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Abstract: This paper is concerned with the study of the contact psslatd-submanifolds of a cosymplectic manifold. We derive
the integrability conditions of involved distributions the definition of a pseudo-slant submanifold. The notiontacnparallel and
contact pseudo-slant product is defined and the necessédguéfitient conditions for a submanifold to be contact dataind contact
pseudo-slant product are given. Also, an non-trivial edarigpused to demonstrate that the method presented in thés fmeffective.
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1 Introduction

B-Y. Chen introduced the concept of slant submanifold throdifferential points of view as a generalization of comple
and totally real submanifold of an almost Hermitian marfg). After then, Papaghuic initiated the notion of semi-slant
submanifolds as a generalization of slant submanifoldsGiRdubmanifolds]].

Furthermore, Carriazo defined pseudo-slant submanifolld thie name anti-slant submanifolds as a special class of
bi-slant submanifoldd]. Also pseudo-slant submanifolds have been studied by kehaad. in p]. Later, U. C. De et. al.

studied and characterized pseudo-slant submanifoldamdtbasakian Manifolddj

Recently, M. Atceken and S. Dirik also have investigatedactpseudo-slant submanifolds in cosymplectic spaceform
and gave some results om mixed-geodesic, totally geodedithe induced tensor fields to be paralfgl]

2 Preliminaries

An odd-dimensional counterpart of a Kaehler manifold isegivy a cosymplectic manifold, which is locally a product
of a Kaehler manifold with a circle or a line.

A (2n+ 1)-dimensionaC®-manifoldM is said to be have an almost contact structure if there eris a tensor fieldp
of type(1,1), a vector field and 1-formn satisfying;

$?=-1+n®E, $&=0, nop =0, n(&)=1. 1)
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There always exists a Riemannian mefion an almost contact manifolsl satisfying the following compatibility
condition

9(9X,9Y) =9(X,Y) —n(X)n(Y), n(X)=9(X,&), 2)

whereX andY are vector fields oM.

An almost contact structurg, &, n) is said to be normal the almost compleen the product manifoltxR given by

KD = (X 1En ) D) @

wheref is a differentiable function oMxR, has no torsion, i.e] is integrable. The condition for normality in terms of
¢, &, nis[p,¢]+2dn & & =0 onM, where[¢, ¢] is the Nijenhuis tensor af. Finally the fundamental 2-fornd is
defined byg(X,¢Y) = ®(X,Y). Al almost contact metric structufg, &, n,g) is said to be cosymplectic structure if it is
normal and® andn are closed, that s,

(Ox¢)Y =0, (4)

for any X,Y e " (TM), wherel" (TM) is the set of the differentiable vector fields bhand 0 denotes the Levi-Civita
connection orM[8].

A plane sectionTin Ty;(p) of an almost contact metric manifoM is called ag-section ifrL.& and@ (1) = . M is of
constantp-sectional curvature if sectional curvatuf¢m) does not depend on the choice of thesectiont of Ty;(p)
and the choice of a poirt € M. A cosymplectic manifoldM is said to be a cosymplectic space form if thesectional
curvature is constant c alorid. A cosymplectic space form will be denoted bY(c). Then the Riemannian curvature
tensorR onM(c) is given by
— c
—9XW)n(Y)n(2) +9(X,2)n(Y)n(W) —g(Y,Z)n (X)n (W) +g(Y,W)n(X)n(2)}, (5)

foranyX,Y,ZW e (TM).

Now, letM be a submanifold of an almost contact metric manifdidwe denote the induced connectionsMrand the
normal bundIer *M by O and0*, respectively, then the Gauss and Weingarten formulasiaa gy

OxY = OxY +h(X,Y) (6)
and
OxV = —AvX + OyV, @

foranyX,Y € I (TM),V € I (T+M), whereh is the second fundamental form aAgd is the Weingarten map associated
with vV as

g(AVX,Y) :g(h(XaY)aV)' (8)
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We denote the Riemannian curvature tensdvidiy R, then the Gauss equation and Weingarten formulas imply

R(X,Y)Z =R(X,Y)Z = Anyz)X +Anx.2)Y + (Oxh)(Y,2) — (Ovh) (X, 2), C)
foranyX,Y,Z e I (TM). Taking the normal component df)( we reach at equation of Codazzi

(R(X,Y)2)* = (Oxh)(Y,Z) — (Ovh)(X,Z). (10)

If (R(X,Y)Z)* =0, then submanifold is said to be curvature-invariant.

