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Abstract: In this paper, we definen-uniform .#-statistical convergencdf, m)-uniform .#-lacunary statistical convergence and
(Fo, m)-uniform strongly p-lacunary summability of functions on an arbitrary time lscaAlso, by using muniform and
(A, m)-uniform density of the subset of the time scale, we will fea@n constructing concepts ¢f# , m)-uniform statistically
convergence an¢.#, ,m)-uniformly strongly p-summability of functions on time scale. Some inclusioratiehs about these new
concepts are also presented.
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1 Introduction and backround

The idea of statistical convergence goes back to the stu@ygmund B9 which was published in 1935. Statistical
convergence of number sequences was formally introducdehbiy[L1] and Steinhaus3g] independently in the same
year. Over the years and under different names, statist@malergence has been discussed in Fourier analysis, ergodi
theory, number theory, approximation theory, measurerthéagonometric series, turnpike theory and Banach space
Later on, it was further investigated from the sequence esgint of view and linked with summability theory by
Connor {], Fridy [13], Mohiuddine et al. 28], Rath and Tripathy 39|, Tripathy [30], Belen and Mohiuddine31],
Maddox [34] and references therein.

The concept of lacunary statistical convergence was debgdetidy and Orhan4]. Also, Fridy and Orhan15] gave
the relationships between the lacunary statistical cgarere and the Cesaro summability.

Mursaleen p] defined A -statistical convergence by using tie sequence. Ing], Borwein introduced and studied
strongly summable functions. Strongly summable numbereeces and statistically convergent number seqeunces were
studied by Maddox34], Nuray and Aydin 17], and Et et al. 6. Nuray [18] studied onA-statistically convergent
functions,A -strong summable andl-statistically convergent functions. Furthermore, Nuaayg Aydin [L7] introduced

and studied strongly lacunary summable functions.

Kostyrko et al. R(] introduced the concept of/-convergence of sequences in a metric space and studied some
properties of this convergence.

Recently, the idea of statistical convergence and lacucanvergence was further extended by Das et @l.td
. -statistical convergence and-lacunary statistical convergence, respectively.
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A time scaleT is an arbitrary, nonempty, closed subset of real numbers.cBitculus of time scale was introduced by
Hilger in his Ph.D. thesis supervised by Auldbach in 198@].[It allows to unify the usual differential and integral
calculus for one variable. One can replace the range of defirRR of the functions under consideration by an arbitrary
time scaleT. This method of calculus is effective in modeling some pecatiife problems for example one needs both
discrete and continuous time variables to modeling preypadator populations. Recently, time scale theory has been
applied to different areas by many authors ($e[R2], [23], [37]).

Also a large numbers of very important functions on time esdlave been applied to solve various dynamic equations,
the expression of Green'’s functions of some boundary vatablem R6] or oscillation properties of first and second
order nonlinear equation2T].

So in view of recent applications of time scales in real lifelgems, it seems very natural to extend the interesting
concept of convergence on time scales by using ideals whictnainly do here.

Statistical convergence is applied to time scales for diffe purposes by various authors in the literature. Segfido
and Tan R1] gave some important notions such Asconvergence and-Cauchy sequences by usidgdensity and
investigate their relations oh.

Turan and DumanZ?] introduced density and statistical convergencéaheasurable real-valued functions defined on
T.

Uniform density was studied by Balaz and Saigjt Brown and Freedmary], Raimi [19] and Maddox B5]. The notion
of mruniform statistical convergence was first introduced byayJ16]. Furthermore, Altin et al.J] expressedn and
(A, m)-uniform density of a set anat+ and(A, m)-uniform statistical convergence dn Also, Yilmaz et al. 4] defined
A-statistical convergence dn Turan and Duman23] gave the definitions of lacunary sequence and lacunarngtitat
convergence ofil. Yilmaz et al. R5] introduced uniform lacunary statistical convergenceinretscale.

The definition ofp-Ceséaro summability on time scales was given by Turan anddnw2).

Measure theory on time scales was first constructed by Gasdd] and Lebesqué-integral on time scales introduced
by Cabada and Viverd].

Here, our aim is to move some notions and properties abouh&ay statistical convergence to time scale calculus by
using ideal. Before our new concepts, we recall the mainfeatof the time scale theory.

