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Abstract: In this study, we first show that the system of Frenet-likéegéntial equation characterizing spacelike curves obtamt
breadth is equivalent to a third order, linear, differenéiguation with variable coefficients. Then, by using a raicapproximation
based on Bernstein polynomials, we obtain the set of salutfdhe mentioned differential equation under the givetiaghconditions.
Fl;rthermore, we discuss that the obtained results are lesiatbetermine spacelike curves of constant breadth in Miski 3-space
ES.

Keywords: Spacelike curve of constant breadth; Bernstein polyn@niahear differential equations, Minkowski 3-space.

1 Introduction

The curves of constant breadth firstly were introduced byEial 1778 [5]. Reuleaux gave some methods of obtaining
curves of constant breadth in 1971, which led to the use cfetlvairves in kinematic of machinery [15]. So far, many
scientists working on geometry have obtained only the géaca¢properties of curves of constant breadth in plané, bu
little work has been done on space curves of constant brefddth, 11, 12]. A number of interesting properties of these
curves in plane are included in the works of Mellish [13].ialja obtains a problem to determine whether there exist
“space curve of constant breadth” or not and he defines “ltnééal space curves and obtains these curves on a surface
of constant breadth [6]. By using the basic concepts corckwith the space curves of constant breadth [11], an integra
characterization of these curves [4, 17] is obtained andterion for these curves is determined [16]. The curves of
constant breadth are extended tb Epace and some characterizations are obtained [12]. litiGdAkdogan and
Magden [1] extend to Espace this kind of curves and they obtain some charactienza Also Aydn [2] obtains
differential equation characterizing curves of constaetldth in 2 and then she obtains approximate solutions of this
equation using Taylor matrix collocation method. Studiedifferent spaces [14, 18] on these curves are going on
nowadays, currently. These curves are used in the kinesratimachinary, engineering and com design.

In this study, our first aim is to establish differential etjoia discribing a spacelike curve of constant breadth in
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Minkowski 3-space. The second aim is to find an approximatatisa based on Bernstein polynomials of this
differential equation [3, 9]. In this study we also analyze tole of the obtained solution in determining these curves
2 Preliminaries

Bernstein polynomials of nth-degree are defined by

ny XK(R—x)" K
)( )

Bk,n(x):(k =1 ,k=0,1,....n

where R is the maximum range of the inter{f@IR] over which the polynomials are defined to form a completedj&3i

(R—x)" k= "Z;( < ”_* k) (—1)iRK-y
i= |

If the above expression is used in the definition, the follmy@quation occurs.

"(n n—k (_1)i +i
o 50

The Minkowski 3-space is real vector spa¥provided with the standart flat metric given by
g=—dxX+d3+dx

where(x1,X2, X3) is a rectangular coordinate system of Minkowski 3-spﬁ§eAn arbitrary vectorv = (V1,V2, V3) in
Ef can be spacelike @(7,7) > 0 or V = 0. Similarly, an arbitrary curve = ﬁ(s) locally be spacelike if all of its
velocity 7/(3) are spacelike [14].

Furthermore, for an arbitrary spacelike cuﬁe@s) in spaceE$, the following Frenet formulas are given

T 0 ko|[T
Wl = | —¢€k; 0 ky W
I 0 ko||B

whereg (?,?) = 1,g<W,W) =£= il,g(?,ﬁ) = —¢, g(?,ﬁ) = g(?,@) = g(ﬁ,@) = 0 andk; andk;

are the curvature and torsion of a spacelike clmeespectively [18].

3 Differential equations characterizing spacelike curves of constant breadth in E%

In this section, we establish differential equations cbtmmzing the spacelike curves of constant breadth. Thidysis
based on the concepts presented by Kdse [10, 11] and Sé&zdrf[ifor space curves of constant breadth.
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Let (C) be a unit speed spacelike curve of the clad$©&ing parallel tangents andT* in opposite directions at the
opposite pointsx anda* of the curve. If the chord joining the opposite points of (€)aidouble-normal, then (C) has
constant breadth, and conversely, if (C) is a spacelike ecunfvconstant breadth, then every normal of (C) is a
double-normal. A simple closed spacelike curve (C) of camsbreadth having parallel tangents in opposite direstain
opposite points may be represented by the equation

