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Abstract: In this paper, we define Fibonacci-Like matrix sequen%fé@’n} of Fibonacci-Like sequences associated WitPell, k-Pell

Lucas and Modified-Pell sequences and then we derive the matrices gitregeneral term of these matrix sequences. We also obtain
Binet formulas, generating functions and some fundaméaealtities involving terms of these matrix sequences.
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1 Introduction

There are so many articles in the literature that concerrspleeial number sequences such as Fibonacci, Lucas, Pell,
Pell-Lucas, Modified Pell, Jacobsthal, Jacobsthal-Luedisfging second order linear recurrence relations andé h
many important applications to diverse fields such as madientomputer science, physics, biology and statistitls ([
[41[5], [9], [12], [13)]). Also, it has been obtained a lot of studies on the new familk-Fibonacci,k-Pell, k-Lucas,
k-Jacobsthal numbersg[ [7], [8], [14]).

The sequenceah (a,b; p,q) are defined by the general recurrence relation
Wh=pWh-1—aWh2, nN>2 )
with Wo = a, W, = b anda, b, p, q, integers withp > 1, q # 0 by Horadam @], [7], [8])- In fact, in the Horadam

notation, it can be writtek-Pell sequence§R» }, k-Pell-Lucas sequencé€y,} and Modifiedk-Pell sequenceSa }
respectively by

Pk,n = Wn (05 11 25 7k) (2)
Qun =Wh(2,2;2-K) ®3)
Okn =W (1,1;2 —K). (4)

The corresponding characteristic equation of equatipis(
X’ = px—(
and its roots are; = @ andrp = @. For equationsd), (3) and @), their roots are
rn=1+v1+k and rp=1—v1+k

and verify
ri+r,=2,ri—ro=2v1+kandriro = —k.
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Binet formulas ok-Pell sequenceg;Pell-Lucas sequences and Modifle®ell sequences are given respectively by

rf—rd
-t
Bon = —=

Qun=r7+r3

n n

I’l + I’2
2

For any positive real numbef, Fibonacci-Like sequence«%Rk,n} associated withk-Pell sequencesk-Pell-Lucas
sequences and ModifigdPell sequences are defined recurrently by

Ok,n =

Ren = 2R n—1+ KR¢n—2,n>2 (%)

with Reg = 2 andR; = 1 ([19)]). Clearlyx? — 2x— k = 0 is also the characteristic equationRyf, = 2R n—1 +KRcn—2
recurrence formula in equatioB)(anda andb are its two roots whera=1++/1+kandb=1—v1+k.

Many properties of these number sequences are deducethydirem elementary matrix algebra. The matrix method is
used to get some properties for these number sequencess lidem considered new matrices which are based on
Fibonacci and Pell sequence$]([[2], [3], [10], [11]).

The main aim of the present article is to introduce matrixe@sepntations of Fibonacci-Like sequences which is sirtalar
k-Pell, k-Pell-Lucas, Modifiek-Pell sequences and known as Fibonacci-Like matrix seaqsenc

2 Main Results

2.1 Fibonacci-Like Matrix Sequence{éik?n}

In this section, we introduce definition of the Fibonacdké matrix sequence@k,n} by using Fibonacci-Like sequences

associated with-Pell, k-Pell-Lucas, Modifieck-Pell sequences.
Throughout this paper, the symb@l , is nth term of Fibonacci-Like matrix sequences associated wiltell, k-Pell-
Lucas, Modifieck-Pell sequences and any positive real nuniber

Definition 1.For any positive real number k, Fibonacci-Like matrix semm{ ﬁk,n} are defined recurrently by
ﬁk,n = Zﬁk,nfl‘f' kﬁk,mz, n>2 (6)
oo~ (12 = (2421
with initial conditionsRy o = (2k 3) , Re1= ( K Zk) .

Example 1A few terms of Fibonacci-Like matrix sequenc §k,n} are

~ 12
Rk’°<2k—3>’
2+2k 1
k 2k
445k 2—|—2k
2k + 2k? ’
_ 8+1Z<+2k2 445k
| 4k+5k% 2k+42K2
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Theorem 1.For n > 0 and any positive real number k, we have

5 Rk,n 1 Rk,n
o= (T ) "

where R, is nth term of Fibonacci-Like sequences.