First we recall some basic concepts related to time scal@sammability theory. We should note that throughout the
paper, we consider thatis a time scales satisfying iff=t, > 0 and suf = c.

Let .#; denote the family of all left closed and right open intenafl§ of the form[a,b);. Letmy : .%#; — [0, ) be the
set function on%; such thaitm ([a,b);) =b—a. Then, it is known thatm is a countably additive measure gf. Now,
the Caratheodory extension of the set functimnassociated with family; is said to be the Lebesgdemeasure off

and is denoted by, . (see B2}, [33)).

In this case, it is known that ih € T\{maxT}, then the single point sefa} is A-measurable function and
Ha(a)=0(a)—a. lf a,be T anda<b, thenua ([a,b);) = o (b) — g (a) andua ([a,b)) = o (b) —a. (see B7)).
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Now, we give a generalization of the studg] in a different form whered = {ki_,+1} is a lacunary sequence dn

Definition 1. [25] LetQ be aA-measurable subset of T afidbe a lacunary sequence. Then, we define th€¢10)
by
Q(t,0)= {SE (kt72to+la kt7t0+1]-|— :se _Q} ,

fort € T. In this case, thé-density ofQ on T is introduced by

P Ha (2(t,0))
o) = I L (K ook o))’

provided that the above limit exists.

Definition 2. [29 Let f: T — R be aA-measurable subset of T aftlbe a lacunary sequence. Then, f is lacunary
statistically convergentto a real numberLon T if

im P (5€ (kezor1ktora]r [T (9 —LI>€) o

e Ha ((ktfzt(yktfto]'r)

for eache > 0 and te T. In this case, &lim_. (f (t)) = L. The set of all lacunary functions on T will be denoted by
s?. (kt,ztoﬂ, kHoJrl] turns to(k,_1,k:] fort =r, to = 1and T= N. In this case, lacunary statistical convergence on time
scales is reduced to classical lacunary statistical cogeece which is defined by Fridy and Orhél].

Uniform density of an arbitrary set was introduced by Raihg] [as follows.

Definition 3. [19] A subset EC N is uniform density if

u(E) = lim 1

n—sco N

D> xe(i+m) =a,
=1
or equivalently
1
lim = |[ENn{m+1,...m+n} =a,
n—o N
uniformly in m, where m=0,1,2,... and xg is characteristic function of E.

Subsequently, uniformly density was studied by Balaz anat$3. Later,m-uniform statistical convergence is introduced
by Nuray [L6] in the following manner.

Definition 4.[16] Let x= (x«) be a real or complex valued sequence. If

1
lim ﬁ|{m§k<n+m: X« —L| > €} =0,

n—oo
uniformly in m, then x= (x) is said to be m-uniform statistically convergent to L foralb O.
Based on Definition 4, we can generalimauniform statistical convergence to lacunary type seqgesmas follows:

Definition 5. Let K € N and 8 be a lacunary sequence. Then, we defing éhen)-uniform density of K by

r—oo

1
5% (K) = lim = [{k-1im <k<kim:keK}[ =0,

uniformly in m> 0, where hm = Krym — Krtm-1.
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Definition 6. A sequence x (X) is said to bg 8, m)-uniform lacunary statistical convergent to a real numbef L

. 1
lim —
r—o N m

Hki—14m <K <Krim: [x«—L| > €}| =0,

for all € > 0, uniformly in m.

Now, we define above notions on time scaleand we give the definition aftuniform density,muniform statistical
convergence,8, m)-density,(8, m)-uniform lacunary statistical convergence dnwhere = (k_t,-m+1] is a lacunary
sequence fore T.

Definition 7. [1] LetQ be aAn-measurable subset of T . Then, one defines th@ $eim) by
Q(t,m={sem+tp—Lt+m);:s€Q},

fort € T. In this case, m-uniform density &fon T , denoted by{" (Q) is defined as follows:

o Hap(20m)
o) = s (m+o— Lty

provided that the above limit exists.

Definition 8. [1] Let f: T — R be aA-measurable function. Then, one says that f is m-unifortissitally convergent

to real numberL on T if
pa(sE (mtto—Lt+m)):|f(s)—L|>e)
lim =0,
s Ha (M+1o— Lt+m)y)

uniformly in m for everye > 0. In this case we write$lim;_,. (f (t)) = L.

