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Abstract: In this paper, we define Fibonacci-Like matrix sequences
{

R̃k,n

}
of Fibonacci-Like sequences associated withk-Pell,k-Pell

Lucas and Modifiedk-Pell sequences and then we derive the matrices givennth general term of these matrix sequences. We also obtain
Binet formulas, generating functions and some fundamentalidentities involving terms of these matrix sequences.
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1 Introduction

There are so many articles in the literature that concern thespecial number sequences such as Fibonacci, Lucas, Pell,
Pell-Lucas, Modified Pell, Jacobsthal, Jacobsthal-Lucas satisfying second order linear recurrence relations and it has
many important applications to diverse fields such as mathematic, computer science, physics, biology and statistics ([1],
[4] [5], [9], [12], [13]). Also, it has been obtained a lot of studies on the new family of k-Fibonacci,k-Pell, k-Lucas,
k-Jacobsthal numbers ([6], [7], [8], [14]).

The sequencesWn (a,b; p,q) are defined by the general recurrence relation

Wn = pWn−1−qWn−2, n≥ 2 (1)

with W0 = a, W1 = b and a, b, p, q, integers withp ≥ 1, q 6= 0 by Horadam ([6], [7], [8]). In fact, in the Horadam
notation, it can be writtenk-Pell sequences

{
Pk,n
}

, k-Pell–Lucas sequences
{

Qk,n
}

and Modifiedk-Pell sequences
{

qk,n
}

respectively by
Pk,n =Wn (0,1;2,−k) (2)

Qk,n =Wn (2,2;2,−k) (3)

qk,n =Wn (1,1;2,−k) . (4)

The corresponding characteristic equation of equation (1) is

x2 = px−q

and its roots arer1 =
p+
√

p2−4q
2 andr2 =

p−
√

p2−4q
2 . For equations (2), (3) and (4), their roots are

r1 = 1+
√

1+ k and r2 = 1−
√

1+ k

and verify
r1+ r2 = 2, r1− r2 = 2

√
1+ k andr1r2 =−k.
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Binet formulas ofk-Pell sequences,k-Pell–Lucas sequences and Modifiedk-Pell sequences are given respectively by

Pk,n =
rn
1 − rn

2

r1− r2

Qk,n = rn
1+ rn

2

qk,n =
rn
1 + rn

2

2
.

For any positive real numberk, Fibonacci-Like sequences
{

Rk,n
}

associated withk-Pell sequences,k-Pell–Lucas
sequences and Modifiedk-Pell sequences are defined recurrently by

Rk,n = 2Rk,n−1+ kRk,n−2,n≥ 2 (5)

with Rk,0 = 2 andRk,1 = 1 ([15]). Clearly x2−2x− k= 0 is also the characteristic equation ofRk,n = 2Rk,n−1+ kRk,n−2

recurrence formula in equation (5) anda andb are its two roots wherea= 1+
√

1+ k andb= 1−
√

1+ k.
Many properties of these number sequences are deduced directly from elementary matrix algebra. The matrix method is
used to get some properties for these number sequences. It has been considered new matrices which are based on
Fibonacci and Pell sequences ([1], [2], [3], [10], [11]).

The main aim of the present article is to introduce matrix representations of Fibonacci-Like sequences which is similarto
k-Pell,k-Pell-Lucas, Modifiedk-Pell sequences and known as Fibonacci-Like matrix sequences.

2 Main Results

2.1 Fibonacci-Like Matrix Sequences
{

R̃k,n

}

In this section, we introduce definition of the Fibonacci-Like matrix sequences
{

R̃k,n

}
by using Fibonacci-Like sequences

associated withk-Pell,k-Pell-Lucas, Modifiedk-Pell sequences.
Throughout this paper, the symbolR̃k,n is nth term of Fibonacci-Like matrix sequences associated withk-Pell, k-Pell-
Lucas, Modifiedk-Pell sequences and any positive real numberk.

Definition 1.For any positive real number k, Fibonacci-Like matrix sequences
{

R̃k,n

}
are defined recurrently by

R̃k,n = 2R̃k,n−1+ kR̃k,n−2,n≥ 2 (6)

with initial conditionsR̃k,0 =

(
1 2
2k −3

)
, R̃k,1 =

(
2+2k 1

k 2k

)
.

