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Abstract: In the papeiOn Irresolute Topological Vector Spaces, Advances in Pure Mathematics, 06(2016), 105-112, Kharl giel
state an Example 3, ‘Consider the fiéld= R with standard topology oR. Let X = R be endowed with the topologygenerated by
the basg8 = {0,X}U{(a,b),[0,c) : a,b,c € R}. Then(R ), T) is an irresolute topological vector space’ but this is falsehis paper,
a valid refutation of this example is provided. A generalutesoncerning this error is presented. Some new propesfi@sesolute
topological vector spaces are investigated.
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1 Introduction

The concept of semi-open sets in topological spaces waatEwdy Norman Levine [3] in 1963. He defines aSat a
topological spacX to be semi-open if there exists an openein X such thaty C SC CI(U); or equivalently, if
SCCI(Int(9)), whereCl(U) andInt(U ) denote the closure &f and the interior olJ, respectively inX. Every open set
is semi-open but the converse is not true, in general. Theptwnent of a semi-open set is called semi-closed; or
equivalently, a seBin a topological spac¥ is semi-closed ifnt(Cl(S)) C S. The intersection of all semi-closed sets in
a topological spac¥ containing a subs& C X is called the semi-closure &[1] and is denoted bgCl (S). It is known
that a seSin a topological spac¥ is semi-closed if and only 5= sCI(S). A pointx € sCI(S) if and only if SNU # 0
for each semi-open skt in X containingx. The union of all semi-open sets ¥ithat are contained in a subseC X is
called the semi-interior o5 and is denoted byglnt(S). It is known that a seS in X is semi-open if and only if
S=sdInt(S). A point x € X is called semi-interior point of a subs8tof X if there exists a semi-open sét in X
containingx such that) C S. A subsetSof a topological spac¥ is called a semi-neighborhood of a poknf X if there
exists a semi-open setin X suchthake U C S,

Utilizing the concept of semi-open sets in the sense of leevin 2016, M.D. Khan and M.A. Igbal [2] defined the
irresolute topological vector spaces as follows.

Let X be a vector space over the fidtd whereF =R or C with the usual topology. Let be a topology orX such that
the following are satisfied:

(i) foreachx,y e X, and each semi-open neighborh&@f x+yin X, there exist semi-open neighborhottlandV
of x andy, respectively inX such thatt +V C W and

(ii) for eachA € F,x € X and each semi-open neighborhadf A .x in X, there exist semi-open neighborhoatsf
Ain F andV of xin X such thaty.v CW

Then the pai(X), T) is called an irresolute topological vector space.
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Along with the definition of irresolute topological vectgpaxes, M.D. Khan and M.A. Igbal studied several of their
properties and gave a few examples of them. Among them, deajfppExample 3] is false. In this paper, a valid
refutation of this example is provided. A general resulta@ning this error is proved. Some new depths of irresolute
topological vector spaces are investigated.

2 Error

This is Example 3 of the published paper [2]: Consider thalfie= R with standard topology ofr. Let X = R be
endowed with the topology generated by the bage= {0, X} U{(a,b),[0,c) :a,b,cc€ R}. Then(R ), T) is an irresolute
topological vector space.

3 Refutation of example 3 of [2]

The example [2, Example 3] is not irresolute topologicalteespace because, for semi-open\set [0,1) in X =R
containing 0= —1.0 (-1 € F =R, 0€ X = R), there do not exist semi-open seétsin F = R containing—1 andV in
X =R containing 0 such thdd.V C [0,1), since the sets of the form [a,0] or (a,0] are not semi-opeX wmherea is
negative real number.

Alternatively, Consider the s& = [—2,—1] in X = R. ThenA is semi-open set iX. If [2, Example 3] is an irresolute
topological vector space, then, by theorem [2, Theoren82},1+ A= [—1,0] is semi-open set iXX which is not true
becaus€l (Int(B)) = [—1,0) does not contaii.

