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1 Introduction

A vector metric space is generalization of metric space. This metric is Riesz space valued. A Riesz space is an ordered

vector space and a lattice. LetE be a Riesz space with the positive coneE+ = {x ∈ E : x ≥ 0}. If (an) is a decreasing

sequence inE such that infan = a, we writean ↓ a. Actually, both vector metric and cone metric are vector space valued.

One of the differences between definition of vector metric and definition of cone metric is that there exists a cone due to

the natural existence of ordering on Riesz space. The other difference is that our definition eliminates the requirementfor

the vector space to have a topological structure.

Recently, many authors have studied on common fixed point theorems for weakly compatible pairs ([2],[3],[9]). Some of

these works is gived in cone metric spaces ([1],[8],[9],[10],[11], [12]). Çevik and Altun ([4],[6]) prove Baire theorem

and Banach fixed point theorem on vector spaces and give some theorems on point of coincidence and common fixed

points for two self mappings satisfying some general contractive conditions in vector spaces. Generalized contraction

mappings are matter of a lot of work in fixed point theory. Firstly, the mappings are defined in [5]. J. Gornicki and B. E.

Rhoades obtain that common fixed point theorems using generalized contraction mappings ([7]).

In this paper, we prove some theorems and a common fixed point theorem in vector metric spaces for generalized

contraction mappings and give an example.

2 Preliminaries

We shall require the following definitions in the sequel.

Definition 1. [6] The Riesz space E is said to be Archimedean if1
na ↓ 0 holds for every a∈ E+.

Definition 2. [6] A sequence(bn) is said to order convergent (or◦− convergent) to b if there is a sequence(an) in E

satisfying an ↓ 0 and| bn−b |≤ an for all n and written bn
◦

−→ b or ◦− lim bn = b, where| a |= sup{a,−a} for any a∈ E.
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Definition 3. [6] A sequence(bn) is said to be order-Cauchy (or◦−Cauchy) if there exists a sequence(an) in such that

an ↓ 0 and| bn−bn+p |≤ an holds for all n and p.

Definition 4. [6] The Riesz space E is said to be◦−Cauchy complete if every◦−Cauchy sequence is◦− convergent.

Definition 5. [6] Let X be a non-empty set and E be a Riesz space. The function d: X ×X → E is said to be a vector

metric (or E−metric) if it is satisfying the following properties:

(i) d (x,y) = 0 if and only if x= y,

(ii) d (x,y)≤ d (x,z)+d (y,z)

for all x, y, z∈ X. Also the triple(X,d,E) is said to be vector metric space.

For arbitrary elements x, y, z, w of a vector metric space, the following statements are satisfied.

(a) 0≤ d (x,y) ;

(b) d (x,y) = d (y,x) ;

(c) | d (x,z)−d (y,z) |≤ d (x,y) ;

(d) | d (x,z)−d (y,w) |≤ d (x,y)+d (z,w) .

Definition 6. [6] A sequence(xn) in a vector metric space(X,d,E) vectorial converges (or E−converges) to some x∈ E,

written xn
d,E
→ x, if there is a sequence(an) in E satisfying an ↓ 0 and d(xn,x)≤ an for all n.

Definition 7. [6] A sequence(xn) is called E− Cauchy sequence whenever there exists a sequence(an) in E such that

an ↓ 0 and d(xn,xn+p)≤ an holds for all n and p.

Remark.[6] A vector metric spaceX is calledE−complete if eachE−Cauchy sequence inX, E−converges to a limit in

X.

There are the following properties;

If xn
d,E
→ x, then

(i p) The limit x is unique,

(ii p) Every subsequence of(xn) E−converges tox,

(iii p) If also yn
d,E
→ y, thend (xn,yn)

◦
→ d (x,y) .

WhenE = R, the concepts of vectorial convergence and convergence in metric are the same. When alsoX = E andd is

the concepts of absolute valued vector metric, vectorial convergence and convergence in order are the same. When

E = R, the concepts ofE-Cauchy sequence and Cauchy sequence are the same.

Remark.[6] It is well known thatR2 is a Riesz space with coordinatwise ordering defined by(x1,y1) ≤ (x2,y2) ⇔

x1 ≤ x2 and y1 ≤ y2 for (x1,y1) , (x2,y2) ∈ R
2. Again R

2 is a Riesz space with lexicographical ordering defined by

(x1,y1) ≤ (x2,y2)⇔ x1 < x2 or x1 = x2, y1 ≤ y2. Note thatR2 is Archimedean with coordinatwise ordering but not with

lexicographical ordering.

Remark.[6] If E is a Riesz space anda≤ kawherea∈ E+, k∈ [0,1), thena= 0.