Example 1.A few terms of Fibonacci-Like matrix sequences
{

R̃k,n

}
are

R̃k,0 =

(
1 2
2k −3

)
,

R̃k,1 =

(
2+2k 1

k 2k

)
,

R̃k,2 =

(
4+5k 2+2k

2k+2k2 k

)
,

R̃k,3 =

(
8+12k+2k2 4+5k

4k+5k2 2k+2k2

)

....
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Theorem 1.For n≥ 0 and any positive real number k, we have

R̃k,n =

(
Rk,n+1 Rk,n

kRk,n kRk,n−1

)
(7)

where Rk,n is nth term of Fibonacci-Like sequences.

Proof.We can use the induction method onn. Let us considerRk,−1 =
−3
k , Rk,0 = 2, Rk,1 = 1,Rk,2 = 2+2k from equation

(5). Forn= 0 andn= 1, we have

R̃k,0 =

(
Rk,1 Rk,0

kRk,0 kRk,−1

)
=

(
1 2
2k −3

)

R̃k,1 =

(
Rk,2 Rk,1

kRk,1 kRk,0

)
=

(
2+2k 1

k 2k

)
.

So the proof is completed forn= 0 andn= 1. By iterating this procedure and considering induction steps, let us assume
that the equation (7) holds for alln∈ Z

+. To finish the proof, we have to show that the equation (7) holds forn+1. By
our assumption,

R̃k,n+1 = 2 R̃k,n+ k R̃k,n−1

= 2

(
Rk,n+1 Rk,n

kRk,n kRk,n−1

)
+ k

(
Rk,n Rk,n−1

kRk,n−1 kRk,n−2

)

=

(
2Rk,n+1+ kRk,n 2Rk,n+ kRk,n−1

2kRk,n+ k2Rk,n−1 2kRk,n−1+ k2Rk,n−2

)

=

(
Rk,n+2 Rk,n+1

kRk,n+1 kRk,n

)

Hence, we obtain the desired result.

Thenth general term of Fibonacci-Like matrix sequences
{

R̃k,n

}
can be found by using the following theorem.

Theorem 2.For n≥ 0 and any positive real number k, the nth term of Fibonacci-Like matrix sequences
{

R̃k,n

}
is given

by

R̃k,n =

(
R̃k,1−λ2R̃k,0

λ1−λ2

)
λ n

1 −
(

R̃k,1−λ1R̃k,0

λ1−λ2

)
λ n

2 .

Proof. The characteristic equation of̃Rk,n = 2R̃k,n−1+ kR̃k,n−2 recurrence formula isλ 2−2λ − k = 0. The solutions of

this equation areλ1 and λ2. The general term of Fibonacci-Like matrix sequences
{

R̃k,n

}
may be expressed in the form

R̃k,n = Aλ n
1 +Bλ n

2 (8)

for some coefficientsA andB. Giving ton the valuesn= 0,n= 1 and solving this system of linear equations, it is obtained

A=

(
R̃k,1−λ2R̃k,0

λ1−λ2

)
andB=−

(
R̃k,1−λ1R̃k,0

λ1−λ2

)

UsingA andB in equation (8), we obtain

R̃k,n =

(
R̃k,1−λ2R̃k,0

λ1−λ2

)
λ n

1 −
(

R̃k,1−λ1R̃k,0

λ1−λ2

)
λ n

2
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which is as desired. Also, the rootsλ1 andλ2 verifies the relation such as

λ1λ2 =−k

λ1+λ2 = 2

whereλ1 = 1+
√

1+ k andλ2 = 1−
√

1+ k.

2.2 Generating functions for Fibonacci-like matrix sequences
{

R̃k,n

}

In this section, we give generating functions for Fibonacci-Like matrix sequences
{

R̃k,n

}
. A generating functiong(x) is a

formal power series

g(x) =
∞

∑
i=0

anxn

whose coefficients give the sequence{a0,a1,a2, ...}. Given a generating function is the analytic expression forthe nth

term in the corresponding series. We will show that Fibonacci-Like matrix sequences
{

R̃k,n

}
can be considered as the

coefficients of the power series of the corresponding generating function.

