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Abstract: In this paper we define the concept of functions of boundedrekp(-)-variable variation. Further we obtain some relation
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1 Introduction

The concept of functions of bounded variation first appearedpaper by Camile JordaBb][in 1881 while dealing with
the convergence of Fourier series. He established theéam$hip between the functions of bounded variation and the
monotonic functions. Since then this topic has attractedarchers studying mathematical analysis all across thiel wo
and a number of extensions has been given in many direcfidres first generalization is the functions of bounded
p-variation given by Wienerl[4] which nowadays are widely being accepted as the definitieengn the Wiener sense.
L.Young [15 in 1937 further generalized this to the functions®fvariation on a closed intervéd, b]. De La Valle
Poussin 8] took this concept in a very different direction. He intr@guthe notion of bounded second variation on a
closed interval and obtained relationship between thetfoms of second bounded variation with the convex functions
A.M. Russel and C.J.F. Uptori ] obtained the functions of bounded secgmatariation(1 < p < ) in the sense of
Wiener. It is important to mention here that all of the aboeaeralization of the function of bounded variation were
motivated by their applications in several different aresnathematics few of which are Fourier analysig][ [13],
operator theory]],[4] calculus of variation, geometric measure theory and nmatiieal physics.

For decades, modular space has been an active area of repgararily due, to its very rich in structure besides being a
Banach space. Recently a new modular space call the vatiab&sgue space is being developed which generalizes both
Orlicz and Musielak Orlicz space. Although it has its orifiom 1931 in the work of Orlicz. However serious work on
this space began after the fundamental paper by Kovacik akddrk [/] in 1991.

Recently Rene Erlin Castillo, Nelson Merentes and HumbB#éeiro P] further extended the notion of function of
boundedp-variation to function of boundeg(-)-variable variation. Further in 2016 George Kakochasvili &halva
Zviadadze §] studied functions of bounded Riegz-)-variation. In this paper we have extended the concept ofibed
secondp-variation defined by Merentes§][to the variablep(-)-variation and using certain concepts from the variable
Lebesgue spaces we have partially generalized certaitg@saved forp-variation and bounded secopelvariation.
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2 Premilinaries

We shall begin this section with some basics and definitidnanable Lebesgue space, function of bounded variation
and there generalizations which will be used through thiepa

First we begin with a brief introduction to the variable Lebae space. Lt : [a,b] — [1,%) be a measurable function
such that

p* = esssuRapP(x) and p. = essinfe(ayP(X) &
Denote byLPX™ [a.b], the collection of all measurable functiorfs: [a,b] — R such that for som& = A(f) > 0,
IL"’E{)] /\1) < 0, wherel }[;,'t))] is the modular function defined by

b
= [11001Pax )

This is a linear space and is a Banach Spaces with respe& tugemburg norm defined by

i b [ F
|\f||Lp<_)[a,b] =inf {)\ >0: Ip(,) (A) < 1} (3)
For a givenp: [a,b] — [1,), we define the conjugate exponent function by

11
p(x)  a(x)
Note that here we do not allow eithpfx) or g(x) to tend to infinity and so we also exclude the tendency of eitfye) or
g(x) to 1. Thus we always assume that

=1, xe[ab] (4)

1<p'<p(X) <p<eo and 1<q <q(X) <G <o
Now for any partition ofia, b] of the form
Tia=X<y1<z <X <Y2<2<X < <Y<z <X =b with Qx= (X, X1)- )
Define

11l e ot
Po. Qx| /o P(X) Goc 1l Jocax)

wherep(-) andq(-) are conjugate functions. We further define the discretetitgilLebesgue space denoted By~ (see
[6]) by

(6)

P02 = {{XQk}le:Z : Z |XQ|<|@Qk < +°°} (7)
e2

and is equipped with the Luxemburg’s norm
"< 1},

where we have denote@ = {Q} to be a partition of the form3). Note that{eq}. o, is the canonical basis of the
discrete variable Lebesgue space wheybas 1 at the inde® and 0 otherwise.

