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Abstract: A slant helix is a kind of helix whose normal line makes a canstangle with a fixed direction. Due to the diversity of
the application areas of the slant helices, a lot of work tenkdone in recent years. In this paper, some charactengaif the slant
helices according to N-Bishop Frame in Euclidean 3- spaegiaen.
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1 Introduction

Helix is a special kind of curve used widely in many sciendiglays a particularly important role in the study of DNA
structure. In general, a curve is called a general helixsitangent vector makes a constant angle with a fixed certain
direction in space. The most prominent feature of the ol/kedilx is the constant rate of curvature and torsion. Theee a
various types of helices. For example, if both curvature tansion are fixed functions that are different form zeros thi
kind of the helix is called as a circular helix. If the curvais zero, then it indicates a straight line. If the torsiezéro,

it indicates a circle, and these form the special cases digliees. On the other hand, these helices types are cadled sl
helices if the principal normal vector makes a constantamgth a fixed certain direction. A lot of work has been done
on helices and slant helices until now. Kula and his colleageonducted some studies on the characterizations of the
slant helices and spherical indicatrix in 2005 and 2010JdK2005; Kula 2010]. Izumiya and his colleagues first defined
slant helices in 2004, [Izumiya, 2004]. With this study, tancept of slant helices was introduced into the literature
Recently, slant helices have begun to be examined with thedfehe Bishop frame, which is a different alternative
frame. This alternative frame appeared in 1975 by L. Bisfitye. Bishop frame which can be formed without the need for
a second derivative, is a frame parallel to the tangent véieid T and having more advantageous than the Frenet frame,
[Bishop, 1975]. Bukcu and his colleagues examined slalités in 2009 according to the Bishop frame, [Bukcil, 3009
In addition, Bukcu and Karacan reviewed the charactgdnaf slant helices according to Bishop frame in Minkowski
space in 2008 [Biikcil, 2008; Karacan 2008]. Kocayigit hisccolleagues also examined timelike curves accordinggo t
Bishop darboux vector and gave some characterizationsg§{@it, 2013]. A new type of Bishop frame named with Type-

2 Bishop frame in 2010 was created for the first time by 8m¥z and his colleagues, [¥az, 2010]. Later on, these
authors examined the new Bishop frame in Minkowski spaci#m@z, 2015]. Using the Type-2 Bishop frame, different
researchers have presented many studies until nowz8tug§ and his colleagues examined the slant helices aquptdi

the type-2 Bishop frame in 2013, [&ltud, 2013]. On the other hand, Uzunoglu and his friendeldefined a new frame

which include the vectov%N,C = %,W = ﬁ} in 2016, [Uzunoglu, 2016]. Keskin and his colleagues otdia
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different Bishop frame named N-Bishop frame by using this frame{N,C, W} produced by Uzunoglu [Keskin, 2017].

In our study, we obtained some characterizations of the slalices according to the N-Bishop frame were obtained.
Thanks to this study, we have introduced a different apgraacslant helices using N-Bishop frame. Some properties
of the slant helices have been obtained according to theadigs of the N-Bishop frame elements. Then, covariant
derivatives of N-Bishop elements and base characterirmti@re obtained.

2 Preliminaries

Frenet frame formulas describe the kinematic propertiesgrticle moving along a continuous and differentiableveur
in Euclidean 3-space. Serret-Frenet frames derivativatitas can be obtained by

T'(s) = kN(s),N’(s) = —KT(s) + 1B(s),B/(s) = —TN(9).

