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Abstract: In a set of points that corresponds a vector of vector spatgticeted on a field is called an affine space associate witbive
space. We denote as affine 3-space associated with. The flittenvgources that can be achieved about affine space thweueytare
based on the 1890's when Ernesto Cesaro and Die Schon vamd®ir lived period. From that years to 2000’s there are aesaffine
frames used in curve theory. One of them is Winternitz frarhelvis in equi-affine transformation group. The grup of afinotions
special linear transformation consist of volume preseplinear transformations denoted by and comprising diffequhisms of that
preserve some important invariants such curvatures thetirive theory as well. In this study, we separated the magjxesenting
affine frame as symmetric and antismmetric parts by usingixnémonstration of the Winternitz frame of a curve giveraffine
3-space. By making use of antisymmetric part, we obtainectigular velocity vector which is also known as Darbouxaeahd then
we expressed it in the form of linear sum of affine Frenet wacton the other hand, by making use of symmetric part, werdadahe
normal stresses and shear stress components of the stréesfeeime of the curve in terms of the affine curvature andaffimsion.
Thus we had the opportunity to be able to explane the distsngeometric features of the affine curvature and affin tordiastly, we
made stress analysis of a curve with constant affine cuevatod affine torsion in affine 3-space as an example.
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1 Introduction

The grup of affine motions special linear transformation egnthe group of equi-affine or unimodular transformations
consists of volume preserving (daf) = 1) linear transformations together with translation surett t

w

*

Xj = apx«+c¢j j=123 (1)
k=1

This transformations group denoted BBL(3,IR) := SL(3,IR) x IR® and comprising diffeomorphisms dR? that
preserve some important invariants such curvatures thatiive theory as well. An equi-affine group is also called a
Euclidean group.

A set of points that corresponds a vector of vector spacetiearied on a field is called aaffine spacessociate with
vector space. We denotg as affine 3-space associated wilt¥. Let

a:J—Ag (2)
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be a curve ims, whereJ = (t3,t2) C IR is a fixed open interval. Regularity of a curveAgis defined aFd aa ‘ #0on
J, wherea = da/dt, etc. Then witho we may associate the invariant parameter

t
e M
G(t)—tl/‘aaa‘ dt (-=d/dt)

which is called theffine arc lengttof a. The coordinates of a curve are given by three linearly iedépnt solutions of
the equations
a™ (s)+v(s)a” (s)+w(s)a’(s)=0 (3)

under the condition
o' (s).a" (5),a" (9)| = 1 ()

wherev (s) and w(s) denote the affine curvatures. Some remarkable geometriittbns of a” (s) and v (s) were
discovered by R. Weizenbdck and G. Sannia and L. Berwal8aklkowski, W.Shells and A. Winternitz studied and gave
some special features both planar and space curves by ugingféine framel,2,9,4,5]. According to the analogy of
Euclidean space theory, it would prefer to take the vedtarss),a” (s),a’ (s)} for the moving triad of a curve (s) in
affine space, and then(s), w(s) for natural equations. Since it cannot conclude therefrbat ¢ (s) and w(s) are
invariants of the lowermost order determined by the cuvig,is not desirable. A. Winternitz is the first mathematicia
who pointed out this fact and then constructed a moving fraime Winternitz frame, of the lowermost or the 4th
orderfg, 1,5].

We can decompose any square ma@iyniquely as

Q@ Q-¢

Q 2 2

with symmetric partQJrTQt and with antisymmetric pa@;—Qt. If Qis anti-symmetric then symmetric part is zero matrix.
According to A.Cayley’s transformation

22 - @

R=[1+ .

is a orthogonal (rotation) matrix which |8 = +1[7]. The stress tensor is a square symmetric matrix. In 2-daoeal
space, stress matrix is given

W= (5)

Ox Oxy
Oxy Oy

according to{X,Y} coordinate system. The mati# consist of the three stress componentsoy andoxy which means
stresses oiX, onY directions, and stresses ¢K,Y} planes respectively. Similarly, the matti

Ox Oxy Oxz
Y= |oxy Oy Oyz (6)
Oxz Oyz Oz

consist of the six stress componets, oy, 0z, Oxy,Oxz and dyz which means stresses parallelXo parallel toY,
parallel toZ directions, and shear stress¥rdirection onY Z plane normal toK-axis, shear stress ia direction onY Z
plane normal taX-axis, shear stress iidirection onXZ plane normal té&v-axis respectivelyg, 9].