Next we define the curvature teng®f of the normal bundle of1 by
g(R"(X,Y)V,U) = g(R(X,Y)U,V) —g([Av, Au]X,Y), (11)

foranyX,Y € I (TM) andU,V € I (T+M). If Rt = 0, then normal connection & is said to be flat.

Definition 1.If the normal curvature tensor-Rof M satisfies
RE(X,Y)V =29(fX,Y)V,

forany XY € (¢2r (TM)) andV € I (T+M), then the normal connection of M is said to be contact flat.

Furthermore, for anX € I (T M), we can write
X = X+ wX, (12)

where fX and wX denote the tangential and normal componentg Xf respectively. Similarly, fov € I (T+M), ¢V
also can be written

$V = BV +CV, (13)

whereBV andCV denote, respectively, the tangential and normal comperadigtV. By using (), (12), (13) and taking
into account of being tangent td1, we get

f24+Bw=—-l1+n®&, wf+Cw=0, (14)
and
fB+BC=0, wB+C?=—1I. (15)

Here the covariant derivations of tensor fielde), B andC are defined by

(Ox f)Y = Ox fY — fOxY, (16)
(Oxw)Y = Ox oY — wlx Y, (17)
(OxB)V = OxBV — BOyV, (18)
(OxC)Y = OxCV — CxV, (19)
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foranyX,Y € ' (TM) andV € I (T-M). By using @), (6), (7) and (L2), we can easily to see that

(Ox )Y = Ay X +Bh(X,Y), (20)
(Oxw)Y = —h(X, fY)+Ch(X,Y), (21)
(OxC)V = —wAyX —h(X,BV) (22)
and
(OxB)V = AcyX — fAVX, (23)

foranyX,Y € ' (TM) andV € I (TM). By using @1) and @3), we can easily to see that

9((Oxw)Y,V) = —g((OxB)V,Y), (24)

3 Contact slant submanifolds of a cosymplectic manifold

Let M be a submanifold of an almost contact metric manif(jﬁirp,f,n,g). Then M is said to be a contact slant
submanifold if the angl®(X) betweenp X and Ty (p) is constant at any poim € M for any X linearly independent of

£. Thus the invariant and anti-invariant submanifolds aexgd class of slant submanifolds with slant andles 0 and

6 = 7, respectively. If the slant angR is neither zero nof, then slant submanifold is said to be proper contact slant
submanifold. The slant submanifolds of an almost conta¢tio@anifold, the following theorem is well known.

Theorem 1.Let M be a submanifold of an almost contact metric manifdlduch thatf € [(TM). M is a contact slant
submanifold if and only if there exists a constart (0,1) such that

f2=A(-1+n®é). (25)
Furthermore, if@ is slant angle of M, then it satisfies= co< 6.

As a consequence of the above Theorem 44} (ve have the following relations;

g(fX, fY) =cog 8{g(X,Y) - n(X)n(Y)} (26)
g(wX, wY) =sif 8{g(X,Y) —n(X)n(Y)}, (27)
Bw=sir*8(—1 +n®§&). (28)

For a slant submanifol of an almost contact metric manifold, the normal bundl& M of M is decomposable as
TM = w(TM) & L, (29)

wherey is the invariant normal subbundle with respecito
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4 Contact Pseudo-slant submanifolds in cosymplectic marfd

Definition 2. Let M be a submanifold of a cosymplectic manifﬁdd), £,n,9). We say that M is a contact pseudo-slant
submanifold if there exists a pair of orthogonal distrilmrts D- and D° on M such that

(i) The distribution D is totally real, i.e.,¢ (D) C T+ M,
(i) The distribution [¥ is slant with slant anglé,
(iii) The tangent space TM admits the orthogonal direct decortippdiM = D+ & D?.

If we denote the dimensions Bf- andD? by p andq, respectively, the we have the following possible cases;

(i) if p=0, thenM is a slant submanifold,
(ii) if =0, thenM is an anti-invariant submanifold,
(iii) if pg=#0, 0 =0, thenM is a contact CR-submanifold.