Bishop has created a new alternative frame which is calleddg frame in 1975. The alternative Bishop frame is relbtive
parallel the unit tangent fiel@, and the derivative matrix of the Bishop frame is calculdigd

T'(s) = kaN1(S) + koNa(S), N (s) = —kiT(S),Ny(s) = —koT(S)

wherek; andk, are curvatures of the Bishop frame, [Bishop, 1975]. In addjiBukcu et al. studied on the Bishop frames
in Minkowski space, [Bukcu, 2008-2010, Karacan 2008].t0& other hand, Yilmaz et al. defined a new Bishop frame
named with Type-2 Bishop frame which is parallel to binormetor field in 2010, and its derivatives are identified by

N1(S) = —k1B(S),Ny(s) = —k2B(S), B'(S) = kN1 (S) + koNa(S)

wherek; andk; are curvatures of the Type-2 Bishop frame, [Yilmaz, 201Gukbglu and his colleagues gave a formula
of a different alternative moving frame along a curve in kiedn 3-space denoted by

N’ T +KkB }
N,C = W = .
{ ([N |2+ 12|

The derivatives of the alternative moving frame is caladaty
N'(s) = f(5)C(5),C'(5) = — F(SIN(S) +G(W(5), W' () = —g(S)C($)

wheref = vk2+ 12 and are

g of

the differentiable functions, [Uzunoglu, 2016]. KeskindaYayli were first introduced N-Bishop frame for a normal
direction curve which is defined as an integral curve of theqgpal normal of a curve. The derivative matrix of this new
N-Bishop frame is given by

N'(s) = kiNa(s) + kaNa(s),N'1(s) = —kiN(s),N'2(s) = —koN(s),

[Keskin-Yayl, 2017].

3 Main results

In this section we will give some characterizations of tlemshelices according to N-Bishop frame.
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Definition 1. Let & : | — E3be a regular curve. The curvé is called a slant helix according to N-Bishop frame
{N,N31, N2}, whether the unit vectdd; makes a constant angie with a fixed certain direction u in Euclidean 3-space;
that is(N1(s),v) = cosp forall s .

Theorem 1.Assume that the cung: | — E® is a unit speed curve with nonzero N-Bishop frame curvatdez®ted by
ki and k. Thus the curvé is a slant helix if and only if the curvatures satisfy the citiod % =const forVse l.

Proof.(=) : Let& be a slant helix in & From the definition of the slant helix, the second frameweld of the N-Bishop
frame {N,N1,N;}holds the conditio{N1,v) = cos¢ (const), where the angkg is constant for all points of the curve.
Taking the differentiation of the inner produgti1, v) = cosg, we get(N,v) = 0. Taking the differential ofN,v) =0,
we get also the equatioiN’,v) = 0. By using the derivative formulas of N-Bishop in this eqoaf we obtain the inner
product agki;N1 + koNo,v) = 0 and

)

k1<N;|_,V> +
ki(cosg) +

(

k2 N2,V> =0

ke(sing) = 0,
A
ko

k = —tan¢ (cons}

If the inner product igN,v) = 0, then the vectov € s, {N1,N>}is written with linear combination dfl; andN; as
v = (cosp )N1 + (sing)N2 Q)
By differentiation of the Equationlj, we get

V' = (cosp)N; + (sing)Ny
= (cosp)(—kiN) + (sing)(—kzN) )
= — [ke(cosp) + ka(sing)|N =0

where the derivative is found zero and the veet® a constant vector.

(<) : Suppose that the rati§2 is constant. Therefore the ratio can be writterﬁ—zla& A where the coefficient can be
chosen ad = —tan¢. From this equation, we ha\)@2 = —tang¢ and therk;(cosg) + kx(sing) = 0. By differentiating
the equation), we obtain

V' = (cos$)Nj + (sing )N
= (cosg)(—kiN) + (sing ) (—koN)
= —[ky(cosp) + ky(sing)|N = 0.

Then it is clear that the vectaris constant. Now we will Show the inner produydts,v) is constant. By substitute the
components of the vecterin the Eq.(), the inner product

(N1,V) = (Ng, (cos$)N1 + (sing )Ny)
= (cosp)(N1,N1) + (sing)(N1,Nz)
= (COS¢) <N1, N1> +(sin¢) <N;|_, N2>
1 0

= cosg (consy.
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is satisfied. Then it is seen that the cuévis a slant helix. Thus, the proof of the theorem is completed.