Let us suppose that the terms of Fibonacci-Like matrix sequences
{

R̃k,n

}
are coefficient of a potential series countered at

the origin and consider the corresponding analytic functionsrk(x) such that

rk(x) = R̃k,0+ R̃k,1x+ R̃k,2x
2+ ...+ R̃k,nx

n+ ... (9)

Then we can write
2rk(x)x= 2R̃k,0x+2R̃k,1x

2+2R̃k,2x3+ ...+2R̃k,nx
n+1+ ... (10)

krk(x)x
2 = kR̃k,0x2+ kR̃k,1x3+ kR̃k,2x4+ ...+ kR̃k,nx

n+2+ ... (11)

From the equations (9), (10) and (11), we obtain

rk(x)−2rk(x)x− krk(x)x
2 = R̃k,0+ R̃k,1x−2R̃k,0x

whereR̃k,i = 2R̃k,i−1+ kR̃k,i−2 with initial R̃k,0 =

(
1 2
2k −3

)
, R̃k,1 =

(
2+2k 1

k 2k

)
from Definition1. So the generating

functions of Fibonacci-Like matrix sequences
{

R̃k,n

}
are

rk(x) =
R̃k,0+(R̃k,1−2R̃k,0)x

1−2x− kx2

which is the desired.

2.3 Some identities of Fibonacci-like matrix sequences
{

R̃k,n

}

In this section, we present some of the interesting properties of Fibonacci-Like matrix sequences
{

R̃k,n

}
like Catalan’s

identity, Cassini’s identity, d’Ocagne’s identity.

Theorem 3.For any positive real number k,

n

∑
i=0

R̃k,i

λ i =
1

λ 2−2λ − k

(
λ R̃k,1+

(
λ 2−2λ

)
R̃k,0

)
− 1

λ n (λ 2−2λ − k)

(
λ R̃k,n+1+ kR̃k,n

)
.
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Proof.We can use Theorem2 to prove. From Theorem2, we obtain

n

∑
i=0

R̃k,i

λ i =

(
R̃k,1−λ2R̃k,0

λ1−λ2

)
n

∑
i=0

(
λ1

λ

)i

−
(

R̃k,1−λ1R̃k,0

λ1−λ2

)
n

∑
i=0

(
λ2

λ

)i

.

By using the definition of a geometric sequence,λ1+λ2 = 2 andλ1λ2 =−k, we have

n

∑
i=0

R̃k,i

λ i =

(
R̃k,1−λ2R̃k,0

λ1−λ2

)
 λ n+1−λ n+1

1

λ n+1
(

λ−λ1
λ

)


−

(
R̃k,1−λ1R̃k,0

λ1−λ2

)
 λ n+1−λ n+1

2

λ n+1
(

λ−λ2
λ

)




=

(
R̃k,1−λ2R̃k,0

λ1−λ2

)
(
λ n+1−λ n+1

1

)( 1
λ n (λ −λ1)

)

−
(

R̃k,1−λ1R̃k,0

λ1−λ2

)
(
λ n+1−λ n+1

2

)( 1
λ n (λ −λ2)

)

=

(
R̃k,1−λ2R̃k,0

λ1−λ2

)
(
λ n+1−λ n+1

1

)( λ −λ2

λ n (λ −λ1)(λ −λ2)

)

−
(

R̃k,1−λ1R̃k,0

λ1−λ2

)
(
λ n+1−λ n+1

2

)( λ −λ1

λ n (λ −λ2)(λ −λ1)

)

=
1

λ n (λ 2−2λ − k)

(
R̃k,1−λ2R̃k,0

λ1−λ2

)
(
λ n+1−λ n+1

1

)
(λ −λ2)

− 1
λ n (λ 2−2λ − k)

(
R̃k,1−λ1R̃k,0

λ1−λ2

)
(
λ n+1−λ n+1

2

)
(λ −λ1)

If we rearrange the last equation, then we get

n

∑
i=0

R̃k,i

λ i =
1

λ n (λ 2−2λ − k)

[(
R̃k,1−λ2R̃k,0

λ1−λ2

)
λ n+1(λ −λ2)−

(
R̃k,1−λ1R̃k,0

λ1−λ2

)
λ n+1 (λ −λ1)

]

− 1
λ n(λ 2−2λ − k)