Proof. We can use the induction method eriet us consideR, _1 = ’T?’ Rco =2, Rc1 = 1,Re2 = 2+ 2k from equation

(5). Forn=0andn= 1, we have
Reo— Rei Reo \_ (1 2
07 \ kReo kR 1 2k -3

Rey = R Re1 ) (2+2k1
17 \kRa1 kR /)~ \ k 2k)°
So the proof is completed far= 0 andn = 1. By iterating this procedure and considering induction stégt us assume

that the equation7] holds for alln € Z*. To finish the proof, we have to show that the equatifrhplds forn+ 1. By
our assumption,

ﬁk,nJrl =2 Iik,n +k I?'ik,nfl

_ Rk,n+1 Rk,n Rk,n Rk,nfl
=2 < kR&,n kR&,nl) Tk (kRK,nl kR&,nZ)

_ ( 2Rk,n+1 + kR(,n 2Rk,n + I(F'ax,nfl )
2kR<,n + I(ZRk,n—l 2kR<,n—l + I(ZRk,n—Z

_ ( Rk,n+2 Rk,n+1)
kRcnt1 KRen

Hence, we obtain the desired result.

Thenth general term of Fibonacci-Like matrix sequen{&i,n} can be found by using the following theorem.

Theorem 2.For n> 0 and any positive real number k, the nth term of Fibonacceltdiatrix sequence%f{k’n} is given

by
= Rei—A2Rko ) 4 n Rei— MR\ 40
Rk’n_< A=Az )Al_ A1—Az &

Proof. The characteristic equation (ﬁk,n = Zﬁk’n,lJr k§k7n72 recurrence formula iad2 — 21 — k = 0. The solutions of
this equation ard; and A,. The general term of Fibonacci-Like matrix sequen%ﬁﬁn} may be expressed in the form

Ren = AA] +BAJ (8)

for some coefficientd andB. Giving ton the valuesr = 0,n = 1 and solving this system of linear equations, it is obtained

B Ra1— A2Rko B Ra1—A1Rko
A <ﬁ> e (ﬁ)

UsingA andB in equation 8), we obtain

= Rei—MRao ) ,n [Rai—2Rao) 4
n = <ﬁ> e <ﬁ> &
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which is as desired. Also, the roots andA, verifies the relation such as

AMAx=—k
AM+A=2

whereA; =1++v1+kandA, =1—-+v1+k

2.2 Generating functions for Fibonacci-like matrix sequem{ ﬁkn}

In this section, we give generating functions for Fibonddke matrix sequence%ﬁk,n}. A generating functiog(x) is a
formal power series

001 = 3 e

whose coefficients give the sequer@®,a;,ay,...}. Given a generating function is the analytic expressiortiemth
term in the corresponding series. We will show that Fiborade matrix sequence{ ﬁkn} can be considered as the
coefficients of the power series of the corresponding geingréunction.

Let us suppose that the terms of Fibonacci-Like matrix saqes{ ﬁk,n} are coefficient of a potential series countered at
the origin and consider the corresponding analytic fumstig(x) such that

rk(X) = Reo -+ ReaX+ R X + o+ R + .. (9)

Then we can write N _ N N
2rk(X)X = 2R oX -+ 2R 1%% + 2R 2% + ... + 2R XM .. (10)
kri(X)x% = KRy 0x% + KRy 1 + KR 2X* + ... + KR nXM2 - .. (11)

From the equation®}, (10) and (L1), we obtain

rk(X) — 2rk(X)x — kr(x)x2 = Ry o + R 1X — 2Ry 0X

Whereﬁk’i = Zﬁk,Fl‘i’ kﬁk,i,z with initial ﬁkp = <21k _23>, ﬁk,l = <2+|(2k Zlk) from Definition1. So the generating

functions of Fibonacci-Like matrix sequenc §k,n} are

B Reo+ (Re1 — 2R o)X
o 1—2x— k2

re(X)

which is the desired.

2.3 Some identities of Fibonacci-like matrix sequen{:fé@,n}

In this section, we present some of the interesting proggedf Fibonacci-Like matrix sequenc%@’n} like Catalan’s
identity, Cassini’s identity, d’Ocagne’s identity.

Theorem 3.For any positive real number k,

1
AN(AZ—2X —K)

N Ry :é(;\ﬁk,l_;_()\z—ﬂ\)ﬁk,o)—

20 T AT-2A -k (ARen i1+ KRen ) -
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Proof.We can use Theorethto prove. From Theorer®, we obtain

By using the definition of a geometric sequentey A2 = 2 andA1A; = —k, we have

A

).