Theorem 2.Suppose that the cunde: | — E2 is a unit speed curve with nonzero N-Bishop frame curvatdesmted by
ki and k. Thus the curvég is a slant helix if and only iflet(N’,N7,N7") = 0.

Proof. (=) : Let the curvef be a slant helix. Thus the rat[@; is constant. By differentiating the equatiblh = —k;N and
using the derivation formula, the second derivatioiNgfis

NY = —K;N — kyN’

= —kg_N — kl(klNl + kzNz)
= —K|N — k32Nj — kgkoNo.

The third derivative ol is obtained by

NY = —2kiKi N1 — K2Nj — ky' "N — KN’ — K koN — KhkqNa — kikoNb
= — 2k KyN1 — kg?(—kiN) — k"N — K] (K1N1 + koN2) — K; koNo — Khkq N2 — kyka(—kaN)
= (k3 — kg + kiko?)N + (—3kgK; )N1 + (—2Kq ko — ko ki )Na.

Now, if we put the above equations in @i, N/, N7"), the determination will be

—kg 0 0
det(N7,N7,N7') = —k1 —ki? —kiko
kg3 — ka4 kiko? —3kgk; —2kq ko — ko kg

= -k |:2k12kl1k2 + kz/ k13 — 3|(12k2k1/
— K [klzkgkl/ k) klﬂ
— K3 [kzkl’ _ klkz'}
k !
— k3ko? [ 2] .
2k, H

!

Since the curvé is slant helix, the rati(% is constant. Then the derivative of the ratio{i%} = 0. As a result the
determination is deétN,N7,N{") = 0.

(«) : Otherwise, suppose that d&lj,N7,N7’) = 0. Hence the determination can be written as

det(N7,N{,N{) = kq3ko? “:—ﬂ = 0 and because & # 0 andk; # 0, after the simplification this equation we obtain

!

{t—ﬂ =0 andt—; = const Thus the curve is a slant helix. The proof is done.

Theorem 3.Let the curvef : | — EB be a unit speed curve with nonzero N-Bishop frame curvatigested by kand k.
Thus the curvé is a slant helix if and only iflet(N5,N5,N5") = 0.
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Proof. (=) : If the curve is a slant helix, then the fractioﬁ is constant. By differentiating the equatidlj = —kzN ,
the second derivative &, is obtained as

N2 = —ky N — koN/
= —ka N — kz (kN1 + koNp)
— —ky N — kikoN; — kp®N.

Using the derivative formulas of N-Bishop frame, the thiatidative ofN, can be calculated by

Ny = —kq koNg — kako Np — kikoNj — ko N — ka N’ — 2koky No — ko?Ny
ke koNy — kiky' Ny — kako(—kiN) — ko N — ko (kiN1 +koNo) — 2koko N — ko?(—kaN)
= (k% k' + koki?)N + (—2kgkp — kzkll)Nl + (—3kok2 )N2.

Now substituiting above results in the determinationdgt N5, N5'), we get

—ko 0 0
det(N,N5,N3') = —ky —kiko —ky?
ko3 — ko + koky2 —2kaks — koky —3koky'
= —ko(3kiko?Ks — 2kiko?Ky — koK)
= ko® (kakj — kkb)

k1
— k2| =1 .
2 L@]

where the curvé is a slant helix anc% is constant. Thus the derivative of the fractimﬁ%s} = 0. Consequently, it is
easy to see that d@t,, N5, N3') = 0. (<) : Otherwise, assume that dal,,N5,N4’) = 0. From the following equation

k
rENY N — k5| B
det(N},NL.NY) = k, [kz] 0.

!

we compute[t—ﬂ = 0 and the ratio% is constant forkky # 0. Hence, the curvé will be a slant helix. The proof is
completed.

Theorem 4.Assume that the cung: | — E® is a unit speed curve with nonzero N-Bishop frame curvatdez®ted by
k; and k. The curvef is a slant helix if and only itlet(N’,N”,N"") = 0.