()= (8)+m(9)T (9)+mp(s) N (S)+ma(9) B(9) (1)

wherea and a* are opposite points, an?, W, B denote the unite tangent, principal normal, binormal at rrege
pointa, respectivelys denotes the arc length of (C) an#l(s), (1 <i < 3) are the differentiable functions of s. If Ed})(

is derived according to the s parameter and Frenet formuafisad! for spacelike curves are used in this derivative, the
following equation is obtained.

do*  —«ds dmy dmy dmg
E = ? E = <1+E £k1n12> ?Jr <m1k1+E+mgk2> W+(n‘2k2+ E>§

Since? T at corresponding points of (C), the following system is aidd.

dmy dsf
1+ — —ekimp=——
+ds £ ds
dmp
ki +—— ko =
Myky -+~ + sk 0
dmg
mzk2+Ef0.

The first curvature of the spacelike curves is defined asvisllo

. A¢p d¢
lim =X =—-"L =k
AISTO As ds

1(s)

whereA¢ is the angle of contengenay.denotes the angle between tangent of the curve (C) at theg(dhand a given
fixed direction. Also it is clear that

S
6 (s) = /O k(s)ds
The distance d between the opposite poirt$s) anda (s) of the curve is the breadth of the curve and it is constant, tha
is
d?=|[|d||* = |la* — a|[* = & + emB — emE = const

On the other hand, the coefficiemts, m, andmg may be obtained by the systef) (

my = emp— f(9)
my = —pkomg — My, (2
mg = —pkomy
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which is the system describing the spacelike curves of enhstreadthf (¢) = p + p* and,

—iand 1

denote the radii of curvatures(s) anda*(s), respectively. (‘) denotes the derivative accordingtdlso, the vectorﬁ
is the double normal of the curve (C) of constant breadtlstAiris clear that

Mo = Tyt S 1(9) ©

On the other hand, by using the second equation of the sy&eiime(following differential equation is obtained,;

1 1

=~ m,+—m 4
mg pk2m2 oo™, (4)

and by using the derivative of the equati@), ¢the following differential equation is obtained:

L ”+iml+if’(¢) (5)

=—m
T ool ko epks

In addition, the following is clear from the third equatiofitbe systemZ).

1
6
m pkzms (6)

By using the equality of the equatior®) @nd @), the following equation is obtained
M+ ——my+ £(¢) =0 )
1 pk2 m3
On the other hand, by using derivative of the equat®)nk is obtained as follows.
G=—(pke) I+ (pka) f — (pko)*f
Finally, the third order, linear, differential equationtivivariable coefficient is obtained as follows.
(Pko) My — (ko) My + (pke) ((Phe)? — ) my + (£pke) My = G ®)

As aresult, it is clearly seen the syste®) ¢haracterizing the spacelike curves of constant breaatttbe reduced to the
linear differential equation8)). Furthermore, we can write this equation in the generahfor
m
S A9y (9 =G(s), m=2,3,... 9
K=o

whereR (s) are continuous functions of the expressipris)kx(s)) .
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4 Bernstein series method

In this section, we will explain Bernstein series solutioathod for the solution of the differential equations defiasd
follows.

m
> P (Y (s) = G(5),0#5#R (10)
k=
Letf be a solution of Eq10). We wish to approximateby
n
Pn (3) = Z akBk,n (3); n>1 (11)
K=o

such thatp, (s) satisfies EqQX0) on the nodes & s < 541 < --- < S44 < R Putting pa (s) into Eq.(L0), we get the
system of linear equations dependingagn ay, ..., an.

