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Abstract: In this paper we obtain the Hermite-Hadamard InequalityMgrA-strongly convex function. Using thisly A—strongly
convex function we get some new theorems and corollaries.
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1 Introduction

In recent years, several integral inequalities relatedatdus classes of convex functions. Convex functions héayeegd

an important role in the development of various fields in panel applied sciences. A significant class of convex
functions is strongly convex functions. The strongly confienctions also play an important role in optimization theo
and mathematical economics.

In [1], Noor et. al. gave the following definition.

Definition 1. Let | C R be an interval and ¢ be a positive number. A functionl = [a,b] C R — R is called strongly
convex with modulus s 0, if

f((1—t)x+ty) < (1—t) F (X)+tf(y) —ct(1—t)[y—x|> €
forvx,yelandte [0,1].

In [7] N. Merentes and K. Nikodem implied Hermite-Hadamard Ireiqy for strongly convex function as follow:

Theorem 1.1 a function f: 1 — R is strongly convex with modulus c then
b 1 f(a) + f(b
f<i)+i(a_b)2g—/f(x)dng—%(a—b)z, N
a

foralla,bel,a<b.

Conversely, if f is continuous and satisfies the left of riggnid side of ) for all a,b € I,a < b, then it is strongly convex
with modulus c.

In [2], Turhan et. al. revealed the new definition as follow:
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Definition 2. Let | be aintervalg : | — R be a continuous and strictly monotonic function.l f— R is said to be MA—
convex, if

Fe () + (1) (y)) <tFX)+(1-t)f(y),

for every xy € I and t € [0,1]. If this inequality is reversed, then f is said to bg M- concave function.
In [2], Turhan et. al. proved the new theorem kdg A— convex function as follow:

Theorem 2.Let f: | C (0,0) — R be a MyA— convex function ang : | — R be a continuous and strictly monotonic
function and ab € | with a< b. If f,¢ € L[a,b] then the following inequality is satisfied almost everywher

f(¢1(¢(a);¢(b))) / () (0 dx< f(a);f(b)

This inequality known as Hermite-Hadamard inequality foyA4 convex function.

Many authors have studied the work abddgA—convex and strongly convex function, see [1-10]. In thisgrape
firstly list several definitions. Then, we have discussedesproperties oMy A— strongly convex functions and obtained
Hermite Hadamard inequality for strong§ A— convex.

2 Main results

In this section, we derive Hermite-Hadamard inequalitesstronglyMy A—convex function.

Definition 3. Let | be aintervalg : | — R be a continuous and strictly monotonic function.l f— R is said to be MA—
strongly convex with modulus=0, if

FO () +(1-1)9(¥)) < (L-) T () +tF(y)—ctL-t)[d ()~ ¢ VI

forallx,yelvete|0,1].

Proposition 1.

(1) Ifwe takeg : 1 — R,¢ (X) = x, then we se that yA—strongly convexity reduces to ordinary strongly conveaity.

(2) If we taked : 1 — R, (x) = x 1, then we see that MA—strongly convexity reduces to strongly harmonic convexity
onl.

(3) Ifwe takeg : 1 — (0,),¢ (x) = Inx, we see that WA—strongly convexity reduces to GA strongly convexity on |.

Lemma 1.Afunction f: | =[a,b] C R\ {0} — R is My A— strongly convex with modulus=<0, if and only if, the function
g(x) = f(x)—cll¢ (x)||*is My A— convex.

Proof. Assume thaf is MyA strongly convex with modulus > 0. Using properties of the inner product, we have

f(¢ (9 () +(1—1)$ (¥)) )—cH¢( 01(to () +(1-1)6 () |

(L=t F () +tf(y) —ct(1-1)[|p () — ¢ ()| —cltd (y) + (1 - 1) ¢ (¥)[|?
(1-1)f ()+tf(y),c(t(1,t)|\¢(y)|| —2(L-1)@ ()P (X) +t(L-1) [ ()]
+ 2 WIP+2 (-1 ()¢ )+ (1179 (X))

< (1= F )+t () —c(tld I+ @ -1)l16 ()I?)