Definition 9. [25] LetQ be aA-measurable subset of T afidoe a lacunary sequence. Then, we define th@gét6, m)
by
Q(t,0,m) = {se (k-2p+m+1,k—torm+1]7 : SE Q},

fort € T. In this case(8, m)-uniform density of2 on T is defined by

lim Ha (21,9)
t—00 1, ((kt,zo+m7 ktfto+m} T)

provided that the above limit exists.
Definition 10.[25] Let f: T — R be aA-measurable function anfl be a lacunary sequence. Then, f{& m)-uniform

lacunary statistically convergentto real numberL on T if

lim Ha(se ("tfzto+m+17|<t7to+m+lh f(s)—L|>¢)

=0,
t—o0 Ha ((kt—2to+m,kt7to+m}T)

uniformly in m, for alle > 0 and te T. In this case, %m-limHm (f(t)) = L. The set of all(@,m)-uniform lacunary
statistically convergent functions on T will be denoted%?.s

2 Main results

In this study, we definen-uniform .#-statistical convergencéf, m)-uniform .#-lacunary statistical convergence and
(F9, m)-uniform strongly p-lacunary summability on an arbitrary time scale. Also, wefite (., m)-uniform
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statistically convergence and?, ,m)-uniformly strongly p-summability on time scale. Some inclusion relations about
these new concepts are also presented.

In the main part of our study, we introduce the notionfconvergence on time scales. For this purpose, we consider
the measurable spa¢€&,M (m;)) equipped with Lebesgu#-measureus. We can give some examples of ideals of time
scales. = {Ae M(m}) : ua (A) =0} and.#p = {Ae M (m;) : o1 (A) = 0} are ideals on a time scale. An idedl of a

time scaleT is said to beB-admissible if it contains all bounded subset§ of

Definition 11.Let f: T — R be aA-measurable function. We say that f.#&convergentto a number L on T if for every
£ >0,
Alg): {teT:|ft)-L|>¢e}es.

If we take . = .75, .#-convergence reduced to statistical convergence on tiale 5c

Definition 12. Let f: T — R be aA-measurable function and? be a B-admissible ideal. We say that f is said to be
m-uniform.# -statistically convergent to L or{’sm-convergent to L on T to a number L uniformly in m if every O,
0>0,

HHan(s€(m+to—Lt4+m)p):|f(s)—L[>€)}]
{teT. o (M= Ltrmy) Z5}€f.

In this case, one writeB— L (s{m) . The set of alm-uniform .7 -statistically convergent functions dnwill be denoted
bys? ™.

Definition 13. Let f: T — R be aA-measurable function. f is a m-uniforufi-statistical Cauchy function on T if there
exists a numbeft>tg € T such that

s (s€ (Mtto—Ltrmy): (9~ F(t)] > )
{t“' Hom (M to— 1L+ m)p) 25}6"“'

for eache > 0, & > O uniformly in m.

Theorem 1.Let f: T — R be aA-measurable function, then f is m-uniforsi-statistically convergent on T if and only
if f is m-uniform.#-statistical Cauchy functionon T.

Proof. We can prove this by using techniques similar to Theorem 3 @jf

Definition 14. Let f: T — R be aA-measurable functiorg be lacunary sequence and be a B-admissible ideal. Then,
f is (.#9, m)-uniform lacunary statistically convergenttoLon T q?eén-convergent toLonT if

teT: |{NAm (SG (kt72to+m+1akt7to+m+l}-r Hf(s)—L|> 8)}| >obes
IJAm ((k172[0+m; ktftoer]T) -

Jg,m

uniformly in m, for alle > 0, & > 0. In this case, one writes > L (Sr ) The set of al(8, m)-uniform .7 -statistically

convergent functions on T will be denoted pfq)?’g’.

Definition 15. Let f: T — R be aA-measurable function an@l< p < «. Then f is strongly?-Cesaro p-summable on
T if there exists some L such that

teT: /|f(s)—L|pAs >ep e,
lto.t]

to.t]T

1
a ([to,t]r)”
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if for eache > 0. In this case, one writes + L [Wb”]T. The set of all strongly?Z-Cesro p-summable functions on T
will be denoted by W] ..

