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Abstract: The aim of the present paper is to establish a criterion fandefinite Sasaki-like almost contact manifold wikmetric
to reduce to a space gFholomorphic sectional curvature.
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1 Introduction

Ganchev et al.g] defined the odd-dimensional version of almost complex ffiodos with Norden metric§,4,2] known
as the almost contact manifolds willametric (Norden metric). Later, lvanov et ab][introduced a new class of almost
contact manifolds withB-metric namely Sasaki-like almost contact Complex Rienemmanifolds withB-metric,
which is analogue to indefinite Sasakian manifold.

Tanno P] proved the following result for an almost Hermitian mamifdM?2",g,J) to reduce to a space of constant
holomorphic sectional curvature.

Theorem 1.]9] Let dimensior{2n > 4), assume that aimost Hermitian manifg?", g, J) satisfies
R(JIX,JY,JZ,IX) = R(X,Y,Z,X), (1)
for every tangent vectors, X and Z. ThertM?",g,J) is of constant holomorphic sectional curvature at x, if amdydf,
R(X,IX)X is proportionalto JX 2)
for every tangent vector X at x in M.

Tanno P] also extended the above Theorérfor the Sasakian manifolds as follows.

Theorem 2.[9] A Sasakian manifoldM?" @, n, &, g) of dimension> 5, is of constantp-sectional curvature if and
only if
R(X, X)X is proportionalto @X 3)

for every vector field X such thatX, &) = 0, where is a characteristic vector field of M.
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Further, Nagaich{] generalized the Theorefnfor anindefinite almost Hermitian manifoland provided the following
characterization.

Theorem 3. Let (M?",g,J) of dimensior2n, where(n > 2) be an indefinite almost Hermitian manifold satisfyiftg.
Then M is of constant holomorphic sectional curvature af pnd only if,

R(X,JX)X is proportionalto JX 4)

for every tangent vector X atg M.

And later, Kumar et alf] proved the generalized version of the Theor2far anindefinite Sasakian manifobis follows.

Theorem 4. Let (M>1 @.n,&,g) (2n > 4) be an indefinite Sasakian manifold. Then M is of constasectional
curvature if and only if
R(X, X)X is proportionalto @X (5)

for every tangent vector field X such thdgé) = 0, where is a characteristic vector field of M.
Recently, we have generalized the Theofeta the setting of aalmost complex manifold with Norden metais

Theorem 5.[1] Let(M?",g,J) (2n> 4) be an indefinite almost complex manifold with Norden meiisfying (). Then
(M?,g,J) is of constant holomorphic sectional curvature at p if andyoh

R(X,JX)X is proportionalto aX+ BJIX, (6)

wherea andf3 are the functions of holomorphic sectional curvatur®, for every tangent vector X at@M.

In this paper, we have extended the Theofeta the setting of a Sasaki-like almost contact manifold vldtmetric to
reduce to a space of constgnholomorphic sectional curvature.

Theorem 6.Let(M2”+1, ¢,{,n) be an indefinite Sasaki-like almost contact manifold witm&ic. TherM is of constant
¢-holomorphic sectional curvature if and only if

R(X,$X)X is proportionalto yX+ d¢X, @)

wherey and d are the functions ofp-holomorphic sectional curvature £X), for every tangent vector X such that
9(X,{) =0, where( is a characteristic vector field d¥l.

2 Preliminaries

2.1 Almost contact manifold with B-metric

Let (M1 ¢ 7 n) be an almost contact manifold wirmetricg, i.e., M is a (2n+ 1)-dimensional smooth manifold
endowed with an almost contact structyge {,n) and equipped with a pseudo-Riemannian mefrisuch that the
following relations are satisfied],

${=0, n({)=1, (8)

I’](X) :g_(XaZ)7 f']((PX) =0, )
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g(dX,9Y) = —g(X.Y)+n(X)n(Y), (10)
G(X,Y) = g(¢X,Y)+n(X)n(Y), (12)

for arbitrary tangent vector field$,Y € TM, whereg is called the associated metricbnM and is also &-metric on
M. Moreover, the manifoldM, ¢,Z,n,§) is also called an almost contact manifold wikmetric. Infact, bothg and§
are indefinite metrics having signaturre+ 1, n).