For a pseudo-slant submanifditlof a cosymplectic manifolt, the normal bundi& M of a pseudo-slant submanifold
M is decomposable as

T'M=¢(DHowDd® ou, ¢D) L wD?). (30)

Example 1.Let us consider the Euclidean spa¥ with the cartesian coordinatés, y1, X2, Y2, X3, Y3, X4, Y4, Xs, s, t) and
almost contact metric structure

5 0 0 0 5 J 9

¢ <iZ{Xi0_><i+Yi0_yi}+Zﬁ> :iZ\(_Yid_x@ +Xia—xi),
0 5

=g n=dtg=nent3 ([@¢+dy).

Itis clear thafR1! is a cosymplectic manifold with usual Euclidean metric tenketM be a submanifold dR'! defined
by

X (u,v,s,t) = (vcosu, —vsinu, Scosu, —ssinu, v+ 2s, 2v — s, —SCosU, —SSinu, —vcosu, —vsinu,t)

with non-zerau, v, s,t. Then the tangent spaceldfis spanned by the vector fields

.0 0 .0 7} .0 0 .0 0
€ = —Vsinu—— — VCoSU—— — SSiNU—=— — SCOSU—=— + SSiNU—— — SCOSU—— + VSiNU-— — VCOSU——

ox1 oy1 %2 oy 0%4 0Ya 0xs 0ys
&= cosui — sinui + i + 2i — cosui — sinui
Ox1 dy1 Oxz  0dy3 0%s dys
&= cosu—a — sinu—a + 2—0 — _d — cosu—a - sinu—a
%2 dy> Oxz 0Oy3 OX4 oys’
. d
== at’
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Furthermore, with respect to complex structur&®ét, we have

7} .0 0 0 7} 7}
¢e; = veosu—— — VSinu—— 4 SCOSU—-— — SSiNU—— + SCOSU—— + SSiNU—— + VCOSU—— + VSinu——

%1 oy1 0%z oy 0%y 0Ya 0xs dys
¢ =cosu— 9 +cosu—— J —2— 9 + — 9 +sinu—=— 9 cosui
0 (9y1 0 (9y3 0X5 dy5
¢e3:sinui+co i‘i’i* i+smui cosui
0% oy 0x3  0y3 0%y oys’

pe,=0.
Sinceg(¢er,e) = g(¢per,e3) =0, pe is orthogonal tav and

cosf = g(gez &) _3

lellllesl] — 7

it is easy to see thdd? = Sp{e, &3} is a slant distribution anB+ = Sp{e;} is an anti-invariant distribution. Thud is
a 4-dimensional proper contact pseudo-slant submanifdkih It is easy to check that the distributioBs andD? are
integrable. We denote the integral manifold€xf andD? by M, andMg, we can conclude thal = M, xMg.

Theorem 2.Let M be a contact pseudo-slant submanifold of a cosymplewhifoldM. Then anti-invariant distribution

D' is always integrable.

Proof. For anyY,Z € I (D), we have

Oz0Y = ¢ 07Y — AwZ + O3 Y = wlzY + f0zY +Bh(Z,Y) + Ch(Z,Y),

which implies that
—AwyZ = fOzY +Bh(Y,Z).
Thus we have
f1Y,Z] = ApzY —AwZ.
Since the ambient manifoM is cosymplectic, we have

g(szY — Awyz, U) =g h

foranyU € I (TM), that s,
AwzY = AwrZ.

From 31) and @82) we conclude thaf[Y,Z] = 0, i.e.,[Y,Z] € I (D). The proof is completes.

(31)

(32)
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Theorem 3.Let M be contact pseudo-slant submanifold of a cosymleﬂi@ifoldl\Z. Then the slant distribution is
integrable if and only if

9(AcwvZ+ FALZY.X) = g(AcwxZ + fAwzX,Y), (33)

forany XY € I (D%) and Ze I (D).

ProofBy using 6), (7) and @7), we have

9([X,Y],2) = 9(0xY,Z) —9(Ov X, 2)
=9g(0vZ,X) —g(OxZ,Y)
= 9(Dv$Z,$X) — g(Ox9Z,¢Y)
=g(Dv9Z, FX) +9(Oy$Z, wX) — g(Ox$Z, 1Y) — g(Ox$Z, wY)

= —9(Asz TX,Y) +9(Asz Y, X) +9(0zX, pwY) — g(OvZ, pwX)

=0(ApzTY,X) —g(Apz TX,Y) 4+ 9(0OxZ,BwY) — g(OvyZ,BwX) + g(ﬁxZ,CmY) - g(ﬁyZ,CmX)

= g(Apz fY + FAy2Y,X) —sir? 8g(0xZ,Y) +sir? 8g(0yZ,X) +g(h(X,Z),CwY) — g(h(Y,Z),CwX)
= g(fAszY +Agz Y, X) +5if 69([X, Y], Z) + g(Acwr X — AcexY, Z),

foranyX,Y € ' (D?) andZ < I (D). Consequently, we reach at
Cog eg([XaY]7Z) = g( fAd)ZY + A¢Z fY7 X) + g(ACwYX - AC(A)XY) Z)a
which proves our assertion.