XQ«

A

1X[[,p0).2 = inf{)\ >0: Y

Qe2
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Also for a functionp: [a,b] — [1,) and its conjugate functioq: [a,b] — [1, ), we have the Holder’s inequality as

S %Yol <ClIXllpo.2 [Yllao.2, x€1P02, yel9h2 (8)

Qke2
Now before we begin our main section, we shall go through soafiaition of functions of bounded variations

Definition 1. Let f: [a,b] — R be a function. Then for a partition
ma=X <X <X<:--<X_1<X =Db

of [a,b], define
n-1

V(f:[a b)) =supY |f(xet) — T, (9)
T k=0

where supremum is taken over all partition®f the interval[a,b]. If V(f : [a,b]) < e, then f is said to be a function of
bounded variation offia, b]. We denote the collection of all functions of bounded vanaon [a, b] by BV(f : [a,b]).

In 1973 N. Wiener 14] further introduced functions of boundgsvariations (1< p < ») on an intervala, b].

Definition 2.[14] A function f: [a,b] — R is said to be a function of bounded p-variatianr{ p < «) in the sense of

Wiener iff
n—1

Vp (fr[ab]) =sup [f(xr1) — F(4)|P < oo, (10)
=
where supremum is taken over all partitiomgiven by
M a=X <X <X<-<X_1<X =Db

of [a,b]. We denote the collection of all functions of boundedariation(1< p < «) in Wiener sense oveda,b] by
BVy' (f : [a,b])

Definition 3.[1]] Let f: [a,b] — R be a function. Then for a given partition
MT=a=X <X <X<--<Xy=Dhb

of [a,b], define
n-1 . p
(f:[a,b]) = sup | (Xr1) f(p>ik1)|
T 1 — X

Vr

' (1< p<w), (11)

where supremum is taken over all partitiarof [a, b]. Now, if \; (f : [a,b]) < e, then we say that f is a function of bounded
Riesz p-variation orja, b] and we take BY(f : [a,b]) to be the collection of all function of bounded Riesz p-vizsia
(1< p<w)onab].

George Kakochashvili,Shalva Zviadad# fecently in 2016 introduce the concept of functions of baesh Rieszp(-)-
variable variation ora, b].

Definition 4.[6] Let p: [a,b] — [1,») be a measurable function. Then a function[d, b] — R is said to be a function of
bounded Riesz(p-variable variation onfa, b], if

D(f) = supy L Kert) = F (x0) P

= Rl L

o, (12)
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where supremum is taken over all partition[afb] given by
M=a=X <X <X<--<X=Db

of [a,b] with Q¢ = (Xky1 — Xk) -
We denote the collection of all function of bounded Rigg¢2-variable variation ofa, b] by BV, [a, b].
BVpey (f 1 [a,b]) = {f :[a,b] = R :D(f) < oo}.

De la Valle Poussing] studied the class of all functions of bounded second vianats follows.

Definition 5.[3] For a partition 7 of the formm:a=X, <21 <y1 <X < -+ < X%n—1 < Zy < yn < Xn = b of [a,b]. A
function f: [a,b] — R is said to be of bounded second variation[asb, if

V2( _ Sup%‘ Xk+l Zk+l) . f(yk+l) _ f(Xk) < oo, (13)
% Xk+1 — Zk+1 Yi+1 — Xk

We denote the collection of all such function by?By/ b
i.e, BV3(f:[ab])={f:[ab] -»R:V3(f:[ab]) <o}.

Merentes in his papeB] studied functions of bounded Rieép, 2)-variation on[a, b] and proved that if : [a,b] — R is
a function of boundedp, 2)-variation(1< p < ), thenVj (f : [a,b]) = || fN”‘LJp[a,D where||- HL |s theLp norm of the

function f andvg(f : [a,b]) is defined as follows.

Definition 6.[8] Let f: [a,b] — R be a function withl < p < . For a givenrt partition of the form

Ma=X<z<y1<X<--<X-1<Zn <Yn <X =Db, (14)
define
_ _ p p—1
Vp ( [a b _ Supz (Xk+l) f(zk+l) (yk+l) f(Xk) ( 1 ) , (15)
Xi4+-1 — Zk+1 Yi+1 — Xk X1 — X

where supremum is taken over all partitienof the form (4) over the intervalla,b]. We say that f is a function of
bounded Riestp, 2)-variation on|a, b] if Vg(f : [a,b]) < ». We denote by Bb%(f : [a,b]) the collection of all functions
such that ¥ (f : [a, b]) < eo.

3 Main result

In this section, we shall begin with our definition of boundextondp(-)-variable variation orfa,b] and prove some
results.