Assume EqX0) has a solutioff. Let us consider EqLQ) and find the matrix forms of each term in the equation. First w
can convert the Bernstein series solutjoa py, (s) defined by {1) and its derivativeg¥ (s) to matrix forms

y(s) =Ba(s)A and Y9 (s) =By’ (9)A (12)
where T
Ba(9) = [Bon(9) Bun(9) .. Ban(s) | A=[a0ar ... a |
On the other hand, it can be writtéB(s)]" as[Bn(s)]" = D(S(s))" or
Bn(s) = S(s)D’ (13)
where
doo do1 -~ don
(= =) i<
o | o du and d — C- (), i<i
: < T 0,i>]
an dnl -+ Onn

Itis clearly seen that the relation between the mai(ig) and its derivativeS (s) is S (s) = S(s) B, where

[0 10 0 |
0 02 ...0
B=1] : :: 0
00 .n
| 000 .0 |
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To obtain the matrix8® (s) in terms of the matrixs(s), we can use the following procedure:

U

S'(s) = S (s)B = (s)B2 nonumber (14)

: (15)
S (s) =Sk V(gB="-.. = §(s)B*.
Consequently, we have the following matrix relationshifg&ituting the matrix formsi3) and (L5) in expression12).

y® (s) = S(s)B'DTA (16)

Then, using the matrix relatiorl §) in Eq.(10), we can easily obtain the following matrix equation.

g R (s)S(s)B"DTA=G(s) (17)

k=0

Using the collocation points defined 4s (i=0,1,...,n);0<s<s <+ < $ <R} in (17), we get the following

system of matrix equations.
m
;PK(SJ)S(SJ-)BKDTA: G(sj), j=0,1,...,n,
k=

Hence, the fundamental matrix equation can be expressetll@asd.

S SED'A=G 18
k;Pk (18)
where
P(so) O 0 9(s0)
A 0 R(s1) (? &= g(s1) |
0 0 P (sn) g(sn)

S(s0) 1% ... 9

S(s) | |1s £ ... 9

S(sn) lshs ... 8
Hence, the fundamental matrix E§8] can be written as follow

WA=G or W;G=A W=MWq4], kh=0,1,...,n (29)

where

W= S RSEDT

and expressiorl@) corresponds to a system of (n+1) linear algebraic equatiotih unknown coefficientay, ag, ..., an.
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Now let us obtain the matrix equation of the conditions by nseaf the relation16), as follows
m-1
S (a)y® + (bj)y® =[aj], j=0,1,....m—1
K=o

On the other hand, the matrix forms for the conditions can btem as
UjA=[aj] or Uj;aj]=Aj=0,1,....m-1 (20)

where
Uj= S(O) BDT = [Ujo Ujz --+ Ujn }

Vi =S(RBDT = [Ujo Ujz -+ Ujn }

Replacing the row matrice2Q) by any m rows of the matrixi©), we get the augmented matrix as

[ woo Wor ... Won 5 O(s0) |
Wi Wi .. Win 5 g(s1)
[W “] _ W(n—m)o W(n—m)l W(n—m)n g(&,m)
' Ugo Ug1 Uon ’ (0(s)
U1o U1 U1in a1
L Um-10 UYUm-11 - Um-1)n Om-1 |

Note thatrankW = rank [W; G| = n+ 1 in the case of the exact solutidne C™(0,R). As a result we can writé =

(W) & and hence the elemerds, ay,...,a, of A are uniquely determined.

5 The solution of differential equations characterizing the spacelike curves of constant breadth
in E3

(P(s)ka(8)) =t(s)
Po=¢t', PL=—st+t3 Po=—t, Py=t andy=m,.
Using the above equations we can rewrite the &aqkaracterizing the spacelike curves of constant breagithllaws;
m
ZOH((s)y“() () =G(s), m=3,0<s<2m (21)
k=
Let f be a solution of Eq41). We wish to approximaté by

pn(S) = ki)akBk’n (s),n=4 (22)
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such thatpy, (s) satisfies EqZ41) on the nodes & 59 < 51 < --- < & < 2711. We take n = 4 for simplicity. Puttingn (S)
into Eq.@1), we get the system of linear equations dependingray, ..., a4. Let us consider the EQQ) and find the
matrix forms of each term in the equation. First we can cdrber Bernstein series solutign= pn (s) defined by 22)

and its derivativeg (s) to matrix forms, fom = 4 andk = 0,1,2,3
y(s) = Ba(9)A and ¥ (s) = By’ (s) A

where
10(S) -+ Bao(9)

Boo(S) B,
11(8) - Baa(s)