Let 0 and ﬁ_ be the Levi-Civita connections af and §, respectively orM. In [3], the tensor field= of type (0,3) is
defined orM as follows ~
F(X.Y,Z) =g((Ox¢)Y,Z)

and the following properties hold in generd] |
FOX,Y,Z) =F(X,Z2,Y)=F(X,9Y,90Z2)+ n(Y)F(X,{,Z2)+ n(Z)F(X,Y, ), (23)
foranyX,Y,Z € TM. The relations of with ﬁZ andﬁn are given by :
(OxMY =9(0xZ,Y) = F(X,8Y.0), n(0x{) =0, ¢(Ox$){ =D0x¢ (14)

In [3], Ganchev et al. defined eleven basic cladsés= 1,2,....11) of almost contact manifolds witB-metric and
classified the almost contact manifolds wikmetric in terms of the tensdf. The intersection of these basic classes is
the clasd, which is analogue to Kaehler manifold with Norden metrid &determined by the condition

F(X,Y,Z)=0(0¢ = On =07 =0).

Definition 1. [5] An almost contact manifol, ¢,Z,n,d) with B- metric is called Sasaki-like if the structure tersor
(¢,{,n,q) satisfy the following equalities

F(X,Y,2)=F({,Y,Z2) =F({,{,Z) =0, (15)
F(X,Y,{) = —g(X,Y). (16)

Also, the covariant derivativ@qb satisfies the following equality
(Ox@)Y =—G(X,Y){ = n(Y)X+2n(X)n(Y)Z. (17)
A non-zero tangent vector field is classified in the following types
(i) spacelike ifg(U,U) >0,

(ii) timelike if g(U,U) <0,
(iii) null (lightlike) if G(U,U) = 0,U # 0.
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2.2 Curvature properties

Let the curvature tens@® of 0 onM is given by
R(X,Y)Z = OxOyZ — OyOxZ — Opy v Z-
The corresponding curvatu(®, 4)-tensor with respect tg is given by
R(X,Y,Z,W) = g(R(X,Y)Z,W)
and satisfies the following properties
RX,Y,Z,W) = —R(Y,X,Z,W) = —R(X,Y,W, Z),
R(X,Y,Z,W)+R(Y,Z,X,W) +R(Z,X,Y,W) =0,

R(X,Y,Z,W) = —R(X,Y,9Z,¢W),

for all tangent vector fieldX,Y,Z andw on M.

The associated curvature tenoof 5 onM is defined as

R(X,Y,Z,W) =R(X,Y,Z,¢W).
Thus, for the curvature tensB; we have
R(X,Y,Z,¢W) = R(X,Y,$Z,W). (18)

Let a denote a non-degenerate 2-plane in the tangent §'@&EeThen the sectional curvature farwith respect ta and
Ris given by

R(U,V,U,V)
g_(U ) u )g_(V,V) - g_(U 7V)2 .

where{U,V} is an orthogonal basis of andp € M.

K(U, p) =

(19)

Definition 2. A 2-planea = {U,¢U }, where U is orthonormal td is known asp-holomorphic section (respectively, a
{-section) ifa = ¢ a (respectively{ € o) and the curvature associated with this is said togz@olomorphic sectional
curvature, denoted by f) ) and given as

) = R(U,$U,U, ¢U) (20)

(U,U)g(¢u,¢U) —g(U,9U)*

Moreover, ifH(U) is always constant with respect to every unit tangent védtarTM, thenM is said to be of constant
¢-holomorphic sectional curvature or a Sasakian space form.

2.3 Sasaki-like almost contact manifold with B-metric

In [5], Ivanov defined the odd dimensional version of an indefikaehler manifold known as Sasaki-like almost contact
manifold with B-metric and proved the following result.
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Lemma 1.[5] For a Sasaki-like almost contact manifalll, ¢, ¢, n,g) with B-metric the next formula holds

—{9(X,Z2) =2n(X)n(2)}9(Y,¢U) —{g(X,U) —2n(X)n(U)}a(Y,¢Z).  (21)

In particular, we have
RX,Y){ =n(Y)X=n(X)Y (22)

and
R({.X){ = X
The equatior{21) further implies
RX,Y)PZ =¢pR(X,Y)Z—-2¢n(Z)R(X,Y){ —a(X,Z)¢Y +9(X, Z)Y
—9(Y,02)X +2{g(Y,$Z)n(X) — 9(X,Z)n(¥)}<. (23)

ReplacingY by ¢ X andZ by ¢ X in above equatio23) and use 0f22) yields,

R(X, $X)X = — {R(X, X)X+ (N(X))?$X + 290X, 9 X)X + 20($X, $X)$X — 3g(X, ¢ X)n(X)}{}  (24)

3 Constancy of¢-holomorphic sectional curvature

Now we will prove the main result.