Definition 8. [12] Let S be a non-empty set and let{Tα}α∈J be a family of self mappings on S and J an indexing set. A

point u∈ S is called a common fixed point for a family{Tα}α∈J if and only if u= Tαu for each Tα .

c© 2018 BISKA Bilisim Technology



NTMSCI 6, No. 4, 60-66 (2018) /www.ntmsci.com 62

3 Main results

Theorem 1.Let X be an E-complete vector metric space with E is Archimedean. Suppose the mapping T: X →X satisfies

the following condition for all x,y∈ X and a constantα ∈ [0, 1
2)

d (T(x),T(y))≤ α(d (T(x),x)+d (T(y),y)). (1)

Then T has a unique fixed point in X and for any x∈ X, the iterative sequence Tnx converges to the fixed point.

Proof. Let we takex0 ∈ X. Define the sequence(xn) by x1 = T(x0),x2 = T(x1) = T2x0, ...,xn+1 = T(xn) = Tn+1x0, ...

Then we have

d (xn+1,xn) = d (Txn,Txn−1)≤ α(d(Txn,xn)+d(Txn−1,xn−1)) = α(d(xn+1,xn)+d(xn,xn−1)).

Sod(xn+1,xn)≤
α

1−α d(xn,xn−1) whereβ = α
1−α . For n, m

d (xn,xm)≤ d (xn,xn−1)+d(xn−1,xn−2)+ · · ·+d(xm+1,xm)≤ (β n−1+β n−2+ · · ·+β m)d(x1,x0)≤
β m

1−β
d(x1,x0).

Now sinceE is Archimedean then(xn) is anE−Cauchy. By theE−completeness ofX, there isz∈ X such thatxn
d,E
→ z.

Hence there exists(an) in E such that(an) ↓ 0 andd(xn,z)≤ an. Now we show thatz is a fixed point ofT.

d (Tz,z) ≤ d(Txn,Tz)+d(Txn,z)≤ α(d(Txn,xn)+d(Tz,z))+d(xn+1,z)

thend(Tz,z) ≤ α
1−α (d(Txn,xn)+d(xn+1,z)). This impliesTz= z. Soz is a fixed point ofT. Now we takew is another

fixed point ofT, thend (z,w) = d(Tz,Tw) ≤ α(d(Tz,z)+d(Tw,w)) = 0. Thusz= w. Therefore the fixed point ofT is

unique.

Remark.The Banach contraction mappings are known to be continuous.But generalized contraction mappings are not

continuous, generally. The following example was given in complete metric spaces which areE−complete vector metric

spaces. As a result, it can be said that the Kannan’s mappingsare not necessarily continuous.

Example 1.Let E =R2 with coordinatwise ordering (sinceR2 is not Archimedean with Lexicographical ordering, then

we can not use this ordering) andX = [0,3] be the set of real numbers with the metricd(x,y) = k | x− y |, l | x− y |),

k, l > 0. DefineT : X → X by

T(x) =

{

x
5, i f x ≤ 2
x
3, i f 2< x≤ 3

.

Forx,y∈ [0,2] we have

d (Tx,Ty) = (k | Tx−Ty |, l | Tx−Ty |) = (k |
x
5
−

y
5
|, l |

x
5
−

y
5
|) = (

k
5
| x− y |,

l
5
| x− y |).

k> 0 andl > 0, so k
5 > 0 and l

5 > 0. Hence

d(Tx,Ty) = (
k
5
|x−Tx+Tx−Ty+Ty|,

l
5
|x−Tx+Tx−Ty+Ty|)

≤ (
k
5
| x−Tx |+

k
5
| Tx−Ty |+

k
5
| Ty− y |,

l
5
| x−Tx |+

l
5
| Tx−Ty |+

l
5
| Ty− y |)

≤
1
5
[d(x,Tx)+d(Tx,Ty)+d(y,Ty)].
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Thusd (Tx,Ty)≤ 1
4[d(x,Tx)+d(y,Ty)] thend (Tx,Ty)≤ 1

2[d(x,Tx)+d(y,Ty)].

Similarly we get that the same inequality holds for other cases ofx,y. But T is not continuous.

Theorem 2.Let X be an E-complete vector metric space with E is Archimedean. Suppose the mapping T: X →X satisfies

the following condition for all x,y∈ X

d (T(x),T(y))≤ k(x,y)d(x,y)+ l(x,y)d(x,T x)+m(x,y)d(y,Ty)+n(x,y)[d(x,Ty)+d((y,Tx)]. (2)

Here take k, l ,m,n : X×X → [0,1) are functions such that

α = sup{k(x,y)+ l(x,y)+m(x,y)+2n(x,y) : x,y∈ X}< 1 (3)

then

(a) T has a unique fixed point

(b) Tnx
d,E
→u as n→ ∞, for each x∈ X

(c) d(Tnx,u)≤ αn

1−α d(x,Tx).

