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Abstract: A slant helix is a kind of helix whose normal line makes a constant angle with a fixed direction. Due to the diversity of
the application areas of the slant helices, a lot of work has been done in recent years. In this paper, some characterizations of the slant
helices according to N-Bishop Frame in Euclidean 3- space are given.
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1 Introduction

Helix is a special kind of curve used widely in many sciences.It plays a particularly important role in the study of DNA

structure. In general, a curve is called a general helix if its tangent vector makes a constant angle with a fixed certain

direction in space. The most prominent feature of the overall helix is the constant rate of curvature and torsion. There are

various types of helices. For example, if both curvature andtorsion are fixed functions that are different form zero, this

kind of the helix is called as a circular helix. If the curvature is zero, then it indicates a straight line. If the torsion is zero,

it indicates a circle, and these form the special cases of thehelices. On the other hand, these helices types are called slant

helices if the principal normal vector makes a constant angle with a fixed certain direction. A lot of work has been done

on helices and slant helices until now. Kula and his colleagues conducted some studies on the characterizations of the

slant helices and spherical indicatrix in 2005 and 2010, [Kula, 2005; Kula 2010]. Izumiya and his colleagues first defined

slant helices in 2004, [Izumiya, 2004]. With this study, theconcept of slant helices was introduced into the literature.

Recently, slant helices have begun to be examined with the help of the Bishop frame, which is a different alternative

frame. This alternative frame appeared in 1975 by L. Bishop.The Bishop frame which can be formed without the need for

a second derivative, is a frame parallel to the tangent vector field T and having more advantageous than the Frenet frame,

[Bishop, 1975]. Bükcü and his colleagues examined slant helices in 2009 according to the Bishop frame, [Bükcü, 2009].

In addition, Bükcü and Karacan reviewed the characterization of slant helices according to Bishop frame in Minkowski

space in 2008 [Bükcü, 2008; Karacan 2008]. Kocayiğit andhis colleagues also examined timelike curves according to the

Bishop darboux vector and gave some characterizations, [Kocayiğit, 2013]. A new type of Bishop frame named with Type-

2 Bishop frame in 2010 was created for the first time by S. Yılmaz and his colleagues, [Yılmaz, 2010]. Later on, these

authors examined the new Bishop frame in Minkowski space, [Yilmaz, 2015]. Using the Type-2 Bishop frame, different

researchers have presented many studies until now. S. Kızıltuğ and his colleagues examined the slant helices according to

the type-2 Bishop frame in 2013, [Kızıltuğ, 2013]. On the other hand, Uzunoğlu and his friends have defined a new frame

which include the vectors

{

N,C= N′
‖N′‖ ,W = τT+κB

‖κ2+τ2‖

}

in 2016, [Uzunoğlu, 2016]. Keskin and his colleagues obtained a
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different Bishop frame named N-Bishop frame by using this new frame{N,C,W} produced by Uzunoğlu [Keskin, 2017].

In our study, we obtained some characterizations of the slant helices according to the N-Bishop frame were obtained.

Thanks to this study, we have introduced a different approach to slant helices using N-Bishop frame. Some properties

of the slant helices have been obtained according to the derivatives of the N-Bishop frame elements. Then, covariant

derivatives of N-Bishop elements and base characterizations were obtained.

2 Preliminaries

Frenet frame formulas describe the kinematic properties ofa particle moving along a continuous and differentiable curve

in Euclidean 3-space. Serret-Frenet frames derivative formulas can be obtained by

T ′(s) = κN(s),N′(s) =−κT(s)+ τB(s),B′(s) =−τN(s).