Definition 16. Let f: T — R be aA-measurable function anél be a lacunary sequence. Assume also thatp < .
Then, f is(.#g, m)-uniform strongly p-lacunary summable on T if there existas L such that

1
teT: . / f(s)—L|IPAs|>eb ez,
Ham (k210 1o K —tom] 7) [F(s) - L

(k29 +mr ke tgrmea]y

uniformly in m if for eacke > 0. In this case, one writes £ L([W{f"’m]T). The set of al(.#y, m)-uniform strongly

p-lacunary summable functionson T will be denotec[\wﬁa’m} .
Now, we recall the definition ofA , m)-uniform density ori .
Definition 17.[1] LetQ (t,m,A) be aA, m-measurable subset of T. Then, one defines th@ $eim, A ) by

Qt,mA)={set+m—A+to—1t+m):scQ}

fort € T. In this case, one defines tte, m)-uniformly density of2 on T denoted byﬁp’m) (Q), as follows:

( ,m) Q . | NA<,\‘m) (Q (t7m7A))
S (@) fim trm— A+t Lt '
OOIJA(A‘m) ([ +m t+ 0 9 +m)T)

Definition 18. Let f: T — R be aA, m-measurable function. We say that f is said to(§ , m)-uniform statistically
convergent to a real number L on T uniformly in m if every 0, d > 0,

| I{HAM‘m) (sEft+m—A+to—Lt+m):|f(s)—L| > g)}|

>0, ct.
Hap m (E+M—At+to— Lt+m)y) -

teT

In this case, one writes ++ L (é(fﬁ"’m)). The set of all .7, , m)-uniform statistically convergent functions on T will be

denoted b,

Definition 19. Let f: T — R be aA-measurable function anl < p < «. Then f is(.#),m)-uniformly strongly p-
summable on T if there exists some L such that

1
teT: . / f(s)—L[PAS| > ¢} e .7,
HA G m) (t+m—A+to—1,t+m)y) If(s) |

[t+m—At+to—Lt+m)y
, I , : ~
uniformly in m if for eacre > 0. In this case, one writes > L ( {Wp “"“)L).

Theorem 2.s7°™ ¢ ™ if and only if

im it P (M= At to— Lt +m)y)
{00 IJAm ([m+t07 1at + m)T)

> 0.
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Proof. Assume that
Ha (t+m—A+to—1,t+m)y)

Han (M+1to—1,t+m)r)

liminf >0
Then, there exists & > 0 such that

Ha (t+m—A+to—1,t+m)y) .
Ha ([M+to—1,t+m)7) B

for sufficiently larget. For givene > 0 we have,
Ham(S€ [Mtto—Lt+m)p o |f(s)—L[>€) 2y, , (SEt+M—A+to—Lt+m);:|f(s)—L|>¢
Therefore,

Han(SEMtto—Lt+my:|f(s)—LI>e)  Hanm (seft+m—Ai+to—Lt+m)p:[f(s)—L[>¢)
Ham (IM+to—1,t+m)y) - Ham (IM+to—1,t+m)y)

 Hap (t+m—2A+to—Lt+m)g) pa,  (SEt+m—A+to—Lt+m):[f(s)—L[>¢)

Han, ((M+to— 1, t+m)) ' Hap m (E+M—At+to— Lt +m)y)
- Hagm (SEt+M=A+to—Lt+m)r:[f(s)—L[ > ¢)
- IJA(A,m) ([t-i—m—/\t—l-'[o—l,'[—i-m)-r) '

Then, for anyn > 0 we get

oy (SE M- At to— Lt 4mirc[f ()~ L| > )}
teT: >
HAp m) (t+m—A+to—1,t+m);)
|{Uan(s€ (M+to—1t+m)p):|f(s)—L|>€)}]

Q{tGTZ zr).é}ef,

Han ([M-+to—1,t+m)7)

and this completes the proof.

We will now investigate the relationship betweérr, ,m)-uniform statistically convergence ar(d?, ,m)-uniformly

strongly p-summability of functions on time scale.

