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Abstract: We consider two new subclass8g, (1,A,a) and S (1,A,B) of ¥, consisting of analytic and m-fold symmetric bi-
univalent functions in the open unit ditk Furthermore, we establish bounds for the coefficients étions in these subclasses and
several related classes are also considered. In addititve$e, connections to earlier known results are presented.
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1 Introduction

Let A denote the class of functions of the from
f(2=z+ Y an? (1)

which are analytic in the open unit difk= {z: |zl < 1}, and LetSbe the subclass & consisting of from {) which is
also univalent irJ (for details, see [6]).

The Koebe one-quarter theorgfj states that the image &f under every functiorf from S contains a disk of Radius
1/4. Thus, every such univalent function has invefsé which satisfies

f1(f(2) =z(z€ V), 1 (f(w) =w, <|W| < ro(f),ro > ;11) ; 2
where
71 (W) = w— apW? + (28,% — ag) W* — (5a° — Sapag + aa) WA + ... ()

A Functionf € Ais said to be bi univalent it if both f andf~! are univalentinJ. Let > denote the class of bi-univalent
functions defined in unit disk . For a brief history and interesting examples in classee[17]. Examples of functions
in the class> are

z 1 1+z
rza*k)g(l* 2), > log (1—Z> ) 4)

and so on. However, the familiar Koebe functions is not a memobX. Other common examples of functions in such as

2 z

Zf_ [N
2'1-72

®)
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are also not members &f(see[17)). For each functiorf € S, function
h(z) = V/f(2")(ze U,meN) (6)

is univalent and maps the unit digk into a region with m-fold symmetryA function is said to be m-fold symmetric
(se€11],[16]) if it has the following normalized form:

t2) =2+ Y am1Z™t(zeU,meN). (7)
k=1

We denote byg, the class of m-fold symmetric univalent functionddn which are normalized by the series expansion
(7). In fact, the functions in the classare one-fold symmetric. Analogous to the concept of m-fgldmetric univalent
functions, we here introduced the concept of m-fold symiméirunivalent functions. Each functiohe > generates an
m-fold symmetric bi-univalent function for each integee N. The normalized form of is given as in {) and the series
expansion forf =1 , which has been recently proven by Srivastava €8], is given as follows:

g(W) =W — ame W™+ [(M+ 1) 8241 — apmer | WP

- E (M+1) (3m+2)@mi1 — (3M+ 2) @y 18omr1 + a3m+1:| WLy (8)

wheref~—! = g. We denote byz,, the class of m-fold symmetric bi-univalent functionsin Some examples of m-fold
symmetric bi-univalent functions are given as follows:

Zn U L |1 142" m
(Hﬂ) ,[~log(1—2")]"m, §|09<ﬁ> : 9)

Lewin [12] studied the class of bi-univalent functions, obtaining bioeind 1.51 for modulus of the second coefficient
|az|. Subsequently, Brannan and Cluri@ conjectured thatay| < /2 for f € . Later, Netanyahtil5 showed that
max|ay| = 4/3if f (2) € 3. Brannan and Tald] introduced certain subclasses of b-iunivalent functi@ss§ similar to
the familiar subclasseS: (8)andK* () are of starlike and convex function ordgr(0 < 8 < 1), respectively (sg&5]).

The classe§*z(or) andKsy (a) of bi-starlike functions of ordesr and bi-convex functions of order, corresponding to
function classe$' (a) andK (o), were also introduced analogously. For each of functiosselsS*s (a) andKs (a),
they found nonsharp estimates on the initial coefficiemtsactt, the aforecited work of Srivastava et [dl7] essentially
revived the investigation of various subclasses of bi-aleint function clasg in recent years. Recently, many authors
investigated bounds for various subclasses of bi-unitélerctions (se€l],[2],[7],[8],[13], [17],[19]). Not much is known
about the bounds on general coefficiea for n > 4. In the literature, there are only a few works to determieeegal
coefficient bound$a,| for the analytic bi-univalent functions (s¢#,[9],[10]). The coefficient estimate problem for each
of |ap| (ne N/{1,2};N ={1,2,3,...}) is still an open problem.