(L) F (0 —c(L—1) ¢ ()1 +tF (y) —ctlld ()II?

(1-t)g(x) +tg(y)

g( e (y) +(1-1)¢(x))

IN

IN

IN
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which gives thag is My A— convex function. Conversely, i is Mg A— convex function, then we have

fo oY)+ (1-1)p(x))=g(d o (y)+(1-t)¢(x)) + CH¢( (td () + (119 (x)]”
<tg(y)+ (1 -t)g(x) +cf|td (y)+(1- ( )I?
<tg(y)+ctllg (y)|*+ (1 - t)g(X>+C(l t)ll¢(><>|\2
+et(1-1)[|¢ (Y[>—ct(1—t) ¢ ()] +2ct(1—t)d (y) § (x)
=tf(y)+(@-)fF(x)—ct(1-t) o (y)— ¢ (0

which shows thaft is My A strongly convex with modulus > 0.

Theorem 3.Let f: 1 = [a,b] C R\{0} — R be a MyA— strongly convex function with modulus=0, ¢ : | — R be
a continuous and strictly monotonic function such that : ¢ (IO) — 19 continuous differentiable function antk,y €
I, t€]0,1). If f € L[a,b], then the following inequality is satisfied almost everywhe

f <¢1 <7"’ “”;"’“”)) + 16 0) - @]

+f(b) c
g, T0owaxs L IO S5 ) g @
Proof. Sincef : | = [a,b] € R\ {0} — R be aMyA strongly convex function, we have,

f<¢l<¢(x)42r¢()/))> - f(x)szf(Y) —§|\¢(y)—¢(x)|\2

For everyx,y € I, (witht = % in the inequality )). By choosing

=¢ 1t (b)+(1-1)¢(a) andy=¢ " (td (a) +(1-t)$ (b))

f(¢l(¢(a>+¢<b>)) _TO 0 +A-09@) +1 (9119 (@) +(1-)9 (1)
~2I (6t @+ @-18 (5) — 9 (67 (t8 (0)+ (1-1)¢ (@)

By integrating fort € [0,1], we have

(o () <3 [/olf <¢*l<t¢<b>+<1—t>¢<a>>)dt+_ “H(o M0 @+ (108 () ot

S0 ) g @I [ (127
and so
1(9@+9(b) c 2 1 b
(ot (PRS2 )+ Sl 0 0@ < g L T8 000
Thus, we get the left hand side of the inequal®y. Furthermore, we observe that for & [0, 1]

(o7t () +(1-1)¢ (@) < (1-t)f (@) +tf (b) —ct(L-1) [ (b) - ¢ (a)||?
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By integrating this inequality with respectt@ver|0, 1], we have the right-hand side of the inequaliy. (
1 c
< [[a-vt@-ttmnat-—cigd) @) [ ta-a= "2 Eyp ) g @2

Theorem 4.Let f: 1 = [a,b] C R\ {0} — R be a MyA— strongly convex function with modulus>c0, ¢ : | — R be a
continuous and strictly monotonic function such that : ¢ (I 0) — 19 continuous differentiable function andpe |, t €
[0,1]. Then the following inequality is satisfied almost everyehe

L(B@ OO e L
(ot (P52 )+ 1o 0 0@ < 000 < gtgr [ T8 000

where

<o<x>=§l[f(¢( PO e (o2 (P2 |4 e - o ca®

UG (%)% CELIL) A

Proof. By applying the inequalityd) on each of the mterval%a o ( >+¢( ))} and [dfl (M) ,b} , we have

