- (10)
i=1
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By Lemmas, cl(co({y1,y2,---n})D) = co({y1,¥2,--Yn}) and we also know that

Thus, from (0), we have

CO({ylayZ)"' ;yn}) - U Fvi).

i=1

HenceF is aKKM—map. So, by Fan Lemma, we have

(N Fy) #o,

yeD

i.e., there existgy € K such that
g(y;x0) —h(xo,y) <0,¥y e D.

To complete the poof we need to show that,

F(y) #o.

yeK
i.e., there existgy € K such that
9(y,%0) —h(xo,y) < 0,vy € K.

Suppose there exisys= K \ D, SinceD is dense irK, there exists a ndlyy } C D such thay, — y.
SinceK(.) =g(.,X0) — h(xg,.) is l.s.cinK\ D andyy — Yy, SO

OEJQQMHQW>2KW%:mmm)7Mmy>

Hence,

F(y) #o.

yeK
i.e., there existgg € K such that

Hence by Lemm&, there existxp € K such that

9(x0,y) +h(xo,y) > 0,Vy € K.

This complete the proof.

4 Set-valued vector equilibrium problems without compactress assumptions

Theorem 7.Let K be a nonempty convex closed subset ¢édD C K be a self-segment-dense, and leHG K x K — 2¥
be set-valued mappings satisfying:

(i) ForallxeD,0¢e G(x,x) CC,0€ H(x,x) CC,
(ii) G is monotone,
(iii) For any fixed xy € D, the mapping ¢) := G(ty+ (1 —t)x,y),t € [0,1], is (—C)— l.s.c at t=0,
(iv) Forany fixed xc D,G(x,.),H(x,.) : D — 2" are C—convex,
(v) Forany fixed > D,G(x,y) is C-l.s.c iny on K and for any fixedeyD,H (x,y) is (—C)-l.s.c in x on K,
(vi) Forany fixed ye K,G(x,y) is C-l.s.c in x on K\ D and for any fixed x K,H(x,y) is (—C)-l.s.ciny on K\ D,
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(vii) There exists a compact seg K D and yp € DNKg. such that Gyo,x) — H(X,yo) ¢ Y \ intC, ¥x € K\ Kg. Then,
there exists k€ Kg such that
G(x",y) +H(X',y) C Y\ (~intC), vy e K.

Proof. Define a set-valued mdp: D — 2K by
F(y)={xeK:G(y,x) —H(x,y) C Y\ (intC)},Vy € D.
According to the proof of Theore F(y) is closed inK, forallye D.

Next we shall show that (yp) is compact, and the rest of the proof is similar to the proofleéorem5. For this it is
enough to show thdt (yo) C Ko. Supposé-(yo) Z Ko, then there exista € F(yp) such thatz ¢ Ko.
Now, z € F(Yp), S0G(Yo,2) —H(z Yo) C Y \ intC, which is a contradiction to (vii).

Theorem 8.Let D C K be a self-segment dense set and K is nonempty closed camsat of X. Let gh: K x K — R be
two single valued functions satisfying following condito

(i) Forallx e D, g(x,x) =0,h(x,x) =0,
(i) gis monotone,
(iii) Forall x,y € D, the mapping &£ [0,1] — g(ty+ (1 —t)x,y),isu.s.catt=0,
(iv) Forallx € D,g(x,.),h(x,.) : K — R are convex,
(v) Forallxe D, g(x,.),isl.s.conKand for all y¢ D,h(.,y) is u.s.con K,
(vi) Forally e K,g(.,y) isl.s.con K\ D and for all xe D, h(x,.) is u.s.c on K\ D,
(vii) There exists a compact sej K D such that for all ye DN Ko, s.t.  dYo,X) — h(x,yo) > 0, for all x € K\ Ko,

Then, there existgx Ko such that
9(%0,y) +h(x0,y) = 0, Vy e K.

Proof. Define a set-valued map: D — 2K

F(y) = {xeK:g(y,x) —h(x,y) <0},vy € D.

According to the proof of Theore®, F(y) is closed inK, Yy e D.

Next we shall show the (yp) is compact, and then the rest of the proof is similar to thepedTheorens, For this it is
enough to show that(yo) C Kg. Supposé-(yo) £ Ko, then3dz € F(yp) such thatz ¢ Ko.
Now, z € F(Yo), s0d(Yo,2) — h(z yo) < 0, which is a contradiction to (vii).
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