In fact, the above reasoning paves the way for a more geresyalkr

Proposition 1. If T is any topology on the real vector space X = R such that 1, C 7, where 1, is the usual topology, then
(X(r), T) isnot an irresolute topol ogical vector space.

Proof. Suppose thatX ), ) is an irresolute topological vector space. Choicely, abersh € T such thatA ¢ 1y. Then
the second condition of the definition of irresolute topadadvector spaces forces thatmust be an interval whereby
the following cases arise:

Case (I) IfA=[a,b).

In this case, considd = [x,y] andz=a—y in X, for some appropriate y € X. Then we see tha is semi-open but
z+ B is not semi-open (otherwise, must be lower limit topology oiX = R which do not satisfy the conditions of the
definition of irresolute topological vector spaces). Anywaolation of translationally invariance of semi-operisses
found which irresolute topological vector spaces canrletébe.

Case(ll) IfA= (a,b].
The same line of reasoning as in case (l) rule out this casets w

Case () IfA=[a,b].

Consider a semi-open sBt= [x,y|, for some suitable,y € X such thaB ¢ 71 (this is possible, otherwise must be the
discrete topology). Let = a—y be an element oK. We will see thaBB is semi-open buz+ B = [a+ x—y,a] is not
semi-open.

Hence, we observe th@Kr), T) does not preserve the depths of an irresolute topologicabwepace. Therefore, our
assumption is wrong and thereby the assertion follows.
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From here on, we simply writ¥ for an irresolute topological vector spacér), ) and by a scalar, we mean an element
of the topological field-.

Theorem 1. Let A be any subset of an irresolute topological vector space X. Then the following statements hold:

(1) x+ CI(A) = Ll (x+A) for any x € X.
(2) CI(AA) = ACI(A) for any non-zero scalar A.

Proof. (1) Lety € Cl(x+ A). Considerz= —x+y and letW be any semi-open set M containingz. Then by the
definition of irresolute topological vector spaces, thetistesemi-open setd andV in X such that-xe U, y e V and
U+V C W. This results in (x+ ANV # 0 and hence there isa € (x + A) NV. Now
—x+acAnU+V) C ANW = ANW # 0. Consequentlyz € CI(A); that is, y € x+ CI(A). Therefore,
Cl(x+ A) C x+ CI(A). For the reverse inclusion, lete x+ sCI(A). Thenz= x+Y, for somey € Cl(A). LetW be any
semi-open neighborhood afn X. Then, there exist semi-open neighborhodddandV of x andy respectively inX such
thatU +V CW. Sincey € CI(A), ANV # 0. Considea € ANV. Thenx+a € (x+A)N (U +V) C (x+A) NW implies
(x+A)NW # 0. Consequently, € SCl (x+ A). Thereforex+ sCI(A) C CI(x+ A). HencesCl (x+ A) = x+ CI(A).

(2) Letye ACI(A). Theny = Ax, for somex € SCI(A). LetW be a semi-open neighborhoodyoih X. By definition of
irresolute topological vector spaces, there exist sereropeighborhoodsl of A in F andV of x in X such that
UV CW. Sincex € CI(A), there isa € ANV and therebyla € AAN(UV) C AANW = (AA)NW # 0.
Consequentlyy € sCI(AA). Thatis,AsCI(A) C CI(AA).

Next, letx € SCI(AA) and letW be any semi-open neighborhood %k in X. Then we get semi-open sdisin F
containing}\l andV in X containingx such thatU.V C W. Sincex € sCI(AA), there isa € (AA)NV and thus,
1a€ ANW = ANW # 0. This implies thattx € sCI(A); that is,x € ACI(A) = sCI(AA) C ACI(A). Hence the
assertion follows.

Theorem 2. For any subset A of an irresolute topological vector space X, the following statements hold:

(1) slnt(x+A) = x+sInt(A) for any x € X.
(2) sint(AA) = AsInt(A) for any non-zero scalar A.