Proof. Initially assume thaM be an indefinite Sasaki-like almost contact manifold viéitmetric, then using formul220),
we obtain
R(X,¢X)X = —H(X)pX+H(X)¢pX. (25)

where X denotes a unit tangent vector such tigdX,¢X) = p(z 0). By using the fact thaM is having constant
¢-holomorphic sectional curvature and the equati®s), the necessity of the assertion follows. To prove the cawver
part, the following two cases have been considered.

Case |. For the space-like,or in other wordg(X;X) = g(V,Y). Let {X,Y} denote an orthonormal pair of vectorshh
such that

9(X,X) = —g(¢X,9X) =1,
a(Y,Y) = —g(¢Y,9Y) =1,
g(X,9X) =g(Y,¢Y) =p(#0)
and
g(X,9Y) =g(¢X,Y)=0.

In this caseX** andZ** be defined by
X** = coPX + sinbY

and
7" = —sinBX 4+ coPY.
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Clearly,{X**,Z**} also form an orthonormal pair of vectorshhand using the above relatio)( we have

RO, X)X~ yX™ 4+ 59X,
Taking inner product of above equation wipiz**, we have

R(X™, 9 X, X, $Z*) = 0.
Also, by using the linear properties of Riemannian cunatansoiR, we obtain
coPsiNG{—CcoFOR(X, pX, X, pX) + SirPOR(Y, dY,Y, dpY) + (cogO — sirfO)R(Y, pY, X, pX)} = 0. (26)
Consideringd = ¥ yields,
H(X) = H(Y).

If {Z,W} is a¢-holomorphic section the$Z = pZ+qZ, for any scalarg andg. Thus,{Z,¢Z} = {Z,pZ+qZ} ={Z,W}
and similarly{W, W} = {Z,W}. therefore{Z, ¢ Z} = {W, ¢W} and hencéd (Z) = H(W).

On the contrary if{Z,W} is not a¢-holomorphic section then there must exist unit vectérs {Z,¢Z}+ andY ¢
{W, $W}+ that determine g-holomorphic sectiof X,Y} and thus, we have

which proves that ang-holomorphic section has the samhéolomorphic sectional curvature.

Now, let thedim(M) = 5 and using the properties of curvature teriRathe following relations hold.

R(X, 9 X)X =H (X){—pX+ ¢ X} (27)
1

R(X, ¢X)Y :W{R(X,W,Y, ¢Y)(PY —Y)}

ROX.8Y)X =55 (RO GY.X.Y)(Y + p4Y) +RIX.0Y.X.0Y) (Y — $Y)}

R(Y, X)X :rlpﬁ{R(Y’ OX XYY +pdY)+R(Y, 90X, X, 9Y)(pY —9Y)}

R(X, Y)Y :T:LQZ{R(X,(I)Y,Y,X)(X—H)(IJX) +R(X,9Y.,Y,0X)(pX— ¢X)}

1

R(Y, §X)Y :W{R(Y, OXY, X)X+ poX) +R(Y,9X,Y, dX)(pX — ¢ X)}

RIY,8Y)X =553 (R, 0Y.X.6X) (X — $X)}

R(Y, Y)Y =H(Y){—pY + ¢Y}. (28)

Now, defineX** = dX+eY whered? + € = 1, then making use of the above algebraic relati@s, we have

R(X**, ¢X**)X** = E1X 4+ EY + E3p X + E49Y, (29)
where 2 5
d d<e
_ 43 _ — a3 =
E3*d H(X) (1+p2) E57 Es=e H(X) (1+p2) E5;
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and
Es = R(X, 9Y,Y,0X) +R(Y, §X,Y, o X) + R(Y, Y, X, $X).