(© 2018 BISKA Bilisim Technology
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2 Winternitz's affine frame and Darboux vector

A C* mapa from an interval to IR? is called an equiaffine plane curveliR? if ’ a’(s) a”(s) ‘ # 0, anda is said to be
parameterized by equiaffine arclength

parameter if‘ a’(s)a”(s) ‘ =1 for all se I. For an equiaffine plane curve parameterized by equiafficdemgth
parameter, the invariant equiaffine curvature defined by

K =|a"(9) a”(s)|

so forT(s) := o’ (s) andN(s) := a” (s) which are called tangent and affine normal vectors, we have

T(s)| | 0 1]|T(9
[N’(s)] N lk(s) O] [N(s)] ' 0

We can decomposguniquely agy = p+ w with symmetric part

1 0 1-k(s
P=211-ks o

which means stress part and with antisymmetric part

1

0 1+k(s)
W=3

—(1+k(s) O

Also, we can find the rotation matrixof equi-affine frame motion such as

1
(k+1)2+4

—(k+1)2+4 —4Kk+1)
4k+1) —(k+1)2+4

whichis|r| = +1.

The matrix p consist of the three stress componesitis= oy = 0 andorn = (1 — k(s))/2 which means stresses on
tangent, on normal directions, and stresses{®rN} plane, respectively. The two principal stresses are robts o

1—k(s
o= +2=KO)
and corresponding eigen vectors

viz = (¥1,1) € sp{T,N}
according to{ T,N} . Thus we can give the following remark.

Remark Throughout the planar equi-affine frame motion there arereassgs on tangent and normal directions but there
are two principal stresses = ‘l’—zk@‘ andoy = —w acts on principal axiseg (s) = —T(s) + N(s) andvy(s) =

T(s) + N(s) respectively. Additionally, throughout the motion theseshear stress ofiT,N} plane with the magnitute
1-k(s)
.

K. Nomizu, and T. Sasakilfl], obtained some plane curves with constant curvature auad tee following important
theorem.

Theorem 1.An equiaffine plane curve (s) with constant ks) := k is equiaffinely equivalent to one of the following curve

(© 2018 BISKA Bilisim Technology
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(i) Ifk=0,

that is a parabola y= 3x2,
(i) 1fk>0,
a(s) = (k- ¥2sin(k~?s), —k L cogk Y/2s))

that is an ellipse kx+ ky? = 1
(i) Ifk <O,
a(s) = ((—k)~?sinh((—k)~*/%s), (~k)~* cost{(~k) /7s))

that is a hyperbola I&— ky? = 1.

If k(s) = 1 then two principal shear strees are zero. Shear stressiaran ellipsx® + y? = 1 and+1/2 for a parabola.

Onthe other hand, letr (s) be regular curve in affine 3-space with the affine arclengharpaters. The vectors
a’(s),a”(s) and a”(s) are called tangent, affine normal and binormal vectors wiedy, and the planes
sp{a’(s),a”(s)}, sp{a’(s),a” (s)} andsp{a” (s),a’ (s)} are called osculating, rectifying and normal planes of the
curvea (s). Thus the frame given in the matrix form ag(s) = T(s), N(s) = a” (s), B(s) = a”'(s) + @a’ (s) and
ki(s) = %(S), ka(s) = @ — 1(s) where wherex(s) and7(s) are called affine curvature and affine torsion which are
given