Proof. (=) :If & be a slant helix, the% is constant. The derivatives bf can be compute as

N’ = kN1 + koNo

N” = ky'N1 +kiN1 + ko' Na + koNo
= ki N1 + ke (—kiN) + ko N2 + ko(—koN)
= (fklzf k22)N+k1/N1+k2/N2.
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Using the derivative formulas of N-Bishop frame, the thiatidative is obtained by

N/Il

(72|(1k1/ — 2k2k2/)N + (fklz — kzZ)N/ + kl//Nl + kl/Nl/ + szNz + kz/Nzl
(72|(1k1/ — 2k2k2/)N + (fklz — kzz)(klNl + kzNz) + kl//Nl + kl/(fklN) + szNz + kz/(szN)
(—3kaky — Bkokp IN+ (ky — k% — kako?)Ny + (ko — ki%ky — ko®)Na.

and the determination can be calculated by

0 kq ko
det(N',N",N") = |  (—k?—k?) ke ko'
(—3kgky — 3koka ) (K1 — ki3 — kako?) (ko — ka2ko — ko®)

= ko [(—ka? k) (ke — kaPke — ko) + Bhak sk -+ Bk ?|

+ky {(—klz —ko?)(ky" — kq® — kko?) + BKek?1 + 3k2k'2k1’} )
2 ! 3 ! kl ' 2 2 " "
= (Blakea + 3% ) (1) — (kP +ke?) [kt kake|

ko

, NTANIIA% ) (k)
_ 2 3 ) (R 1 4 ¥ =
_(3k1k2 ki + 3k, kz)(kz) l(kz) +1 (kz) ko™ + 2ko°ko (kz)]'

!
Since the curvé is a slant helix, the rati% is constant. Henc%::—ﬂ = 0 and from the Eq.3) the determination is zero,

k2
andt—; = const. Therefore the cun&gis a slant helix. Then the theorem is proven. Let the cdna slant helix on an
Euclidean manifold. The covariant derivative of N-Bishoprfie according to the vectar(s) = T can be defined by

i.e. detN’,N” N") = 0. («) : Assume that détN’,N” N"") = 0. According to EqJ), it is possible to sa){ﬁ} =0

DTN =kiN1 +koN2
DtN; = —k;N (4)
DNy = —koN.

For eachs € |, N1(s) and Nx(s) are two N-Bishop vector field where the curvatukgsandk, are functions withs
parameters.

Theorem 5.Suppose that the cunde: | — E2 is a unit speed curve with nonzero N-Bishop frame curvatdesmted by
ki1 and k. The curvef is a slant helix if and only if

1/

K
D7(DTDTN1) = DTN (k_i —k3— kf) —3K;DTN. (5)

Proof. (=): Note that since the curvé is a slant helix, taking the derivative of the Es).@nd using the Eq.4) the
covariant derivative obtN; = —k;N is obtained by

D7 (D7Ny) = Dy (—keN)
= —k'N— kDTN (6)
= —kq' N — kg (kyNz + koNy)

—ka' N = Ky®N3 — kikoN3
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and the covariant derivative of the E@).{s calculated by

Dr(DtD7Ny) = D7 (—ki'N — ki2N1 — kikoNo)
= —k;"N — k' DTN — 2k;k; N3 — ki2D7 N1 — (ka1 ka + kiks )Nz — kikoD 1N @)
= —ky N —ky DTN — 2kiks N1 — (K1 Kz + kako )N — kka(—koN) — ky?DTNy.

From above equations it is easy to say t&ais constant. Then we ha\@j—;) = 0. If we take this derivative, we get the
following properties

Kiko —kaky

0
ks
Kiko — kik =0 (8)
Kiko = kikj.
Furthermore, by using the Edt)( we can write the equation
-1
N=— DT N]_ (9)

kq

Now, by substituting®) and @) in the Eq.{) and the required arrangements are made, then the thirdiaoieerivative
of N; is obtained by