Bishop has created a new alternative frame which is called Bishop frame in 1975. The alternative Bishop frame is relatively

parallel the unit tangent fieldT, and the derivative matrix of the Bishop frame is calculatedby

T ′(s) = k1N1(s)+ k2N2(s),N
′
1(s) =−k1T(s),N′

2(s) =−k2T(s)

wherek1 andk2 are curvatures of the Bishop frame, [Bishop, 1975]. In addition, Bukcu et al. studied on the Bishop frames

in Minkowski space, [Bükcü, 2008-2010, Karacan 2008]. Onthe other hand, Yılmaz et al. defined a new Bishop frame

named with Type-2 Bishop frame which is parallel to binormalvector field in 2010, and its derivatives are identified by

N′
1(s) =−k1B(s),N′

2(s) =−k2B(s),B′(s) = k1N1(s)+ k2N2(s)

wherek1 andk2 are curvatures of the Type-2 Bishop frame, [Yılmaz, 2010]. Uzunoğlu and his colleagues gave a formula

of a different alternative moving frame along a curve in Euclidean 3-space denoted by

{

N,C=
N′

‖N′‖ ,W =
τT +κB
‖κ2+ τ2‖

}

.

The derivatives of the alternative moving frame is calculated by

N′(s) = f (s)C(s),C′(s) =− f (s)N(s)+g(s)W(s),W′(s) =−g(s)C(s)

where f =
√

κ2+ τ2 and are

g=
κ2
( τ

κ
)′

κ2+ τ2 = σ f

the differentiable functions, [Uzunoğlu, 2016]. Keskin and Yaylı were first introduced N-Bishop frame for a normal

direction curve which is defined as an integral curve of the principal normal of a curve. The derivative matrix of this new

N-Bishop frame is given by

N′(s) = k1N1(s)+ k2N2(s),N
′
1(s) =−k1N(s),N′

2(s) =−k2N(s),

[Keskin-Yaylı, 2017].

3 Main results

In this section we will give some characterizations of the slant helices according to N-Bishop frame.
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Definition 1. Let ξ : I → E3be a regular curve. The curveξ is called a slant helix according to N-Bishop frame

{N,N1,N2}, whether the unit vectorN1 makes a constant angleϕ with a fixed certain direction u in Euclidean 3-space;

that is〈N1(s),v〉= cosϕ for all s∈ I.

Theorem 1.Assume that the curveξ : I → E3 is a unit speed curve with nonzero N-Bishop frame curvaturesdenoted by

k1 and k2. Thus the curveξ is a slant helix if and only if the curvatures satisfy the condition k1
k2

= const. for ∀s∈ I.

Proof.(⇒) : Let ξ be a slant helix in E3. From the definition of the slant helix, the second frame vector N1 of the N-Bishop

frame{N,N1,N2}holds the condition〈N1,v〉 = cosϕ (const), where the angleϕ is constant for all points of the curve.

Taking the differentiation of the inner product〈N1,v〉 = cosϕ , we get〈N,v〉 = 0. Taking the differential of〈N,v〉 = 0,

we get also the equation〈N′
,v〉 = 0. By using the derivative formulas of N-Bishop in this equation, we obtain the inner

product as〈k1N1+ k2N2,v〉= 0 and

k1〈N1,v〉+ k2〈N2,v〉= 0,

k1(cosϕ)+ k2(sinϕ) = 0,

k1

k2
=− tanϕ (const)

If the inner product is〈N,v〉= 0, then the vectorv ∈ sp{N1,N2}is written with linear combination ofN1 andN2 as

v = (cosϕ)N1+(sinϕ)N2 (1)

By differentiation of the Equation (1), we get

v′ = (cosϕ)N1
′
+(sinϕ)N2

′

= (cosϕ)(−k1N)+ (sinϕ)(−k2N) (2)

=− [k1(cosϕ)+ k2(sinϕ)]N = 0

where the derivative is found zero and the vectorv is a constant vector.

(⇐) : Suppose that the ratiok1
k2

is constant. Therefore the ratio can be written ask1
k2

= λ where the coefficientλ can be

chosen asλ = − tanϕ . From this equation, we havek1
k2

= − tanϕ and thenk1(cosϕ)+ k2(sinϕ) = 0. By differentiating

the equation (1), we obtain

v′ = (cosϕ)N′
1+(sinϕ)N′

2

= (cosϕ)(−k1N)+ (sinϕ)(−k2N)

=− [k1(cosϕ)+ k2(sinϕ)]N = 0.