The aim of the this paper is to introduce two new subclasseBeofunction classy ,, and derive estimates on initial
coefficientsan 1| and|azm, 1| for functions in these new subclasses. We have to remembééoltbwing lemma here so
as to derive our basic results.

Lemma 1.[16]. If p € P, then

2 2
e <o [P (10)

Ipn| <2, (neN={1,2,...}) and ‘pz < 5
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where the Caratbodary class P is the family of all functions p analytic in U fchich

Re(p(2)} > 0,p(2) = 1+ prz+ P2+ paZ + ..., (z€ V).

2 Coefficient bounds for function classSs (A, T, a)

Definition 1. A function fe ¥, is said to be in the classs§(1,A,a), (1 € C/{0}, 0<a <1, 0<A <1)if the
following conditions are satisfied:

arg{1+l< 2f'(2) + A 21" (2 )1>}‘<£TZ€U (12)

T\Azf(2)+(1-A)f(z 27
1/ wg (w)+Aw?g’ (w) an
{12 (rugtw o ajaww 1) | < 7 el 42

where the function g 1.

Theorem 1.Let fgiven by(7) be in the class 3 (1,A,a),0< a < 1. Then,

20 |1]
|am1| < : (13)
\/2m(m-+ 2mPA —PAZ) o — (@ — )P (14+-mA)?
2(m+1)a?1? alr|
a < . 14
emetl < rm? P mar2mh) 4
Proof.Let f € S5, (T,A,a). Then we can write
1+1 zf' (20 +A 21" (2) 1) = p@)® (15)
c\Grora—nig ) @l
1/ wg (w)+Aw’g" (w) ) a
1+ = -1)= 16
+2 (o 1@ gt 1) ~ 00 (o)
whereg = f~1 andp, gin P have the following forms:
P(2) = 1+ pmZ" + P2+ ..., q(W) = 1+ g™ + GorW?™ + ... (17)
Now , equating the coefficient4®) and (L6) we get
1
?m(1+m/\)am+1:apm, (18)
1 a(a—1
- [2m(1+ 2m\ ) agmy 1 — m(1+m/\)2afn+1} = apm+ ( 5 )pzm, (19)
1
—=m(1+mA)am: 1 = atm, (20)
1 -1
= [2m(+2m) [+ 1)@y — Boma] — m(L+ M )?e, ] = aem + a(a2 ) . 21)
Form (18) and @0), we obtain
Pm = —0m, (22)
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2
?mZ(H 2851 = % (Pm’ + ) -
Also from (19), (21) and @3) we have

Nl

2

a’r? (P2m+ 92m)

an1=
Applying Lemma 1 for coefficientpom andgzm, we obtain

2a 1|

2 32m| (14 200 ) (1)~ (14 0 2] ] = @ (o o) + 1L

2m(m+ 2mPA —PA2) at — (o — 1)mP (1+mA)?

lam1] <

Next, in order to find the bound daym. 1| , by subtractingZ1) from (19), we obtain
1
- [2m(1+2mA) (28m1 — (M+ 1) a2 1)] = o (Pom— Gom) + >

©\/2m(m+2mA — PA2) AT — (a — 1R (14 mA)

a(a—1)

(23)

) (pm2 + sz) ) (24)

(25)

(26)

(pm2 - Clmz) . (27)

Then, in view of 22) and @3) and applying Lemma 1 for coefficienps,, p2m andgm, gzm we have

2(m+1)012r2jL alr|
m2(1+mA)?2 m(1+2m)’

|agmy1| <

3 Coefficient bounds for function classSs (A, T, B)

(28)

Definition 2. A function fe ¥, given by(7) is said to be in class (A, 7,B8), (T€ C/{0},0<B <1, 0<A < 1) if

the following conditions are satisfied:

1/ zf'(2+AZ21"(2)
(1 F (i a i 4) > ey

1/ wg (W) AWg' (w)
Re(”? (Awg<w>+<1A>g<w> 1)) >Pwed,

where the function g f~1.