Proof.Let we takex∈ X. Define the sequence(xn) by x0 = x, x1 = Tx0, x2 = Tx1, ...,xn+1 = Txn, .... From 1,

d(xn,xn+1) = d(Txn−1,Txn)≤ k(xn−1,xn)d(xn−1,xn)+ l(xn−1,xn)d(xn−1,xn)

+m(xn−1,xn)d(xn,xn+1)+n(xn−1,xn)[d(xn−1,xn+1)+d(xn,xn)]

or

d(xn,xn+1) = d(Txn−1,Txn)≤ k(xn−1,xn)d(xn−1,xn)+ l(xn−1,xn)d(xn−1,xn)

+m(xn−1,xn)d(xn,xn+1)+n(xn−1,xn)d(xn−1,xn+1). (4)

By the triangle inequality, we obtain that

d(xn−1,xn+1)≤ d(xn−1,xn)+d(xn,xn+1)

Therefore,

d(xn,xn+1)≤ d(xn−1,xn)+d(xn,xn+1)≤ 2max{d(xn−1,xn), d(xn,xn+1)}. (5)

From 3 and 4.

d(xn,xn+1)≤ (k+ l +m)max{d(xn−1,xn),d(xn,xn+1)}+2nmax{d(xn−1,xn),d(xn,xn+1)}.

Then

d(xn,xn+1)≤ α max{d(xn−1,xn)+d(xn,xn+1)}.

Sinceα < 1, then

d(xn,xn+1)≤ αd(xn−1,xn). (6)

By inductivity, we get

d(xn,xn+1)≤ αd(xn−1,xn)≤ α.αd(xn−2,xn−1)≤ ·· · ≤ αnd(x,T x). (7)
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Since a vector metric has triangle inequality, form> n we obtain

d(xn,xm)≤ d(xn,xn+1)+d(xn+1,xn+2)+ ...+d(xm−1,xm).

From7

d(xn,xm)≤ d(xn,xn+1)+d(xn+1,xn+2)+ ...+d(xm−1,xm)

≤ αnd(x,Tx)+αn+1d(x,Tx)+ ...+αm−1d(x,Tx)

≤
αn

1−α
d(x,Tx).

Now sinceE is Archimedean then(xn) is anE−Cauchy. By theE−completeness ofX, there isz∈ X such thatxn
d,E
→ z.

Hence there exists(an) in E such that(an) ↓ 0 andd(xn,z)≤ an.

Now we show thatz is a fixed point ofT. From1 and2

d(Tz,Txn)≤ k(z,xn)d(z,xn)+ l(z,xn)d(z,T z)+m(z,xn)d(xn,Txn)+n(z,xn)[d(z,Txn)+d(xn,Tz)]

≤ [k(z,xn)+ l(z,xn)+m(z,xn)+2l(z,xn)]max{d(z,xn), d(z,T z),d(xn,xn+1), d(z,xn+1),d(xn,Tz)}

≤ α max{d(z,xn),d(z,T z), d(xn,xn+1), d(z,xn+1),d(xn,Tz)}.

Then we obtaind(Tz,z)≤ αd(z,T z). Sinceα < 1, thend(Tz,z) = 0 and henceTz= z.

Now, let we show uniqueness. Assumex,y∈ X andx 6= y are two fixed points ofT. From1, then

d(x,y) = d(Tx,Ty)

≤ k(x,y)d(x,y)+ l(x,y)d(x,T x)+m(x,y)d(y,Ty)+n(x,y)[d(x,Ty)+d(y,Tx)]

≤ [k(x,y)+2n(x,y)]d(x,y)

≤ αd(x,y),

sinceα < 1, thend(x,y) = 0 sox = y. Sincex ∈ X was arbitrary, then foran ↓ 0, d(xn,z) ≤ an we conclude that(b)

holds.

To show(c) takingd(xn,xm)≤
αn

1−α d(x,T x) asm→ ∞ and making use of Lemma 1, we obtaind(Tnx,u)≤ αn

1−α d(x,Tx)

for all n.

Proposition 1.T is a generalized contraction mapping on a E−complete vector metric space satisfying

d(Tx,Ty)≤ α max{d(x,y),d(x,Tx),d(y,Ty),
1
2
[d(x,Ty)+d(y,Tx)]}

whereα ∈ (0,1) and x,y∈ X. Then T has a unique fixed point and at this point it is continuous.