-1 ¢(@+¢(b)
(o0 (2O C g2 7T g @
4 48 a

IN

1/ 9 (a)+3¢(b) c 2 b _
f(¢ 1(ﬁ))+4—8u¢<b>—¢<a>u2 W/djl(wa)?(b))f(xw ' (x)dx

(o1 (2B ) 110 - lew - e@I* ©

IN

NI S

<

respectively. Summing up side by side, we obtain

{ < S >)”(¢l (M»%}Sllwmwaﬂz

b
eI ¢(a)/af<>¢<>dx
1 f(a)+ f (b) c
<a[r(o(25E0))  L@LIOT Lo ) o
Sﬂf(a);f <>;f<>§|¢(b>¢(a>||]2—C4|¢(b>¢(a)||2
<TI0y ) g (a2 ©

Theorem5.Let f,g: 1 = [a,b] C R\ {0} — R be a MyA— strongly convex function with modulus>c0, ¢ : | — R be
a continuous and strictly monotonic function such tat : ¢ (IO) — 19 continuous differentiable function andyxe
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I, te[0,1].If f,g € L[ab], then the following inequality is satisfied almost everyiehe

T Te L +0(5)— 9 () 9 (dx
2
s% <ab>+§N(ab> 12||¢<b>f¢<a>|\28<a,b>f;’—0|\¢<b>f¢<a>||“
where
M (a,b) = f (a)g(a) + f (b)g(b), (7)
N(a,b) = f (a)g(b) + f (b)g(a), 8)
S(a,b) = f (a) + f (b) +g(a) +g(b). 9)

=

< [Ja-vf@+tf ) -ct@-1)¢ ()~ ¢ ()|

JO

t(a) + (L~ )g(b) —ct(1-1)1¢ (b) - ¢ (2) ] o
:f(a)g(b)/ol( 2dt+ f (b /tzdt
+[f(a)g(a)+ f (b)g(b /Otl—t dt
1
—cli¢ (b) - ¢ (a)[*[f () +9(b)]/ t(1—ty’dt—c||¢ (b) — ¢ ()|
g(a)] /t2 t)dt—c2| ¢ (b)— ¢ (a)|| /t21 t)2dt

_ f( a)g(b) + )g(a)Jr f(a)g( )+f(b)g(b)

3 6

c c?

—1—2H¢(b)—¢(a)||2[f(a)+f(b)+9(a)+g(b)]—%H¢(b)—¢(3)||4

1 c c?
~ EM(@b)+ sN(ab)— (16 (b)~ 9 (@) S(ab) — =519 (b) (@)

In this condition, we takd = gin Theorem 2.3, then it reduces to the following result:

Corollary 1. Let f: | = [a,b] C R\ {0} — R be a MyA— strongly convex function with modulus>cO, ¢ : 1 — R be a
continuous and strictly monotonic function andyx I, t € [0,1]. If f € L[a, b], then the following inequality is satisfied
almost everywhere:

1 b .
T @ e (OO @@+ ()9 (9) 6 () dx
2 2 )
< 2[f(a;f(b)]+f (a)Jgf (b)*%”"’(b)*‘p(a)”z“(a)*f(b>]*§—oll¢(b)—¢(a)|\4_

Theorem 6.Let f,g: 1 = [a,b] C R\ {0} — R be a MyA— strongly convex function with modulus-c0, ¢ : | — R be a
continuous and strictly monotonic functionang x I, t € [0,1]. If fg e L[a,b], then the following inequality is satisfied
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almost everywhere:

2

b
S gy 110980}6 (0e< 3M(@b)-+ gN(@b) — 1516 (b) 6 (&) S(ab) — 5516 (b) 6 ()],

where M(a,b), N (a,b) and Sa,b) are given by(7),(8) and (9) respectively.