Theorem 2.Let given by(7) be in class textbf3, (A, 7,3),0< 8 < 1. Then,

2|t|(1-B)
[@m+ 1] < \/m(m+ 2MPA —EAZ)’

2m+112(1-p)*  [t1|(1-B)
MR (1+mA)? m(14+2m)

|agmy 1| <

Proof.Let f € S5 (A,7,B). Then we can write

1+

1( 2f (2)+ A 21" (2)

T\ Azf 9+ 1-M (@ 1) =hTA-Pr@,

(29)

(30)

(31)

(32)

(33)
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1( wg (w)+AwPg’ (w)
1+ = -1]=B+(1- w), 34
wherep,q e P andg= f~1. It follows from (33) , (34) that
1
?m(1+m)\)am+1:(1f[3')pm, (35)
1
— [2m(1+2mA) 2gme1 —m(1+mA ?ad,,4 | = (1-B) pam, (36)
1
— =M1+ )am1 = (1 B) . (37)
1
= [2m(1+ 2m)) [(m+1)aZ,,; — aome1] — m(1+mA )Za?ml} = (1-B)dm. (38)
From 35) and 37), we obtain
Pm = —0m, (39)
2
2" (Lt mA)af g = (1 B)? (P + ) (40)
Adding (36) and 38), we have
1
= [2m(a+2mA) (m+ 1)~ 2m(1+ A )?| @ = (1= B) (Pam+ Gom)- (41)
Therefore, we obtain
2 _ T(1—B)(p2m+ Gom) (42)
17 2m(m+2m2A —mPA2)’
Applying Lemma 1 for the coefficien{®,, andgzm,, we obtain
2|t|(1-B)
< .
B¢ < \/m(m+ 2mPA — PA?) (43)
Next, in order to find the bound daym1/, by subtracintig 88) from (36), we obtain
1
= [4m(1+2mA) agm: 1 — 2m(1+2mA ) (m-+ 1)aZ.1] = (1—B) (P2m— Gom) - (44)
Then, in view of 89) and @0), applying Lemma 1 for coefficien{gn, pzmanddm, gzm we have
2m+1)12(1-B)?  |1|(1-
\aomeal < (m+YHe(1-p)°  [1l(1-B) (45)

m(1+mr)?  m(1+2mh)’

This completes the proof of Theorem 2.
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4 Coefficient bounds for function classSs (A, T, B)
Definition 3. [3] Let py () with n> 2 and0 < 8 < 1 denote the class of univalent analytic function p, nornealiwith
Repz) —p ‘ do < ki,

p(0) = 1 and satisfying
2n
b T

where z= re®. For B = 0, we denote, p= pn(0) hence the classygepresents the class of functiongzp, analytic in U,
normalized with §0) = 1 and having the representation

2] z¢
o 1+ zdt

P(2) du(t),

where u isa real valued function with bounded variation which satisfies
21 21T
/ du(t) = 27 and / du(t)| <n, n>2.
0 0

Note that p= p2 is the well known class of Caratheodory function (the norneal functions with positive real part in the
open unit disk U).

Definition 4. For 0 <A <l1and0< B <1, afunction fe ¥, given by(1) is said to be in the classsR(A,1,B), if the
following two conditions are satisfied:

1/ zf'(+AZ21"(2)
1+?(/\Zf”(z)+(1)\)f(z)_l)Epn(B)’ (46)

1/ wg (w)+Awg" (w)
1+? (/\Wg(w)+(1/\)g(w

where, T € C/ {0} the function g= f~1 is given by(3) , and zw € U. In order to derive Theorem 3, we shall need the
following lemma:

) —1) € pn(B), (47)

Lemma 2.[20]. Let the functionp(z) = 14 hyz+hyZ% + ... ; z€ U such thatp € py (B) then,|h <n(1—B); k> 1.

Theorem 3.1 f € S5 (A,1,B), then

'amﬂ'S”‘i”Nm( njt/(1-p) n|T|(1l3>}, .