DT(DTDTNl):7k1”N+k1k%kallDTN72k’1 kiN7 + koN2 fklzDTNl
DTN
T

= —kl” + klk2 N— klZDT Ni— 3|(1/ DTN
2

" 1 /
=(—ky + klkg)(—k—lDTNl) —ki?DTNy — 3k; DTN

ka

— K3 — Kk;?) — 3ky DTN.
k1

= DNy (

(«<): Conversely, Let's assume that the equality is correck)nlf this case, let's try to show that this cur§es a slant
helix. If we take the covariant derivative d)( we have

1
DrN=Dr < ke DTNl)

(] 1
=2 — = DtD7N;y.
k%DTNl leT TN

In this equation, necessary arrangements are made by tifd@rogpvariant derivative again, i.e.

K; 1
DrDrN=Dr ( 2DrN;— =D7DrN;
k2 ke

!
/ /
k

K, K, 1
= — — — —D1D7D7N;j. 10
(k%) DTN1+k%DTDTN1+k%DTDTN1 k OTDOTDTN: (10)
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By substituting §) in (10), the covariant derivative can also be written as

K\ K, K, 1 K
DrDrN = <k%) DTN1+k2DTDTN1+k2DTDTN1 o (DTN1<k k2k2)3k’1DTN)
K\ K, K, K/ K2 3K,
<k2) DTN1+kZDTDTN1+k2DTDTN1+DTN1< k2+kl+k>+k—lD N
K\ K K 2K, 3K,
=((2) - ki | DTN 1DrDTNy+ —1D7N.
((k%) k2+k + 1) TN1+ 5 kl TDTNy+ ke T

If we replace the Egf) and Eqg.4) and make the necessary arrangements, then we have

k) KI K3 2(K;)? 2K ko 3K,
DtDTN= <<k_%) k2+kl+k>DTle—%N2kllNl K N2 +k—l(k1N1+k2N2) (11)
K\ KK Kiko,  2(K)?
= ((k_%) k2+kl+k1> D7N1+kiN1 + = ke No — N N.

On the other hand, using the E4),(the second covariant derivatiiza- DTN can also be found by

DtDtN =Dt (kj_Nj_ + kzNz)
= k’lN1+k1DTN1+kf2N2+k2DTN2 (12)
= K{N1 +kiDTN1 + K5N2 — k3N.

Now, by equatmgll)and @2, we getklkz = k5. Then making some arrangements, the equality is formq'é by% and

kok) — kyk, = O then(%) = 0. This result require% = const Hence{ is a slant helix.

Theorem 6.Assume that the cuné: | — E® is a unit speed curve on an Euclidean manifold. The cgrigea slant helix
if and only if

1

K
Dt (D7rD7Ny) = DTNz(

o — ks — kZ) —3K,DTN (13)

Proof. Let & be a slant helix. The second covariant derivativilgfs

Dt (D1N3) = Dy (—kzN)
= —kyN— kDTN
= —ky' N — kykoN1 — k3N,

Furthermore, the third covariant derivative is obtained by

Dt (DtDTN3) = D7 (—ka N — kakoN1 — k3N5)
= 7k’2/N — klzDTN — 2k2k’2N2 — k%DT Ny — (kllszr kj_klz)Nj_ — kikoDTN1
= 7k’2/N — k{y_DTN — 2k2k’2N2 — (kllszr kj_klz)Nj_ — kj_kz(*kj_N) — k%DT N2
= —ko N+ K2koN — ky DTN — 2Ky (kyN1 + koNo) — k3D N5
————
DN
= (—Kj +Kk2ko)N — k3D N2 — 3k,DTN.

(© 2018 BISKA Bilisim Technology
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On the other hand, since we can wilite= ;—:DT N> from the derivative formulas of N-Bishop frame, the aboveatipns
can be arranged as

—D7N3) — k3DTN, — 3K,DTN
2

D1 (DrDtN2) = (K5 + Kiko)( ”

"

k
- DTNZ(kL2 — k& — ki2) — 3K,DTN.

Thus the Eq173) is proven. Conversely, the other hand of the theorem camdaeep similarly.