- & _ ﬁk,lf)\Zﬁkyo )\n+1*)\f+l - ﬁk,lfl\lﬁkyo )\n+17)\£|+1
i; Al A1—A2 AN+ (%) A=A /\nJrl(%)

(A n+1 /\£I+1) (A _Al)

(5552 o0 o)

SR ()

_ <Rk;\1_)\/2\|:k0> (AT AP ()\n()\ A)\l)}\(i\ )\2))

_ (Rk;\l_)\/l\fk0> (AMFL_AD+D ()\n()\ A)\;)A(l)\)\l))

N /\”(/\2—12/\ ~K (ﬁk,l\l_)\fko) A=A (A= 22)
5

If we rearrange the last equation, then we get

LR 1 Re1—A2Reo \ | net Ra1— MRyo
Z)A_A”(AZ—ZA—k)K AL — Az )’\ MAZ)( A — Az
1 Re1—A2Reo \ ) net Re1—AReo ) ) nyt
/\“(/\2—2}\—k)K A=Az )’\1 A( A—As )AZ ’\1

1 Rt —A2Rk0 \ s net Rae1—A1Rko ) 4 net
+An(A22/\k)[< pypy vl K- Mt B v sl K

- 1 A (AL —A2)Re1+ (A1 —22) (A2 = A (A1 +A2)) Reo
-2k MM

)AnJrl()\ Al)]

1 ~ ~
~ xRk~ AikzRen).
and so we obtain
CRi - ) ~ 1 ~ -
Sox = g (AR 0720 Ra) ~ g g (s )

which is the desired.
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Theorem 4.For any positive real number k and >} m, we get

~m _(_Kk)m ~7m ) o ~7_7m 7~‘_
éﬁk*miﬂ D | ;{“<+R;£“M()1>(m)1 (RKJ ) Rk".

Proof. Let us take = Re1 — A2Rco andV = R¢1 — A1Ryo. Then we get

mi+j mi+ |
DUA—vat!

n
Remicj = L
i;ﬁ e i;ﬁ A=Az
_ 1t UAjnNm—VAjnAm
A1—A2 1;) ! Zi;) ?
m(n+1) m(n+1)
_ (A v [ 1242
A=A\ TR 1T 2\ 1-ap

YAy | UAI™T _ypmn UAITmoypd-m url—val
1 2 _ 1 2 ()\1/\2)m+ 1 2 (Al)\z)m* 1 2
A=Az A=Az A=Az A=Az

/\{nﬁL)\g\*(/\l)\z)mfl

If we use Theoren?, A1 + A, = 2 andA1A, = —k, we obtain

_ Remnems j — (—K)™ (Remni ) + (=K)™ (Rej-m) — R
iiRk,miH:Rk nemej — ( AF(JFRI:\S]MJ()"L)(m)l (RkJ ) R

which is as desired.

Theorem 5.

Iik,nﬁk,m = Iik,mﬁk,n-
Proof. We can use Theorethto proveRy nRqm = RcmRkn- From Theorent, we get

5 5 _ (Ransr Ren Remrt Rem
RnRm = ( KRen KRan 1) ( KRem krek,ml)

Rkn+1ka+1+kR<anm Rkn+1ka+kRkanm 1 )
KRcnRemt1 -+ K2Ren—1Rem KRcnRkm + K2Ran—1Rem-1

_ ( Re n+1Reme1 +KRcnRem (2Ren+ kRen-1) Rem+ kRk,an,m1>
kR(n 2ka+ kR&m l) +k Rkn lem kR(,an,m+ I(ZRk,nfle,mfl

ka+1Rk n+1+ kRK mRkn (2Rk,m+kR<,mfl) Rk,n+ kR,(,mRk,n1>
k 2Rk +kRKn 1) +k Rkanm 1 kR&,an,m'i‘szk,nfle,mfl

ka+len+l+kR<mRkn ka+1Rk +kR,<mRkn 1 >
KRcmRkn+1+ K?Rem-1Ran KRemRen -+ K2Rem-1Rcn—1

:(ka+1 ka )(Rk,nJrl Rk,n )
kKR¢m KR¢m-1 kRcn KRen—1

= kaRkn

So the proof is completed.
As the other way, Theorecan be used for proof of Theorehrtoo.
Theorem 6.(Catalan’s Identity) Fol0 <r <n,

Iik,nfrﬁk,njtr = ﬁin-
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where any positive real number k

Proof. Let us take = R¢1 — A2R¢ 0 andV = R¢1 — A1Ryo. By using Theoren2, we can write

L _ UATTT —VASTT (UAMHT — VAR UAD—VAI 2
Rk,nerk,nJrr*Rz,n* < M-, > ( A — A )< A —Az > '

If we arrange the last equation, we obtain

UV (2(A1A2)" = A" AT —ATFTADTT) .

ﬁkn—rﬁkn r*ﬁk‘n:
e (M- A2)?

On the other hand, we get
UV = (Rea—A2Reo) (Rea—MReo) = [Olzc

by usingRo = (Zlk _23> andRy; = <2+ka Zlk) from Definition1. Hence, we obtain

I5k,nfrﬁk,n+r = ﬁin
which is the required result.