Definition 7. Let p: [a,b] — [1,) be a measurable function such thdt< c. For a partition it of [a, b] given by
T:a=X%<Y1<z1<X1<Y2<2<X< <Y<z <X =b with Q<= (X, Xk+1)- (16)

We define the class of all functions [, b] — R which are of bounded second:pvariable variation as follows.
Let

fe] = } Ohert) = (@) ) = Flxg [P 1
X1 — Zet1 Yicr1 — Xk | Qx| P«
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and
D?(f) = suppj, [f : 77T,
e

where supremum is taken over all the partitions of the form (6). We say that f is a function of bounded second
p(-)-variable variation on[a, b]. We denote the set %P) (f : [a,b]) to be the collection of all those functions for which
D2(f) < co.

ie BD ) (f:[ab])={f:[ab]—R:D*(f) <o}

RemarkEvery constant functioffi : [a,b] — R are elements (BD%(_) (f:[ab])

Example 1.Let f : [a,b] — R be a real valued function given byx) = ax+ 3 for some fixed reals andf3. Then clearly
D?(f) < 0. Thusf € BD%(,) (f :[a,b])

Remarklf p(x) = p,V x e [a.b], then the class of all functiorBD%(,) (f : [a,b]) coincides with the class of functions of
Riez{p, 2) variation on[a, b] which we have denoted tB’D%(f :[a,b])

Remarklf p(x) =1,V xe€ [a.b], then the class of all functior&D%(,) (f : [a,b]) coincides with the class of functions of
bounded second variation defined by De la valle Pous$iwliich we have denoted V2 (f : [a, b)).

Theorem 1.Let p: [a,b] — [1,0) be a measurable function such titat p, < p* < o. If D?(f) < =, then the function
f is of bounded second variation ¢e b], and

V(1 :[ab]) < (D)) % [b—al 17)
Proof. Consider a partitiom* of [a,b] as
Tia=X<1<z2<Xx<Y,<<X<<Yn<zZ<Xn=b
with Qx = (X, Xk+1) - Then by Holder’s inequality, we have

n-1

2

ﬁ g
% Q| "X
1

FOr1) = FZga) — Flkea) = F(x)

f(Xi1) = F(Za)  F¥iga) — F(X) _

‘ n-1

Xi+1 — Zet+-1 Yi+1 — Xk & Xi+1 — Zet+-1 Yi+1 — Xk |Qk|175QT<
<c (f(Xk+1) —f@e1) i) — f(Xk)> 1 {IQKIE‘;T}
= _ 1 )
Xic+1 — Zet1 Yier1 — Xk |Qk|l P P02 Q€2 ja().2

whereq: [a,b] — [1,) is the conjugate exponent.
SinceD?(f) < w,without loss of generality we may assume tBatf) > 1, so that

n—-1

13;
k=

_ 1 7 Pok
1)~ F @) Fen) — 6| 1 L) R
k; +1 +1 k+1 ‘ ( > ]

Poc 1 1
Qi Pt D2()

FOi1) = Fzcs) — Flkra) = F()

Xk+1 — Zk+1 Yi+1 — Xk

> _
- Xi+1 — Zk+1 Yir1 — Xk -5 \D2(f)

L Q| "

_ N ﬁQk
> ”f FOrs) ~ F@ar)  FOan) - f(x@\ 1 ( 1 \»
T & X1 Ze Vi1 — Xk |Qk|1fﬁé—k D?(f)

© 2018 BISKA Bilisim Technology


www.ntmsci.com

50 BISKA R. Tundup, A. Sharma and K. Sharma: On bounded second R{eseariable variation

So that
f —f f — (X 1 1
( (Xk+l) (Zk+l) _ (yk+l) ( k)> - < (Dz(f)) Ds (18)
X1 — Zer1 Y1 — Xk 0 |1*55
K xe2]1p()
Further we see that
1
||{|Qk|“°k} <|b—af¥ (19)
&E2]|1a0), 2
Thus from equation1(8) and (L9), we get
' Xk+l Zk+l) B f(Yk+1) — f(Xk) ‘ < (Dz(f))p_l* |b* a|qi* (20)
; X1 — Zet1 Yk+1— Xk h
Taking supremum over all such partitions|afb], we get
1 i
V2(f:[ab]) < (DX()) P |b—a[T (21)

Now using Theorem with Theorem 1.13], we have the following corollary

Corollary 1. Let p: [a,b] — [1,%) be a measurable function such tHat p, < « and1 < g* < c. If D?(f) < o, then f
is absolutely continuous da, b] and f can also be expressed as a difference of two convexdonct

Theorem 2. Let p: [a,b] — [1,0) such thatl < p, < p* < . If D?(f) < o, then first derivative of f exists for every
X € (a,b).