Then it is clear that the vectorv is constant. Now we will Show the inner product〈N1,v〉 is constant. By substitute the

components of the vectorv in the Eq.(1), the inner product

〈N1,v〉= 〈N1,(cosϕ)N1+(sinϕ)N2〉
= (cosϕ)〈N1,N1〉+(sinϕ)〈N1,N2〉
= (cosϕ)〈N1,N1〉

︸ ︷︷ ︸

1

+(sinϕ)〈N1,N2〉
︸ ︷︷ ︸

0

= cosϕ (const).
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is satisfied. Then it is seen that the curveξ is a slant helix. Thus, the proof of the theorem is completed.

Theorem 2.Suppose that the curveξ : I → E3 is a unit speed curve with nonzero N-Bishop frame curvaturesdenoted by

k1 and k2. Thus the curveξ is a slant helix if and only ifdet(N′
1,N

′′
1,N

′′′
1 ) = 0.

Proof.(⇒) : Let the curveξ be a slant helix. Thus the ratiok1
k2

is constant. By differentiating the equationN′
1 =−k1N and

using the derivation formula, the second derivation ofN1 is

N′′
1 =−k′1N− k1N′

=−k′1N− k1(k1N1+ k2N2)

=−k′1N− k1
2N1− k1k2N2.

The third derivative ofN1 is obtained by

N′′′
1 =−2k1k′1N1− k1

2N′
1− k1

′ ′
N− k′1N′− k′1k2N2− k′2k1N2− k1k2N′

2

=−2k1k′1N1− k1
2(−k1N)− k1

′ ′
N− k′1(k1N1+ k2N2)− k′1k2N2− k′2k1N2− k1k2(−k2N)

= (k1
3− k1

′ ′
+ k1k2

2)N+(−3k1k
′
1)N1+(−2k1

′
k2− k2

′
k1)N2.

Now, if we put the above equations in det(N′
1,N

′′
1,N

′′′
1 ), the determination will be

det
(
N′

1,N
′′
1,N

′′′
1

)
=

∣
∣
∣
∣
∣
∣
∣

−k1 0 0

−k1
′ −k1

2 −k1k2

k1
3− k1

′ ′
+ k1k2

2 −3k1k′1 −2k1
′
k2− k2

′
k1

∣
∣
∣
∣
∣
∣
∣

=−k1

[

2k1
2k′1k2+ k2

′
k1

3−3k1
2k2k1

′]

= k1

[

k1
2k2k1

′ − k2
′
k1

3
]

= k1
3
[

k2k1
′ − k1k2

′]

= k1
3k2

2
[

k1

k2

]′

.

Since the curveξ is slant helix, the ratiok1
k2

is constant. Then the derivative of the ratio is
[

k1
k2

]′

= 0. As a result the

determination is det(N′
1,N

′′
1,N

′′′
1 ) = 0.

(⇐) : Otherwise, suppose that det(N′
1,N

′′
1,N

′′′
1 ) = 0. Hence the determination can be written as

det(N′
1,N

′′
1,N

′′′
1 ) = k1

3k2
2
[

k1
k2

]′

= 0 and because ofk2 6= 0 andk1 6= 0, after the simplification this equation we obtain
[

k1
k2

]′

= 0 andk1
k2

= const. Thus the curveξ is a slant helix. The proof is done.

Theorem 3.Let the curveξ : I → E3 be a unit speed curve with nonzero N-Bishop frame curvaturesdenoted by k1 and k2.

Thus the curveξ is a slant helix if and only ifdet(N′
2,N

′′
2,N

′′′
2 ) = 0.
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Proof. (⇒) : If the curveξ is a slant helix, then the fractionk1
k2

is constant. By differentiating the equationN′
2 = −k2N ,

the second derivative ofN2 is obtained as

N′′
2 =−k2

′
N− k2N′

=−k2
′
N− k2(k1N1+ k2N2)

=−k2
′
N− k1k2N1− k2

2N2.

Using the derivative formulas of N-Bishop frame, the third derivative ofN2 can be calculated by

N′′′
2 =−k1

′
k2N1− k1k2

′
N1− k1k2N′

1− k2
′ ′
N− k2

′
N′−2k2k2

′
N2− k2

2N2
′

=−k1
′
k2N1− k1k2

′
N1− k1k2(−k1N)− k2

′′
N− k2

′
(k1N1+ k2N2)−2k2k2

′
N2− k2

2(−k2N)

= (k2
3− k2

′ ′
+ k2k1

2)N+(−2k1k2
′ − k2k1

′
)N1+(−3k2k2

′
)N2.