B
BQ]_(S) B

T
B4 (s) = o . : , A= aoal...ad

5074(5) 81’4(3) B4’4(S)

On the other hand, it can be writtéBy(s)]" as[Ba(s)]" = D(S(s))" or

The matrix D is calculated as follows

—2/m 3/2m® —1/2m® 1/161 |

1

0 2/m -3/ 3/2m® -1/4m*
D=0 O 3/2m® -3/2m° 3/8m*

0 © 0 1/2m® -1/4m*

0 o0 0 0 yien* |

(23)

(24)

To obtain the matrix&® (s) (k= 0,1,2) in terms of the matrixS(s) = [ 1s€ s$s* |, we can use the following

procedure:
S(s)=S(s)B
S'(s)=S (s)B=(s)B?
S'(s)=S (s)B="--- = S(s)B?
where _ -
002 00
000 60
B°=| 000 012
000 00
000 00 |

(25)
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and ~ _
000 60

000 024

B5=| 000 00

000 00

| 000 00

Consequently, by substituting the matrix forn@gand @5) into (23), we have the matrix relation.

y(s) =S(s)D'A

y (s) = S(s)BD"A (26)
y (s)=S(s)B’DTA

y' (s)=S(s)B°D'A

Substituting the matrix relatior26) into (21) and then simplifying, we obtain the matrix equation
m
Z’H((S)S(s) BDTA=G(s) (27)
k=
Using the node$s;i =0,1,...,4;,0< s < s < --- < & < 271} in (27) we get the system of matrix equations
m=3
Y R(s)S(s)BD'A=G(s),i=01,...,4
K=0

where =0, 5=7, $=T1, %:37", su= 2mrand

R((0) 0 0 0 0
0 R(m/2) O 0 0
R(s)=| © 0 R(m 0 0
0 0 0 R(3m/2) 0
0 0 0 0 R (2m)
1 0 0 0 0 g(0)
1 (m2  (m2? (m2° (m2)* 9(1/2)
Ss)=1{1 (m (m*  (m*  (m* |.G(s)=| 9(m
1 (8m2) (Bm/2? (3m/2)° (3m/2)* 9(1/2)
1 (2n) (2m)? (2m)® (2m)* g(2m)
The fundamental matrix equation can be written briefly as
g RSED'A=G (28)
K=0

Hence, the fundamental matrix Eggj corresponding to42) can be written in the form

WA=G or W;G]=A, W= W], kh=0,1,....4 (29)
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The Eq. 29) corresponds to a matrix of type (5x5). Now let us obtain ttarim equation of the conditions by means of
the relation 26). Firstly, the matrix forms for the conditions can be writizs

UA = [ay] or [Uk;ak]=A, k=0,1,2 (30)

where for
Uo=[10000]

Ui =[-2/m2/m000]
Up= [ 12/ ~6/m 3/m2 00|
Replacing the row matrice8() by any m rows of the matrix29), we get the augmented matrix as

Woo Wo1 Wo2 Wo3 Woa ; 9(0)

W10 W11 W12 W13 Wig ; 9(71/2)
[~:G}: Uoo Uo1 Up2 Up3 Upsa ; 0o

Uio U11 U2 U1z Ug ; 01

Uzo U21 U2 U2z U24 ; Q2

wherew;; (i=0,1 j=0,1,...,4) obtained as follows;

oo =t (0) — 2[~£t(0) +1(0)] + 5[t (0)] ~ 5t (0)

wm:]—zT [—et (0)+1t3(0)] — P {—t’ (O)} +-5t(0)

3 9 3
Woz=— [—t (0)} ——5t(0), Woz = 5t (0), Wos=0,

o= (5) el (3) 2 (D] el (D) et (5)
mi= gt (5) - el (3)1+ 58 (3)
Wi2 =

5 (2) 1[0 (2) 0 (3)] - (-2t (5)

ma= gt (3) e[ (3) +°(3)] + e ()
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mi= 56t (3) a2 (3) +C (D] ol (314 2t (5)