Proof. (1) Letze sint(x+ A). Thenz= x+y for somey € A. By the definition of irresolute topological vector spaces,
there exist semi-open sets andV in X containingx andy respectively, such that +V C x+ A. This gives that
z=X+Yy€ex+V Cx+9nt(A). Thereforesint(x+ A) C x4+ sInt(A). Next, lety € X+ sint(A). Then—x+y € sint(A).
SinceX is irresolute topological vector space, there exist sepeirosetd) andV in X such that-x e U, y € V and
U+V CA =V Cx+A SinceV is semi-openy € sint(x+ A). This proves thax+ sint(A) C sint(x+ A). Hence the
assertion follows.

(2) Suppose that € AsInt(A). Then there exist semi-open setsn F containing/\i andV in X containingx such that
U.V Csint(A). This implies tha/ C AA. SinceV is semi-openx € sint(AA). Thus it follows that sint(A) C sInt(AA).
Next, if y € sint(AA), theny = Ax for somex € A. By the definition of irresolute topological vector spadb®re exist
semi-open neighborhood®) of A in F and V of x in X such thatUV C sint(AA). Consequently,
y=AX€ AV C AsInt(A). Hencesint(AA) = AsInt(A).

Theorem 3. For any semi-closed set A in an irresolute topological vector space X, the following are true;

(1) Int(Cl(x+A)) C x+ Afor each x € X.
(2) Int(CI(AA)) C AAfor each non-zero scalar A.
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Proof. (1) Suppose thag € Cl(x+ A) and letW be any semi-open set i containingz = —x+y. Then there exist
U,V € SO(X) such that—x € U, y e V andU +V C W. By assumption, there ia € (x+ A)NV. This gives
—x+ac€ANnU+V) CANW = ANW # 0. This shows thaz € CI(A) = A, i.e.,y € x+ A. This proves that
Cl(x+ A) = x+ Aand hencént(Cl (x+ A)) C x+ A.

(2) Suppose that € sCI(AA). Considery = Aix and letW be a semi-open set i such thaty € W. Then we get an
inclusionU.V C W for some semi-open set$ in F containing)\l andV in X containingx. By assumption, we have
(AA)NV #£0. So thereime (AA)NV. This gives%ae ANW. This reflects thay € sCI(A) = A = x € AA. This proves

thatA A is semi-closed and therefore the assertion follows.

The following is an improvement of Theorem 3.
Theorem 4.For any subset A of an irresolute topol ogical vector space X, the following are true:

(1) Int(Cl(x+A)) € x+sClI(A) for each x € X.
(2) x+Int(CI(A)) C CI(x+A) for each x € X.

Proof.

(1) LetAbe any subset of. ThensCl (A) is semi-closed set iK. In view of Theorem 3x+ sCI(A) is semi-closed ifX.
Thus it follows that nt(Cl (x+ A)) C x+ CI(A).

(2) SincesCl(x+ A) is semi-closed set iiX, by Theorem 3—x+ sCl(x+ A) is semi-closed set iX. Consequently,
Int(Cl(A)) C —x+Cl(x+A) = x+Int(CI(A)) C CI(x+A).

The analog of Theorem 4 is the following:

Theorem 5. For any subset A of an irresolute topological vector space X, the following are true:

(1) Int(CI(AA)) C ACI(A) for each non-zero scalar A.
(2) Alnt(CI(A)) C sCI(AA) for each non-zero scalar A.

Theorem 6. Let A be any semi-open subset of an irresolute topological vector space X. Then

(1) x+ACCI(Int(x+A)) for each x € X.
(2) AACCI(Int(AA)) for each non-zero scalar A.

Proof. A direct consequence of [2, Theorem 2].
A generalization of Theorem 6 is the following.

Theorem 7. For any subset A of an irresolute topological vector space X, the following are valid.

(1) x+sInt(A) C CI(Int(x+ A)) for eachx € X.
(2) Aslnt(A) CClI(Int(AA)) for each non-zero scalar A.

Proof. A simple consequence of [2, Theorem 2].
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