[(
R̃k,1−λ2R̃k,0

λ1−λ2

)
λ n+1

1 λ −
(

R̃k,1−λ1R̃k,0

λ1−λ2

)
λ n+1

2 λ

]

+
1

λ n(λ 2−2λ − k)

[(
R̃k,1−λ2R̃k,0

λ1−λ2

)
λ n+1

1 λ2−
(

R̃k,1−λ1R̃k,0

λ1−λ2

)
λ n+1

2 λ1

]

=
1

(λ 2−2λ − k)

λ (λ1−λ2)R̃k,1+(λ1−λ2)
(
λ 2−λ (λ1+λ2)

)
R̃k,0

λ1−λ2

− 1
λ n(λ 2−2λ − k)

(
λ R̃k,n+1−λ1λ2R̃k,n

)
.

and so we obtain

n

∑
i=0

R̃k,i

λ i =
1

(λ 2−2λ − k)

(
λ R̃k,1+

(
λ 2−2λ

)
R̃k,0

)
− 1

λ n (λ 2−2λ − k)

(
λ R̃k,n+1+ kR̃k,n

)

which is the desired.
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Theorem 4.For any positive real number k and j> m, we get

n

∑
i=0

R̃k,mi+ j =
R̃k,mn+m+ j − (−k)m

(
R̃k,mn+ j

)
+(−k)m

(
R̃k, j−m

)
− R̃k, j

λ m
1 +λ m

2 − (−k)m−1
.

Proof.Let us takeU = R̃k,1−λ2R̃k,0 andV = R̃k,1−λ1R̃k,0. Then we get

n

∑
i=0

R̃k,mi+ j =
n

∑
i=0

Uλ mi+ j
1 −Vλ mi+ j

2

λ1−λ2

=
1

λ1−λ2

(
Uλ j

1

n

∑
i=0

λ mi
1 −Vλ j

2

n

∑
i=0

λ mi
2

)

=
1

λ1−λ2

(
Uλ j

1

(
1−λ m(n+1)

1

1−λ m
1

)
−Vλ j

2

(
1−λ m(n+1)

2

1−λ m
2

))

=

(
Uλ mn+m+ j

1 −Vλ mn+m+ j
2

λ1−λ2

)
−
(

Uλ mn+ j
1 −Vλ mn+ j

2
λ1−λ2

)
(λ1λ2)

m+

(
Uλ j−m

1 −Vλ j−m
2

λ1−λ2

)
(λ1λ2)

m−
(

Uλ j
1−Vλ j

2
λ1−λ2

)

λ m
1 +λ m

2 − (λ1λ2)
m−1

If we use Theorem2, λ1+λ2 = 2 andλ1λ2 =−k, we obtain

n

∑
i=0

R̃k,mi+ j =
R̃k,mn+m+ j − (−k)m

(
R̃k,mn+ j

)
+(−k)m

(
R̃k, j−m

)
− R̃k, j

λ m
1 +λ m

2 − (−k)m−1

which is as desired.

Theorem 5.
R̃k,nR̃k,m = R̃k,mR̃k,n.

Proof.We can use Theorem1 to proveR̃k,nR̃k,m = R̃k,mR̃k,n. From Theorem1, we get

R̃k,nR̃k,m =

(
Rk,n+1 Rk,n

kRk,n kRk,n−1

)(
Rk,m+1 Rk,m

kRk,m kRk,m−1

)

=

(
Rk,n+1Rk,m+1+ kRk,nRk,m Rk,n+1Rk,m+ kRk,nRk,m−1

kRk,nRk,m+1+ k2Rk,n−1Rk,m kRk,nRk,m+ k2Rk,n−1Rk,m−1

)

=

(
Rk,n+1Rk,m+1+ kRk,nRk,m

(
2Rk,n+ kRk,n−1

)
Rk,m+ kRk,nRk,m−1

kRk,n
(
2Rk,m+ kRk,m−1

)
+ k2Rk,n−1Rk,m kRk,nRk,m+ k2Rk,n−1Rk,m−1

)

=

(
Rk,m+1Rk,n+1+ kRk,mRk,n

(
2Rk,m+ kRk,m−1

)
Rk,n+ kRk,mRk,n−1

kRk,m
(
2Rk,n+ kRk,n−1

)
+ k2Rk,nRk,m−1 kRk,nRk,m+ k2Rk,n−1Rk,m−1

)

=

(
Rk,m+1Rk,n+1+ kRk,mRk,n Rk,m+1Rk,n+ kRk,mRk,n−1

kRk,mRk,n+1+ k2Rk,m−1Rk,n kRk,mRk,n+ k2Rk,m−1Rk,n−1

)

=

(
Rk,m+1 Rk,m

kRk,m kRk,m−1

)(
Rk,n+1 Rk,n

kRk,n kRk,n−1

)

= R̃k,mR̃k,n.