As a result we can write _

(00 10 0 9(0)
00 1 m/2 0 a(m/2)
A=W)'6=|0 0 -2 nm¥3 || a
RO T KV a
YZ Q L cC az

where

R=1/wo3, T = 2Wo2 — Woo — Wo1/Wo3, K = —TT(Wo1 + 2Wo2) / 2Wo3
V = —1PWo/3Wo3, Y = —Wi3/WoaWia,Z = 1/Wi4

Q = —Wy3(Wy0+ W11 — 2W12) + Wi3(Woo + Wo1 — 2Wo2) /Wo3W14

L = —wo3 (W11 + W12) + W1 3(Wo1 + 2Wo2) /2Wo3W14

C = 11 (W13Wo2 — WoaWi2) /WoaWi4

and hence the elemerdg, ay,...,a4 of A are uniquely determined as follow

m m
agp = Og,a1 = O+ Eal,az = —20¢9+ a1+ gaz

az=Rg(0)+ Tay+Kai+Vay,
m
as=Yg(0) +Zg(§) +Qa0 +Lai+Cas.

If we put thisay unknowns in EqZ2), we obtain Bernstein series solutipa- pn (s) = my of the Eq.@1).

6 Analyse of Differential Equations Characterizing Spacelike Curves of Constant Breadth in
B

We found that the expression issym, coefficient which is determined the spacelike curves of tnidreadth irEf.
Also mp coefficient is finded with method similar under the same ahitonditions. For this first, it is clear that in the

second equation of the systef).(
My = —pkomg—my (31)
We used where the first equation of the syst@nthe derivative of the equatioB)

—my" — (pka) Mg — (ko) Mg = emy — f (32)
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Also, it is clear that in the second equation of the syst&m (

!
=M —My

. (33)

ms

By using the third equation of the syste®) and the equatior8g) in the equation32), we obtain the following differential
equation:
pkomy” + (pka) My + [(pka)*—epkelm, + (pka) my + pkof =0

my is conjugated and then by using derivative of the expressitained, we obtain the following differential equation;

my =— pkz,msz ( Pk2/> 1lm [(sz)sfpkzl '
(Pkz) (Pkz) (pk)

!

B (sz)?’—&sz} _( pk2 )lf_ pke o 34
[ o) | o)) (ok) 59

By using the equatior3d) and the first equation of the systef) {ollowing equation is obtained

k " k n
PR my" + <£> +1|m +
(pka2) (pka2)

/

(Pko)*—epka| + (pko)®—epko
(k) ]m”[( ooy ™
_ ([P ) sqgpo PRy (35)
(pk2) (Pk2)

Finally, while (p(s)kz(s)) = t(s) and F as follows:

F= (pkz )/—1 fo PR ¢
(pke)’ (pka)’

we obtain the third order, linear, differential equatiottwiariable coefficients as follows

t\ v [t3—gt] t3_gt

This equation is differential equation with unknown characterizing spacelike curves of constant breadBfin

t 1

Also, mg coefficient is finded with method similar under the same ahitionditions. First, it is clear that in the third
equation of the systen®)
1

= 37
mp pk2m3 (37)

We used where the second equation of the sys@nthe derivative of the equatioB7).

!
"

2 +(p—i2> ms' — (pko) s (38)
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By using the derivative of the equatioB§) in the first equation of the syster)( we obtain the following differential
equation:

!

1 m 1 l " (pkz)/ & ' /
—mg +2(—=—)mg + || - +— —pk — (pk =—f 39
ko™ (pk2>m3 < (pk2)2> ok, Phe|Me (pkz) mg (39)

Finally, while (pky) = t we obtain the third order, linear, differential equatioithwvariable coefficients as follows:

!

1 w 1 ' " t/ € ro
Ym?, +2(Y)ms + <—t—2) +¥—t mg —tmg =—f (40)
This equation is differential equation with unknowns characterizing the spacelike curves of constant breadﬂﬁ.in

7 Corollary

By using Bernstein series solution method, the solutiorib®@&quations3e) and @0) are approximately obtained. If we
use the coefficientsy , (i = 1,2,3), which we have calculated, in equatidh= m%+ em% — sn%, we get the constant
value of the breadth of the curve &.

Thus, we obtain general expression connected with torsidrearvature of a spacelike curve of constant breadggin
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