Now, for the proof of Theorem 3 we give the following lemma.

Lemma 1.[1] Let f: T — R be aA-measurable function and
Qt,mA)={set+m—A+tg—Lt+m):sec Q}

for € > 0. In this case, we have
1 " 1
Han (2 (6, mA)) < 2 / f(9)-Las< 2 / If(s)—L|As
Q(tmA) [t-+m—A¢+o— L t-+m)

Proof. This can be proved by using a method similar to the approa{l2 #).

Theorem 3.Let f: T — R be a4, yn-measurable function, E R and0 < p < ». Then, one gets the following.

() W] s,
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(i) If fis (£, m)-uniformly strongly p-summable to L, then- L (é(T‘]A’m)).
(i) Iff —L (S(T‘y"’m)) and f is a bounded function, then f(ig7, ,m)-uniformly strongly p-summable to L.

Proof. (i) Lete >0 andf — L ( {VN\/,;]“’F”)L). We can write

F(9-LPAs> [ |t(9)-LPAS>ePun,  (Q(LMA)),
[t+m—At+to—1t+m)7 Q(t,mA) '

and so,

1
gp'IJA(A,m) (t+m—A+to—1,t+m);)

|f(s)—L|PAs
[t+m—At+to—Lt+m)¢
|&Mwm@€ﬂ+m—m+m—1n+mTwu@—u25ﬁ|
> . _
B Hagy g ([t M= Ac+to— Lt +m))

Then for anyd > 0,

LT {8y g (S M- At to—Lerm) 7] f(5)-L2eP) }| o
) “A()\. ([t+m7)\t+tofl,t+m)-|—) —

g{teT: zep.é}.

Since right hand belogs t# then left hand also belongs 16 and this completes the proof.
(i) Let f be(.#,,m)-uniformly stronglyp-summable td.. For givene > 0, let

m)

L f(s)—L|PA
EEEy T pEw e J [f(s)—L|"4s
Ha g (IHHM=A oLt F M) ft+m-Ac+o—Lt-+m)y

Qit,mA)={set+m—-A+to—1t+m):sc Q}
then it follows from Lemma 17] that
€P.41g, (R (LMA)) < / f(s)-LIPAs
t+m—At+to—Lt+m)r

Dividing both sides of the last inequality t+m—A+to— 1,t+m);), we obtain

(A.m) ([

“A()\.m) (Q (tama)\)) < 1
Hagm (t+m=At+to—Lt+m)p) = ePup, o (t+m—A+to—Lt+m)y)

|f(s)—L|PAs.

[t+m—At+to—Lt+m)y

Therefore for alld > 0 we have,

“A()\ m ([t+m7)\t+tofl,t+m)-|—)

g{teT:

{t cT \{uA(A'm)se[t+m—)\t+to—l,t+m)T:\f(s)—L\Zep}\ > 6}

L f(s)—L|PA
EEEy T pEw J [f(s)—L|"As
Ha g (IHHM=At oLt F M) ft+m-Ac+o—1t-+m)y

> 895},

(© 2018 BISKA Bilisim Technology
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which yieldsf — L (™).

(iii) Let f is a bounded function anfl— L (éfy’“m)) . Then there exists a positive numhérsuch that f (s)| < M for

allse T, and also

a, (Q (t,mA))
teT: m 5l e
{ Hag p ([E+M=A+to—1t+m)y) —

whereQ (t,m,A) is as before. Since

/ If(s) = L|PAs— / If(s)—L|PAs+ / I (s)—L|PAs
ft+m—Ag-Ho—Lt-+m)p Q(tmA) [t-+m—Ac+Ho—Lt+m)\Q(t,mA)
< (M+L[P). / As+ €P. / As
Q(t,mA) [t+m—At+to—Lt+m)r

= (M+L[P) pap (Q (t,mA)) +€P.pp, ) ([E+M— A+ to— L t+m)y)

we obtain

1
Hay  (E+M=A+to— 1t +m)7)

Ha, (Q (t,mA))
Hay  (E+m=Ac+to—1t+m)p)

)

|f () —L|PAs< (M+]L|P) + &P,

[t+m—Ai+to—1t+m);

Sincee is arbitrary,

{tGT:

1 p
T+m—Atto—1Lt : J |f(s)—L|"As
Ha gy (HHM=A o= LtFm)r) ft+m—Ar+Ho—1t-+m)y

. “Am(Q(tam*A)) &
= {t eT: yA(Lm)([t+m7/\t+t071,t+m)T) z (M+Lp)} €s.