Theorem 4. Let M be a contact pseudo-slant submanifold of a cosymplentinifold M. Then the anti-invariant
distribution D" defines totally geodesic foliation in M if and only if

Awz X —ApixZ € I (DY), (34)
forany Xe " (DY) and Z< I (D).
Proof. For anyX ¢ I (D%) andY,Z € ' (D), we have

9(0vZ,X) = g(Ov¢Z, $X) = g(Cy Z, wX) + g(Cy$Z, £X)
= —g(ApzfX,Y) —g(OvZ,BwX) — g(OyZ,CwX)
= —g(AszfX,Y) +sif 0g(TvZ,X — N(X)&) + g(AwixY,Z),

that is,
co€ 0g(vZ,X) = g(AwixZ — Apz FX,Y). (35)
This proves our assertion.

Theorem 5.Let M be a contact pseudo-slant submanifold of a csoympleethifoldM. The slant distribution B defines
totally geodesic foliation in M is if and only if

ApzfY — AyyZ €T (DY), (36)

© 2018 BISKA Bilisim Technology


www.ntmsci.com

(_/
161 BISKA M. Atceken, U. Yildirim and S. Dirik: Contact Pseudo-slanbsianifolds of a cosymplectic manifold

foranyYe I (D%) and ze I (D).

Proof. By using, @), (6) and (7), we have

9(0xY.Z) = —g(OxZ.Y) = —g(Ox$Z,¢Y)
= —g(Ox$Z, TY) — g(Ox$Z, wY)
= g(ApzfY,X) 4+ 9(0xZ, BwY) +g(0OxZ,CwY)
= g(Agz Y, X) —sir? 89(0xZ,Y — n(Y)&) +g(Acwr X, Z),

for anyX,Y € ' (D%) andZ € I (D). This implies that
co€ 09(0xY,Z) = g(Apz fY — 9(Acwr Z,X).

Let M be a contact pseudo-slant submanifold of a cosymplectidfoldmM. M is said to be contact pseudo-slant product
if the distributionsD andD? are totally geodesic iM.

From Theoremd and5, we have the following statement.

Proposition 1.Let M be a contact proper pseudo-slant submanifold of a cp&etic manifoldV. Then M is a contact
pseudo-slant product if and only if and only if the shape apmrof M satisfies

Agp: F(D) = ApeD*. (37)
Definition 3. If the second fundamental form h of M satisfies
(Oxh)(Y,Z) = g(fX,Y)wZ +g(fX,Z)wY, (38)
forany XY,Z € (I (TM)) = (TM— &), then h is said to be contact parallel.

Theorem 6.Let M be a contact pseudo-slant submanifold of a cosymplsptce formﬁ(c). If the second fundamental
form h of M is contact parallel, then M is either invariant ont&invariant.

Proof. From (38), we have

Oyh)(X,Z) — Oxh)(Y,2) = g(fY,X)wZ + g(fY, Z)wX — g(fX,Y)wZ — g( X, Z) Y
=29(fY,X)wZ+9g(fY,Z)wX —g(fX,Z)wy, (39)

foranyX,Y,Z € I $?(IF'M) =T (TM— &). Correspondingd), (9) and 39), we reach at
(% — 1) {2g(FY,X)wZ + g(FY, Z)wX — g(fX,Z)wY} = 0. (40)
SettingY = Z in (40), we conclude that
c
3 (21 - 1) g(fY,X)wY =0,

which proves our assertion.

Theorem 7.Let M be a proper contact pseudo-slant submanifold of a cpsatic manifoldM. If the tensor field B is
parallel, then M is a contact pseudo-slant product.
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Proof. SinceB is parallel, from 23), we have
fA,zU =0, Ul (TM), Zc T (Dh).

This implies that\szU € " (D) andBh(U,Z) = 0. The proof is completes.