On the other hand, equati¢R?) yields,
RO, X)X = H(X™) {—pX** + $ X"} = H(X**){pdX + peY— dpX — epY}. (30)

Comparing the equatior{29) and(30), we obtain

e d2
d?H(X) — m&, =H(X*), H(X)- mEs = H(X™),

upon solving the above equations, we have
Es = —(1+ p*)H(X)

and hence consequently
H(X™) = (d®+ €)H(X) = H(X).

Similarly, on the parallel lines, we prove that
H(Y*™) =H(Y).

Thus, we have proved that the manifditis of constanty-holomorphic sectional curvature.

Case II: When the metric is timelike, or in other wordg, X, X) = —g(Y,Y), where eitheiX andY are spacelike and
timelike vectors, respectively or vice versa. &, Y} denote a pair of orthonormal vectorshhsuch that

g_(X7X) = _g_(¢X7¢X) = 1;

g(Y,Y) = —g(9Y,9Y) = -1,
g_(X7¢X) = _g_(Y7 ¢Y) = p(;,é O)

and
g(X,9Y) =g(¢X,Y) =0.

Further, we definX” andZ” by
X" = costoX + sinhY

and ,
Z = —sinhB¢$ X+ coshBgY
thenX”,Z" form an orthonormal pair of vectors M and therefore making use of the relatigf), we have
RX",oX")X"  ~ yX"+3¢X".
Taking inner product of above equation wiEh, we obtain,
RX", ox" x",Z2") =0,

further, using the linearity properties of curvature tense have

costBsinh@{coghBH (X) — sirthBH (Y) — (co$hB — sirthB)R(X, ¢ X,Y, ¢Y)} = 0. (31)

© 2018 BISKA Bilisim Technology


www.ntmsci.com

9% BISK A A DevganandR. K. Nagaich: Constancygoholomorphic sectional curvature of an indefinite Sasaki..

Consideringd = I, we get
H(X) =H(Y).

Further, using the same argument giverCise | we obtain that any holomorphic section has same sectiomeature.
Now, assuming thdim(M) = 5 and using the curvature properties of curvature teRsare have the following relations

R(X, $X)X = —H(X){pX — $X} (32)
ROXBX)Y = 155 (RO XY, 0¥)(~pY + 4Y))

RIX.8Y)X = 75 (RO XY, 0Y)(~pY + 4Y))

R(X,9Y)X = %pZ{R(X’ ¢Y,X,Y)(—Y —poY)+R(X, Y, X, 0Y)(—pY + ¢Y)}

R(Y,pX)X = %FJZ{R(Y’ X, X Y) (=Y —pdY)+R(Y, X, X, 9Y)(—pY + ¢Y)}

RIX. Y)Y = 1 (ROKBY.Y.X) (X +p9X) + RIX. OY.Y.6X)(X — $X))

R 8X)Y = 7 (RO XY X)X+ p#X) + RY, X.Y, X)X~ $))

RIY,8Y)X = 1553 (RIV.OY. X, 6X) (X — $X))

R(Y,9Y)Y = —H(Y){—pY+ oY} (33)

Now, defineX” = dX+ eY with d2— e? = 1, then using the above relations, we have
RX", oX" X" = ExX + EoY + EspX + E49Y, (34)

where

d2e

_de _d%_
(1+p?) (1+p%)
andEs = R(X, ¢Y,Y,¢X) + R(Y, ¢ X,Y, ¢ X) + R(Y, Y, X, $X). On the other hand, using%), we have

Es = d3H(X)(1+ p?) — Es, Es=—eH(X)(1+p?) + Es,
RX", X" )X" = —H(X"){pdX+ peY—dpX — epY}. (35)
Comparing(34) and(35), we obtain

2
dzH(X)ﬁEE,H(XH), —ezH(X)+d7 =H(X"

on solving these equations, we obtain
and consequently
Similarly, we can prove

Thus, the manifold is of constanty-holomorphic sectional curvature.
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Hence, we conclude that Theor@wan be derived by consideriggX, ¢ X) = p = 0, in Theorenb.

Similarly, by takingg(X,¢X) = p = 0, in Theorem6, the constancy ofp-holomorphic sectional curvature can be
derived for an indefinite almost Sasakian manifold with som@or changes and thus, TheoreBnprovides a
generalization of Theorerh
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