M+ 2mPA —mPA2)" m(1+mh)

(m+1)njt|(1-B)

< .
[Bami1l < St 2mer —mPAZ) (49)
Proof. Sincef € S; (A,1,B) , from the definition relationsi6) and @7) it follows that
1

?m(l—i—m/\)aerl: Pm, (50)

1
7 [2m(1+ 20\ ) agmy1 — M(1+mMA )2 a2, 1| = pom, (51)

1

*?m(lﬁLm)\)amHZva (52)
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1
= [2m(1+ 2mA) [(M+1) a3, 1 — 8omr1] —m(1+mA )Za;’;l} = Gom. (53)
From G0) and 62), it follows that
T maem) T m@+my’
and 61), (53) yields
2 T (P2m+ Gom)
8m1 = om(m+ 2nPA — meA2)’ (°5)
Applying Lemma 2 for coefficientpym andgzm, We obtain
: njt|(1—B) njr[(1-B)
8- Sm'r‘{\/m(m+2|rnz;\_mZAZ)’ mlrm) [ (56)
Next, in order to find the bound daym1/| , by subtracting%1) from (53), we obtain
1
- [2m(1+2mA) (28pm1 — (M+1)a2,1)] = Pom— Gom. (57)
Then, in view of 64) and 65) and applying Lemma 2 for coefficiengs,, p2m andgm, dom We have
(m+Dnjt|(1-B) 58)

< .
[Bamal < 2m(m+ 2n2A — nPA2)

This completes the proof of Theorem 3.

5 Conclusions

If we setA =0 andt = 1in Theorems 1 and 2, then the clasSgg(1,A,a) andSy (7,4, B) reduce to the cIass<..57§m
andS‘;m respectively. Thus we obtain the following corollaries.

Corollary 1. [2]. Let f given by(7) be in the class ;m (0<a<1).Then,

2a a 2(m+1)a?
|am1| < a1 and |agmy1| < te (59)
Corollary 2. [2]. Let f given by(7) be in the cIass%m (0< B <1). Then,
2(1-p) 2(m+1)(1-p)* 1-B
<Y - T2 < )
lam+1| < m and |agmy1| < 2 + m (60)

Classes %mand @m are, respectively, defined as follows.

Definition 5. [2]. A function fe S5 given by(7) is said to be in class§n if the following conditions are satisfied:

zf'(2) arn
‘arg( f(z))‘<7,fez,(0<a§1,zeu), (61)
’arg(v‘gj(svv)v))‘ <%T,ge y.(0<a<ilwel), (62)
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where the function g f~1.

Definition 6. [2]. A function fe Ss given by(7) is said to be in cIass%1 if the following conditions are satisfied:

Re(sz/((z?) >B.fey . (0<B<L zeU), (63)
wg (w)
Re(—g(w) )>B,gez, (0<B<1 wel), (64)

where the function g f~1.

For one-fold symmetric bi-univalent functions ahd= 0, Theorems 2 and 3 reduce to Corollaries 6 and 7, respagtivel
which were proven earlier by Murugusundaramoorty et 1.

Corollary 3. [14]. Let f given by(7) b in class §(a) (0< a <1).Then,

2a

and |ag| < 4a?+a. 65
=1 lag| < (65)

lag| <

Corollary 4. [14]. Let f given by7) be in the class gﬁ) (0<a < 1). Then,

lag| < v/2(1—B) and |ag| <4(1—B)*+(1-B). (66)

If we seth =0, A =1landt = 1in Theorem 1, then the classes, $1,A,3) reduce to the class§§n. Thus, we obtain
the following corollaries.

Corollary 5. [20]. If 1+ 1 [fo;(z? - 1} € pn(B) and1+1 [% - 1} € pn(B) then,

Corollary 6. [20]. If 1+ 1 [fo/ﬂ((zﬂ € pn(B) and1+1 {"‘;%f(l\sv")v)} € pn(B) then,

|a2|§mm{ rG-B) nlrl(;m} and [ag] < LA
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