Proof.From above theorem we know thatT has a unique fixed point. Let we takez∈X and{yn}⊆X, be such thatyn
d,E
→ z.

Hence there exists(an) in E such thatan ↓ 0 andd(yn,z)≤ an. From1, we have

d(Tyn,Tz)≤ α max{d(yn,z),d(yn,Tyn),d(y,Ty),
1
2
[d(yn,z)+d(z,Tyn)]} ≤ αd(yn,z)+αd(Tz,Tyn)
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or

d(Tyn,Tz)−αd(Tz,Tyn) ≤ αd(yn,z)⇒ (1−α)d(Tz,Tyn)≤ αd(yn,z)

⇒ d(Tz,Tyn)≤
α

(1−α)
d(yn,z)≤

α
1−α

an. (8)

From8 and above Remark thenTyn
d,E
→ Tz. ThusT is continuous at a fixed point.

Theorem 3.Let X be an E−complete vector metric space with E is Archimedean and{Ti}i∈J is a family of self mappings

of X. If there exists a fixed j∈ J such that for eachα ∈ J, there exists a fixed j∈ J, for someα = α(i) ∈ (0,1) and all

x,y∈ X, we have

d(Tix,Tjy)≤ α max{d(x,y),d(x,Tix),d(y,Tj y),
1
2
[d(x,Tj y)+d(y,Tix)]}· · · . (9)

Then all Ti have a unique common fixed point, which is a unique fixed point of each Ti , i ∈ J.

Proof.Let we takei ∈ J andx∈ X. Define the sequence(xn) by x0 = x, x2n+1 = Tix2n, x2n+2 = Tix2n+1, n≥ 0. From7,

d(x2n+1,x2n+2) = d(Tix2n,Tjx2n+1)

≤ α max{d(x2n,x2n+1), d(x2n,x2n+1), d(x2n+1,x2n+2),
1
2
[d(xn,x2n+2)+d(x2n+1,x2n+1)]}.

Since d(x2n,x2n+2)≤ d(x2n,x2n+1)+d (x2n+1,x2n+2) . Then

1
2

d(x2n,x2n+2)≤
1
2
[d(x2n,x2n+1)+d(x2n+1,x2n+2)]≤ max{d(x2n,x2n+1),d(x2n+1,x2n+2)}

we haved(x2n+1,x2n+2)≤ α max{d(x2n,x2n+1),d (x2n+1,x2n+2)}. Hence asα < 1, d(x2n+1,x2n+2)≤ αd(x2n,x2n+1).

Similarly, we obtain thatd(x2n,x2n+1)≤ αd(x2n−1,x2n). For anyn≥ 1,

d(xn,xn+1)≤ αd(xn−1,xn)≤ α2d(xn−2,xn−1)≤ ·· · ≤ αnd(x0,x1).

Thus from1 and since a vector metric has triangle inequality form> n we obtain

d(xn,xm)≤ d(xn,xn+1)+d(xn+1,xn+2)+ · · ·+d(xm−1,xm)≤ αnd(x0,x1)+αn+1d(x0,x1)+ · · ·+αm−1d(x0,x1)

≤ (αn+αn+1+ · · ·+αm−1)d(x0,x1)≤
αn

1−α
d(x0,x1). (10)

Now sinceE is Archimedean then(xn) is anE−Cauchy. By theE-completeness ofX, there isz∈ X such thatxn
d,E
→ z.

Hence there exists(an) in E such thatan ↓ 0 andd(xn,z)≤ an. From(vii), we get

d(Tjz,x2n+1) = d(Tjz,Tix2n)≤ α max{d(z,x2n),d(z,Tj z),d(x2n,x2n+1),
1
2
[d(z,x2n+1)+d(x2n,Tjz)]}. (11)

By (x) and Lemma 1 we obtaind(Tjz,z) ≤ αd(z,Tj z). Therefore,d(Tjz,z) = 0 and soTjz= z. Now, we prove thatz is a

fixed point of all{Ti}i∈J, let i ∈ J be arbitrary. Then from 6 withx= y= z= Tjzwe have

d(z,Tiz) = d(Tjz,Tiz)≤ α(i)max{d(z,Tiz),
1
2

d(z,Tiz)}

and soTiz= z. Therefore allTi have a common fixed point.
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For uniqueness we suppose thatw is another fixed point ofTj . Thenw is a common fixed point of all{Ti}i∈J. Thus from

7, d(z,w) = d(Tjz,Tiw)≤ αd(z,w) andw= z. Hencez is a unique common fixed point of all{Ti}i∈J.
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