T'(s) 0 1 0| |T(9
N'(s)| = | ki(s) O 1| |[N(s) (8)
B'(s) ka(s) 3ki(s) O | | B(s)

is called Winternitz frame (also called equi-affine frame@3—curves), as follows For

0 1 0
Q= |k(s) 0 1
kz(S) 3|(1(S) 0

we can decompos@ uniquely afQ = P+ W with symmetric part

0 (1+k(s)) /2 ka(9)/2
P=|(1+ki(9)/2 0 (14 3ki(s)) /2 (9)
kz(S)/Z (1—|— 3|(1(S))/2 0
and with antisymmetric part
0 (1-k(s)) /2 —ka(g)/2
W= | —(1-kiy(s))/2 0 (1-3ky(9)) /2| - (10)
ka(s)/2  —(1—-3ki(s))/2 0

(© 2018 BISKA Bilisim Technology
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Also, by using4 we can find the rotation matriR of Winternitz affine frame motion such as
[ [ 8(kp)?— (k2)? [ Bkike — 2k , 3(k)?—4ky |
74k1+4 *k2+2 +2ko+1
10(ky)? 2)? 10(ky)?+ (k2)?
—8k1+6 —8|(1—|—6 —8k;+6
3|(1k2 + 2kq > kiko — 6kq
—kz— —8|(1— —ko+2
R:
10(ky)? 2)? 10(ky)?+ (k2)?
78k1+6 78k1+6 —8ki1+6
, 3(ky)2 — 4kg ke 6k ] 8(ky)? + (kp)?
—2ko+1 —kg— —4k, -4
10(ky)? 4 (kp)? 10(k (ko)? 10(ky )2 + (Kp)?
L —8ky+ 6 78k1+6 —8ki1+6 ]
whichis|R| = +1
Theorem 2.For any nondegenerate space cumvginstantaneous rotatinon matrix is
R= . (aij]
"~ {10(kg)2 + (k2)2 — 8k 46}
where
a11 = {8(k1)? — (ko) — 4ky + 4},
Qo =— 2{3kl|(2 + 2k — ko — 2} ,
a3=2 {3(k1)2 —4kq — 2ko + 1} ,
) =— 2{3k1k2 —2k; — ko + 2} ,
app = — {10(k1)? — (ko) — 8ky — 2},
a3 =— 2{klk2+6kl— |(2— 2},
agr =2{3(kq)? — 4ky + 2kp + 1},
agp = — 2{k1k27 6kq — k2+2},
agz = — {8(k1)? + (k)? — 4ky — 4},
and instantaneous rotation vector is
D= (17 3kj_(S)) T(S) + kz(S) N(S) . (17 k]_(S)) B(S)
2 2 2
On the other hand, the matriX consist of the six stress components= oy = 0g = 0, Orn = Zkl,a k2 and

ONB = ”73"1 which means stresses parallel to tangent, parallel to Hopagllel to binormal directions, and shear stress
in N direction on osculating plane normalTeaxis, shear stress Bidirection on rectifying plane normal fb-axis, shear
stress irB direction on normal plane normal d-axis respectivehyd, 9]. The three prinicipal stresses are the eigen values
of P which are the roots diol; —P| =0

o+ ypo—¢=0
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wherey = —1 {(k2)2+ (143k)>+ (1+ kl)z}, ¢ = w. Let the roots begy, 0, and g3 then three principal
stresses are

. r2—12y

01 :?

5, _ P 129+1V3 {2 + 12y}
12r

_ -2+ 12¢-1V3{r2+12y}

98 = 1or

1/3
wherelr = {1084) +12,/12¢3 + 81¢2} / . Thus we can give the following theorem.

Theorem 3.Throughout the Winternitz affine frenet motion there aretnesses on tangent, on normal and on binormal
directions but there are three principal stressgsacts on corresponding principal axises. Additionally,abhghout the
motion there are shear stressesy = 1*—2"1,0TB = k—22 and ong = 1+—§’k1 on osculating plane, on rectifying plane, on

normal plane , respectively.
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