Note that forr = 1 in obtained Catalan’s identity, we have the Cassini's fithefior Fibonacci-Like matrix sequences
{ﬁkn} So we can write following corollary.

Corollary 1. (Cassini’s Identity) N N N
Rk,n—le,nJrl = Ri,n'

Theorem 7.For any real numberk and g m, s<t,
ﬁk,m+t I5k,n+s = ﬁk,ersﬁk,nH-

Proof. Let us takel = R¢1 — A2Rxo andV = R¢1 — A1Rko. By using Theoren2, we obtain

~ ~ -~ . UAvat_VAvat U/\n+5—V/\”+5
Rk,m+t Rk,n+s - Rk,m+st’n+t = 1 2 1 2
)\l*/\Z )\17/\2

B <U/\f‘+sv/\2m+5) <UA{‘“V/\2““)

AL—A2 AL—A2
UZ)\FJFHMS*UV)\F“)\SH*UV)\E*S)\;'H+V2)\g’+t+n+s)
(A1 —A2)?
(_UZA{THIJrnwLS_i_UvA{THSAZHH_,’_UVA]I:lthAvaLS_VZAéTHtanJrS)
(M —2A2)°
_ UV (AIAZ—A7A5) (ALAS — AT"AD)
- (A1 —A2)?

Consequently, froryV = (ﬁkl - Azﬁk,o) (ﬁkl - Alﬁk’o) = [0]y0, We get

ﬁk,mﬂ Iik,njts = ﬁk,ersﬁk,nH
as required.

Note that fort = 0 ands= 1 in Theorenv, we obtain d’'Ocagne’s identity. So we can write followingaitary.

(© 2018 BISKA Bilisim Technology


www.ntmsci.com

(_/
20 BISKA Y. Tasyurdu: Matrix representations of Fibonacci-like seges

Corollary 2. (d’Ocagne’s Identity) For i< m,

ﬁk,mﬁk,nJrl - Iik,erlﬁk,n = [O]sz

Acknowledgement

The author declare that they have no competing interests.

The author express their sincere thanks to the referee $tivéri careful reading and suggestions that helped to ineprov
this paper.

References

[1] N. Bicknell, A primer on the Pell sequence and related sequeRit®nacci Quarterly, 13(4), (1975), 345-349.
[2] A. DasdemirOn the Pell, Pell-Lucas and Modified Pell Numbers by Matrixide, Applied Mathematical Sciences, 5(64), (2011),
3173-3181.
[3] J. Ercolano, Matrix generators of Pell sequences, Ther&cci Quarterly, 17(1), (1979),71-77.
[4] V. E. Hoggatt,Fibonacci and Lucas Numbers. A publication of the Fibonassociation Boston, Houghton Mi- in Company,
(OCoLC) 654299031, (1969).
[5] A. F. Horadam Applications of Modified Pell Numbers to Representatitiam Quart., 3, (1994), 34-53.
[6] A. F. Horadam Basic properties of a certain generalized sequences of atgriBibonacci Quarterly, 3(3), (1965), 161-176.
[7] A. F. Horadam Generating functions for powers of numhebaike Math. J. 32(3), (1965), 437-446.
[8] A. F. Horadam Special properties of the sequencew(a,b; p,q), Fibonacci Quarterly, 5(4), (1967), 424-434.
[9] A. F. Horadam Jacobsthal Representation NumheéeFhe Fibonacci Quarterly, 34(1), (1996), 40-54.
[10] D. Kalman,Generalized Fibonacci numbers by matrix methddse Fibonacci Quarterly, 20(1), (1982), 73-76.
[11] E. Kilig and D. Tascl, "The Linear Algebra of The Pklatrix”, Bol. Soc. Mat. Mexicana, 3(11); (2005).
[12] T. Koshy, "Fibonacci and Lucas Numbera with Applicais, Wiley- Interscience Publications, 2001.
[13] N. N. Vorobiov, "NUumeros de Fibonacci”, Editora MIRRSES, (1974).
[14] Y. Tasyurdu, N. Cobanoglu and Z. Dilme@n The a New Family of k-Fibonacci NumbgEszincan University Journal of Science
and Thechnology, 9(1), (2016), 95-101.
[15] A. A. Wani, S. A. Bhat and G.P.S. Rathoréb&nacci-Like Sequences Associated With k-Pell, k-Retiaks and Modified k-Pell
Sequenceslournal of Applied Mathematics and Computational Mechariié(2), (2017), 159-171.

(© 2018 BISKA Bilisim Technology



	Introduction
	Main Results