Proof. Let f,g be My A strongly convex functions with modulus> 0. In this case, the following inequality is satisfied
almost everywhere:

Toam L (100900k8 00dx= [ 1 (6108 (0)+ (1-08 (@) 9 (6 (8 0)+ (1~ (@) c
< [[[a-vt@-+ti o -an-yiem) ¢ @]
(1-1)g@) +1g(b) — ct(1-1)[1¢ (b) - ¢ ()]
:f(a)g(a)/ol(lft)zdtJrf(b)g(b)/oltzdt
+If@a) +fb)g(@)] [ ta-va
~clg (b) - 6 @[ (&) + (@] [ vt
~cll6 (5)~ $ @R[ (b) +9(b)] [ 1ty

() - g @ [ Ca-tiar
{@g(@+ 1 (B)gb)  {@aib)+f(B)o(a)

3 6
c c?
o) —¢ (@)|[*[f (a) + f (b) +g(a) + g (b)] — 300 (b)—¢ (a)|*
1 1 c c?
= §M (a,b)+ EN (a,b)— 1—2H¢ (b) - ¢ (a)||°S(a,b) — %H‘P (b) — ¢ (a)]|*.

We takef = gin Theorem 2.4, then it reduces to the following result.

Corollary 2. Let f: 1 = [a,b] C R\ {0} — R be a MyA— strongly convex function with modulus=0, ¢ : | — R be a
continuous and strictly monotonic functionangx I, t € [0,1]. If f € L[a,b], then the following inequality is satisfied
almost everywhere:

b 2 2
T /. (e axs HETEL TEED Lo ) g @)1 (@) 1)
2
-5l -6 @)

Competing interests

The authors declare that they have no competing interests.

Authors’ contributions

All authors have contributed to all parts of the article. &lithors read and approved the final manuscript.

© 2018 BISKA Bilisim Technology



NTMSCI 6, No. 4, 127-133 (2018)www.ntmsci.com BISKA 133

References

[1] Noor, M. A, Noor, K. 1., Iftikhar, S. (2016). Hermite - Hamard inequalities for strongly harmonic convex functidiournal of
Inequalities and Special Functions (3), 99-113.

[2] Turhan, S., iscan, I, Kunt, M. (2016). Hermite - Hadamard type inequalitiesr fMpA convex functions. Doi:
10.13140/RG.2.2.14526.28486.

[3] Erdem, Y.,0gtinmez, H., & Budak, H. (2016). Some generalized indtieslof Hermite-Hadamard type for stronghconvex
functions. RGMIA Research Report Collectidr, Article. 110

[4] Iscan, . (2014). Hermite - Hadamard type inequaities for harmalfijcconvex functionsHacettepe Journal of Mathematics and
Statistic 486), 935-942.

[5] Turhan, S., Okur, N., Maden, S. (2016). Hermite - Hadairtgpe inequality for strongly convex functions via sugentegrals.
Sigma Journal of Engineering and Natural Sciences 8(19.1-1

[6] Nikodem, K., Sanchez, J.L., Sanchez, L. (2014). Jenadriermite - Hadamard inequalities for strongly convexwedtied maps.
Mathematica Aeterna, 48), 979-987.

[7] M. Nelson, N. Kazimierz. (2010). Remarks on strongly wanfunctions, Aequat. Math. 80, 193-199.

[8] Angulo, H., Gimenez, J., Moros, A. M., Nikodem, K. (201Dn strongly h-convex functionénnals of Functional Analysis,
No.2 85-91.

[9] Maden, S., Demirel, A.K., Turhan, Sscani. (2018). ‘Some Integral Inequalities for The New Convexgtions’, Sigma Journal
of Engineering and Natural Sciences, (in press).

[10] Turhan, S.Jscani., Maden, S., Demirel, AK. (2017).Mg A Quasi - Convexity and Related Some Integral Inequality”,
International Conference on Applied Analysis and MathécahtModeling, July 3-7, Istanbul-Turkey
[11] Turhan, S.,Maden, S., Baskdy, Y. aletani. (2018). ‘On Inequalities For StrongMg A-S- convex Functions’, New Trends in

Mathematical Sciences, 6 (3), 15-23.

© 2018 BISKA Bilisim Technology


www.ntmsci.com

	Introduction
	Main results