So the proof is completed.

As the other way, Theorem2 can be used for proof of Theorem5 too.

Theorem 6.(Catalan’s Identity) For0≤ r ≤ n,

R̃k,n−rR̃k,n+r = R̃2
k,n.

c© 2018 BISKA Bilisim Technology
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where any positive real number k.

Proof.Let us takeU = R̃k,1−λ2R̃k,0 andV = R̃k,1−λ1R̃k,0. By using Theorem2, we can write

R̃k,n−rR̃k,n+r − R̃2
k,n =

(
Uλ n−r

1 −Vλ n−r
2

λ1−λ2

)(
Uλ n+r

1 −Vλ n+r
2

λ1−λ2

)
−
(

Uλ n
1 −Vλ n

2

λ1−λ2

)2

.

If we arrange the last equation, we obtain

R̃k,n−rR̃k,n+r − R̃k,n =
UV

(
2(λ1λ2)

n−λ n−r
1 λ n+r

2 −λ n+r
1 λ n−r

2

)

(λ1−λ2)
2 .

On the other hand, we get

UV =
(

R̃k,1−λ2R̃k,0

)(
R̃k,1−λ1R̃k,0

)
= [0]2x2

by usingR̃k,0 =

(
1 2
2k −3

)
andR̃k,1 =

(
2+2k 1

k 2k

)
from Definition1. Hence, we obtain

R̃k,n−rR̃k,n+r = R̃2
k,n

which is the required result.

Note that forr = 1 in obtained Catalan’s identity, we have the Cassini’s identity for Fibonacci-Like matrix sequences{
R̃k,n

}
. So we can write following corollary.

Corollary 1. (Cassini’s Identity)
R̃k,n−1R̃k,n+1 = R̃2

k,n.

Theorem 7.For any real number k and n< m, s≤ t,

R̃k,m+tR̃k,n+s = R̃k,m+sR̃k,n+t .

Proof.Let us takeU = R̃k,1−λ2R̃k,0 andV = R̃k,1−λ1R̃k,0. By using Theorem2, we obtain

R̃k,m+tR̃k,n+s− R̃k,m+sR̃k,n+t =

(
Uλ m+t

1 −Vλ m+t
2

λ1−λ2

)(
Uλ n+s

1 −Vλ n+s
2

λ1−λ2

)

−
(

Uλ m+s
1 −Vλ m+s

2

λ1−λ2

)(
Uλ n+t

1 −Vλ n+t
2

λ1−λ2

)

=

(
U2λ m+t+n+s

1 −UVλ m+t
1 λ n+s

2 −UVλ n+s
1 λ m+t

2 +V2λ m+t+n+s
2

)

(λ1−λ2)
2

+

(
−U2λ m+t+n+s

1 +UVλ m+s
1 λ n+t

2 +UVλ n+t
1 λ m+s

2 −V2λ m+t+n+s
2

)

(λ1−λ2)
2

=
UV (λ t

1λ s
2 −λ s

1λ t
2)(λ

n
1 λ m

2 −λ m
1 λ n

2 )

(λ1−λ2)
2 .

Consequently, fromUV =
(

R̃k,1−λ2R̃k,0

)(
R̃k,1−λ1R̃k,0

)
= [0]2x2, we get

R̃k,m+tR̃k,n+s = R̃k,m+sR̃k,n+t

as required.

Note that fort = 0 ands= 1 in Theorem7, we obtain d’Ocagne’s identity. So we can write following corollary.
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Corollary 2. (d’Ocagne’s Identity) For n< m,

R̃k,mR̃k,n+1− R̃k,m+1R̃k,n = [0]2x2 .
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