Proof. SinceD?(f) < o implies thatv?(f : [a, b]) < o by Theorenil. Then the existence of the right-hand derivative and
left hand derivative is evident from the fact thfatan be express as a difference of two convex function. Thkduproof
can be done in a similar way as was done for fixed fi < «.(see B])

Theorem 3.Let p: [a,b] — [1,») be a measurable function such thiat: p. < p* < . If D?(f) < w0 and ' € Lp- [a,b],
then f € BV, [a,b] and f'is absolutely continuous. Moreover

P 2 p
[ Ly ab < D7(F) < rpr”HLp*[a,b] (22)
Proof. Let us consider the partition
T a=X<y1<z<x<Y2<2<X<--<¥n<Z<X=b
with Q= (Xk7xk+l).
We take smalh > 0 such thah < min{@, %, e %} . Then by the definition ob?(f) < o, we have
n—1 ¢
f(Xerr) — F(p1—h)  F(xe+h) — F(x) [P 1
% ( +1) h( K+1 )7 ( I‘)] ( k) — Dz(f) (23)
= | Q[

Also sinceD?(f) < « and so by Theorer, we see that derivative df exists at each point< (a,b). Thus taking limit
h — 0 in equation23), we get

L (24)

n-1 i
F (1) — /(%) | P —=— <
kZO| | QP!
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This shows that’ is absolutely continuous and now taking supremum on RHS wéon @4) over all such partitions of
[a,b], we have

n-1 o
sup |/ (Mepa) — /(%) P D?(f)
™ k=0

- = a1 <
QP

ie D(f')<D?(f) <o (25)

Thus we find that’ € BV, [a,b] . Further by embedding in the variable lebesgue space weffavd ., [a,b] and
-a
[117601P¥dx < D(F)
Jb

see B, Theorem 3.1].

So that
p(x) p(x)
a f// a f// 1 a
/ 1 k) < / P ax) = ,</ If”(X>|p(X)dX)§1-
> | D(fr) > [ty D) A
Thus
a £ p(X)
/ T dx| <1
b D(f/)ﬁ

Thus by the definition of Luxemburg’s norm on variablg  [a, b| space, we find that

1
|| f”HLp<,)[a7b] <D(f")ps
So that
Ps
£ Ly lab] = D(f") (26)
From equationZ5) and @6), we find that
P 2
7115, ey = D(F)- (27)

Next sincef’ is absolutely continuous and hence continuous. So by meaa theeorem, we can always find sotp&nd
S such thatg <ty < Ykr1 andzc 1 < s < X1 fork=0,1,2,3---(n—1) and
f —f f —f
(Xcr1) — f(Zcr1) — '(t) and (Vicrs) — F (%)

= f 28
X+l — Lt Yir1 — Xk (S) (28)

So by Holder’s Inequality, we have

FOen) = F(Ban)  F(hen) = F0%)

X1 — Zet+1 Y1 — Xk

[ x - oL 1 r’Qk
<r, <{/ )P )™ o’ )
v X

X 5 —1)p
rp{/ H“”(Z)‘kadZ}(XkJrlXk)(l Poi /P

Xk

p {./X‘:k*l ‘ f/I(Z)‘ P d(} (X1 — Xk) P, —1

IN

IN
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So that

’ f(%i1) = F(Zrn)  FlWken) — F(X)
X1 — Zet+1 Y1 — Xk

o] 1 Nl | N
k (Xk+1*Xk)f’Qk*1 = rp{-/xkk ‘f (Z)‘pok dZ} (29)

Now taking summation on both the sides of equati2g),(we get

n—-1

Fe1) = F(aen)  Flien) — F) P 1
2,

Xk+1— Zk+1 Yi+1 — Xk

n-1 Xic+-1 &
o / £(2)|Pxd
—1 pk; ” | (Z)| Z

(X1 — %) %

b Sk
<rp [ 10" &

.
= rprNHEp*[a,b]

D2(f) <rp||f” (30)

p*
HLp* [a,b]
Hence from equatior2(?) and @0), we finally get

Hf//’ SDZ(f)SrprN

P H p*
Lp<,) [a,b] Lp* [a,b]
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