Theorem 7.Let the curve : | — E3 be a unit speed curve The cur§és a slant helix if and only if the following equalities

1

(1) DT(D7DTN) = DTN (kQ— —K— k22> + 3K, DN + 3K,DTN;

"

(2) DT(D7DTN) =D1N (kkz_z — K- kZZ) + 3K, DNy + 3K,DTN;

3) DT(DTDTN) =DtN (;171 + ;272 — k%— kgz) + 3|(/1DTN1+3|(/2DTN2

are satisfied when each condition is provided separately.

Proof. Consider the curveé is a slant helix. Taking the covariant derivative Df N = kyN1 + koN2 and replace the
derivative formulas of N-Bishop frame, we obtain the egyali

DT(DT N) = DT(klNl + |(2N2)
=KiN1 +kiD7TN; + KoN2 + koDT N2
= —KEN — k3N 4 K{N1 + K5No.

The third covariant derivative of the vectdrcan be compute as

D1 (DtD7TN) = D7 (—kZN — k3N + K;N1 + K)N3)
= —2k;KiN — k2D N — 2kok,N — k3D TN+ K{Ny + K; D7 N1 + K3N2 + k5D 1N, (14)
= 2K| DTNy 4 2KoDTN2 — k2DTN — k3DTN + K/N1 + KyN2 + K; DTNy + koD N>
= 3K, DTN + 3K,DT N2 — DTN(KZ + K3) + K/N1 + K5No.

I
Now we will proof the property; N1 -+ kjNy. Sinceé is slant helix, then the fractio,% is constant. Thu€%) =0.If
we arrange the derivative ratio, we have

Kike —kiky _
2 ™
k2

Kiko — kykh =0,

k_k
K, k'
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]
Because ot—; = const then the ratiQET1 is constant, too. If we apply derivative of the fraction, vt g
2

K'1K, — KiK'2

K2 0
K'1ky — KiK'z =0,
Kk
k”z - klz'

As aresult, there is arelation éé = k,l = tl between the curvatures. If the equality is taken to equahatemt coefficient

ask =" T = &, the the sum phradé'1N1 +k"2N, can be denoted by
ki

k{N1 +kjNo = akyN; + akoN»
= a(kiN1 +koN2)
=aDtN.

Consequently, the results are found as

2 'z

k K
K/N1+KjNp = k—lDTN or K/N1+KjNp = k—ZDTN.
1 2

Using the above equations, a characterization of the tluvdrtant ofN can be computed by
ki
D7 (DtDTN) = —DTN(K + k3) + ki DTN + 3K;D7N1 + 3k,D1 N>
k)
= —DrN(kf +k3) + k—zDTN + 3K DTN7 + 3KDTN; (15)

k/l
=DtN <k2 K2 — k2> +3K;DTN1 4 3K,DTNo.

7 !
Furthermore, another characterizatiorDafN (k :fz) is

k// k// k// k/2/
DTN<kl kz) (k1N1+k2Nz><kl+k—2>

Kk, kek)
ko N1+ ky
= K{N1+ KgN2 + K{N1 + k3N
= 2(k/1'N1+k'2/N2).

=Kk{N1+ kN + L

N2

If we simply both sides of above equality, then

K/N —i—kUNz—DTN k—”+k—”
1 2ki | 2k,

(© 2018 BISKA Bilisim Technology
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is obtained. When we substitute above results in the 155.4nd make some arrangements, we have the result
characterization

4 1/

Kk
D7(DTDTN) = —DtN(K +k3) + DTN (i + f) +3K; DTNy + 3k,DTN;
1 2

1 "
=DtN <2—Iil + 2—52 — K- k%) +3k’1DTN1+3k'2DTN2.

Otherwise of the theorem can be proven similarly.

4 Conclusion

The concept of helices and slant helices have very imposapiication areas in geometry. Therefore, many reseacher
have been working on these subjects until now. In our stug@ypitained some characterizations of the slant helices
according to N-Bishop frame. We think that our work is a usefgource for future studies by researchers.
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