Theorem 8.Let M be a contact pseudo-slant submanifold of a cosympleptce fornﬂ(c). M is either anti-invariant
submanifold oM is flat if w is parallel.

Proof. Sincew is parallel, we can easily to see that
h(fX,Y) =Ch(X,Y) = h(X, fY),
which is equivalent to
fAVX+Ay X =0, (42)

for anyX,Y € I (TM) andV € I (T+M). From @1), we have

g(Av fX,BU) = g(AvX, fBU) = —g(AyX,BCU) = —g(wAyX,CU) = 0, (42)
for any vector field&J,V normal toM. Taking the covariant derivative o4), forY € I' (T M), we obtain

g(OyAy fX,BU) +g(Ay fX, OyBU) = 0.
This means that
9((OvAW X+ Anyy, FX +AvOy £X,BU) + g(Ay fX, (OvB)U +BOyU) = 0.
Taking into accountd4) and @2), we reach at
g((OyA) TX+Ay{(Oy f)X + fOyX},BU) =0,
from which
0((OvA)y FX,BU) +g(Av{AuxY +Bh(X,Y)},BU) =0,
or,
g((OyA)y fX,BU) +g(AyBU, AuxY) + g(AvBU, Bh(X,Y)) = 0.

This implies that

o((Orvh) (£X,BU),V) = g((TrvAlv FX,BU) = —g(A/BU, Aux IY) — g(A/BU, BR(FY, X)).
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Thus we conclude that

g((Osxh)(fY,BU) — (Osyh)(fX,BU),V) = g(AvBU, Aux fY) — g(AvBU, Ay FX)
g(AvBU,wa fyY + way)()

g(AVAwX fY7 BU) - g(AV waYXa BU)
=g

Av fAuxY,BU) = 0. (43)

On the other hand, form the Codazzi equation, we have

9((Osxh)(fY,BU) — (Osyh)(fX,BU),V) = g{g(fzv, BV)g(wX,U) —g(f2X,BV)g(wY,U) +2g(fX, f2Y)g(wBV,U)}

= —cos’ 93{9(\& BV)g(wX,U) —g(X,BV)g(wY,U) +29(fX,Y)g(wBV,U)}.  (44)
In (44), takingX,Y € ' (D?) andU =V = wZ € I (T+M) for Z € I (D), and corresponding}@) and @4), we get
cod ng(fX,Y)g(Z,Z) —o.

This proves our assertion.

Theorem 9.Let M be a contact pseudo-slant curvature-invariant subifisdchof a cosymplectic space forlv_l(c). Then
M is a either anti-invariant submanifold dv is flat space form.

Proof. If M is a contact pseudo-slant curvature-invariant submahitben from §) and (L0), we conclude

c

219(9Y.Z)wX —g(9X,2) +29(X. ¢Y)wZ} =0,
foranyX,Y,Z € I (TM). This implies that

c
SZg(fY,X)wY =0,
from which, we obtain
3% o2 0g{(Y,Y) = n3(Y)}wY = 0.

The proof is completes.

Theorem 10.Let M be a invariant submanifold of a cosymplectic space ﬂtx_r(o) such that the normal connection of M
is contact flat. Then M is totally geodesic submanifold if anty if M is flat space.

Proof.
9([Av, AUJX,Y) +g(REX.Y)U,V) = Z{g(8Y.U)g(8X.V) — g(X,U)g(9Y,V) +29(X, #Y)g(#U.V)}.
foranyX,Y € I (TM) andU,V € I (T_LM). Since the normal connection is contact flat, we get
(1A AUIX.Y) = =Z0(FX,Y)g(8U.V) —2g(TX,Y)g(U.V). (45)
In (45), takingV = ¢U, we reach

0([Agu . AUIX.Y) = ~Zg(TX.Y)g(#U, 9U). (46)
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SinceM is an invariant submanifold, we can derive
ApuY = 9AY = —AyfY.
Thus we have

9(AsuAUX —AuAsUX,Y) =g(AsuY, AuX) — 9(AUY,Apu X)
=g(¢pAUY,AuX) —g(AUY, pAUX)
—2g(AY, Ay X)
—— 29(1X.Y)g(9U, o),

from which

Sg(v,Y)g(u,U). (47)

g(AUY,AuY) = -2

Sinceg is a positive definite, this tell us thst is totally geodesic submanifold if and onlydf= 0.
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