Therefore, we havé — L ( {VN\/,;]“’F”)} T).

Definition 20. Let f: T — R be aA-measurable function anél be a lacunary sequence. Assume also thatp < co.
Then, f is(.#g, m)-uniform strongly p-lacunary summable on T if there exist®s L R such that

1

teT: . / f(s)—L|IPAs>e S ez

IJA ((kt*Ztoeraktftoij}T) | ( ) |
(kt72t0+m~,kt—to+m]_|_

In that casef — L([W}f'a L) The set of all(.#g, m)-uniform stronglyp-lacunary summable functions anwill be
P

denoted by{W}”e } . We will now investigate the relationship betwegh m)-uniform .7 -statistically convergence and
plT
(Fp, m)-uniform stronglyp-lacunary summability on time scale.

Theorem 4.Let f: T — R be aA-measurable functior be a lacunary sequence. Assume also that p < « and
L € R. Then,

(i) If fis (.9, m)-uniform strongly p-lacunary summable to L, thersfL (sf"’m).
(i) ff -L (s‘fe’m) and f is a bounded function, then f(i%y, m)-uniform strongly p-lacunary summable to L.

Proof. (i) Supposef is (8, m)-uniform stronglyp .# -lacunary summable to. For givene > 0, let

Q (t, Q,m) = {Se (kt72t0+m+17kt—to+m+l}-|- : |f (S) - L| > 8}

(© 2018 BISKA Bilisim Technology
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onT. Then it follows
£7.a (Q(t,6.m)) < / (9~ LPAs

(k29 +mi ke tgrmra]y
from Lemma 1 in []. Dividing this inequality byua ( (k—2tg+m, k—ty+m] ), We obtain

[ |f(s)—L|PAs

1 (M zgimek tgimitl;

gp ' IJA ((kt72to+m; kt*t0+m:| T)

Ha (Q (ta B,m))
Ha ((ktfzto+m, kt—to+m}-|-)

<

Then, for anyd > 0

ve 1 o (setkapmakogimalyifo-Lize) o
Ha <(kt—2to+m~,kt—to+m]-r)

ClteT: L i |f(s)—L|PAs>€P.6
e }

kt72t°+m7kt7t0+m]T> (k-2tgrmi1ketgrmia]y

which yields thatf — L (s7*™)

(i) Let fis a bounded function antl— L (sfe’m) . Then there exists a positive numiérsuch thatf (s)| < M for all
seT. Since
/ I (s)— L|PAs— / I£(s) —L|PAs+ / I (s)—L|PAs
(kt—2t(3+m+1.akt—to+m+1]1— Q(t,6,m) (kt,zto+m+1,kt,t0+m+1]_r\Q(t,e,m)
< (M+]L|P) / As+ €P. / As
(t.o.m) (k-2 me ket me ]
= (M + |L| P) -Ha (Q (ta 97 m)) + ‘gp'IJA ((kt72lo+m+lv ktftoer-Fl]T) )
we obtain
: 1 ‘ . Ha(Q(t,6,m))] £ }
teT: . f(s)—L|PAs| > ¢ C{teT. > €s.
Ha (kt7210+m7kt7to+m]T / ‘ ( ) | - N Ha (k{*20+m7k1710+m}T B (M + ‘L|p)

—210+mr17k(—t0+m+1]-|—

Therefore, we havé — L ( [W%J T).

Theorem 5.Let 6 = {ki_,+m+1} be a lacunary sequence foetT. Then

(i) [WQGPL C [W}f'pL if limsup (%) < oo,
) [we | o [we ] ifiminf, (fend) > g,
(ii) [W}”JT - [W}?QPL if 1 < liminf, (%) < limsup (%) <.

Proof. We can prove by using similar techniques to Theorem 2.2, idm@.3 and Theorem 2.4 of 7] in case ofp=1
by usingB-admissible ideal.

(© 2018 BISKA Bilisim Technology
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