Now substituiting above results in the determination det(N′
2,N

′′
2,N

′′′
2 ), we get

det
(
N′

2,N
′′
2,N

′′′
2

)
=

∣
∣
∣
∣
∣
∣
∣

−k2 0 0

−k2
′ −k1k2 −k2

2

k2
3− k2

′ ′
+ k2k1

2 −2k1k2
′ − k2k1

′ −3k2k2
′

∣
∣
∣
∣
∣
∣
∣

=−k2(3k1k2
2k′2−2k1k2

2k′2− k2
3k′1)

= k2
3(k2k′1− k1k′2)

= k2
5
[

k1

k2

]′

.

where the curveξ is a slant helix andk1
k2

is constant. Thus the derivative of the fraction is
[

k1
k2

]′

= 0. Consequently, it is

easy to see that det(N′
2,N

′′
2,N

′′′
2 ) = 0. (⇐) : Otherwise, assume that det(N′

2,N
′′
2,N

′′′
2 ) = 0. From the following equation

det
(
N′

2,N
′′
2,N

′′′
2

)
= k2

5
[

k1

k2

]′

= 0,

we compute
[

k1
k2

]′

= 0 and the ratiok1
k2

is constant fork2 6= 0. Hence, the curveξ will be a slant helix. The proof is

completed.

Theorem 4.Assume that the curveξ : I → E3 is a unit speed curve with nonzero N-Bishop frame curvaturesdenoted by

k1 and k2. The curveξ is a slant helix if and only ifdet(N′
,N′′

,N′′′) = 0.

Proof.(⇒) :If ξ be a slant helix, thenk1
k2

is constant. The derivatives ofN can be compute as

N′ = k1N1+ k2N2

N′′ = k1
′
N1+ k1N1

′
+ k2

′
N2+ k2N2

′

= k1
′
N1+ k1(−k1N)+ k2

′
N2+ k2(−k2N)

= (−k1
2− k2

2)N+ k1
′
N1+ k2

′
N2.
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Using the derivative formulas of N-Bishop frame, the third derivative is obtained by

N′′′ = (−2k1k1
′ −2k2k2

′
)N+(−k1

2− k2
2)N′+ k1

′ ′
N1+ k1

′
N1

′
+ k2

′ ′
N2+ k2

′
N2

′

= (−2k1k1
′ −2k2k2

′
)N+(−k1

2− k2
2)(k1N1+ k2N2)+ k1

′ ′
N1+ k1

′
(−k1N)+ k2

′ ′
N2+ k2

′
(−k2N)

= (−3k1k1
′ −3k2k2

′
)N+(k1

′ ′ − k1
3− k1k2

2)N1+(k2
′ ′ − k1

2k2− k2
3)N2.

and the determination can be calculated by

det
(
N′
,N′′

,N′′′)=

∣
∣
∣
∣
∣
∣
∣

0 k1 k2

(−k1
2− k2

2) k1
′

k2
′

(−3k1k1
′ −3k2k2

′
) (k1

′ ′ − k1
3− k1k2

2) (k2
′ ′ − k1

2k2− k2
3)

∣
∣
∣
∣
∣
∣
∣

=−k1

[

(−k1
2− k2

2)(k2
′ ′ − k1

2k2− k2
3)+3k1k

′
1k2

′
+3k2k

′
2

2
]

+ k2

[

(−k1
2− k2

2)(k1
′ ′ − k1

3− k1k2
2)+3k1k

′2
1+3k2k

′
2k1

′]
(3)

=
(

3k1k2
2k1

′
+3k2

3k2
′)
(

k1

k2

)′

−
(
k1

2+ k2
2)
[

k2k1
′′ − k1k2

′ ′]

=
(

3k1k2
2k1

′
+3k2

3k2
′)
(

k1

k2

)′

−
[(

k1

k2

)2

+1

][(
k1

k2

)′ ′

k2
4+2k2

3k2
′
(

k1

k2

)′]

.

Since the curveξ is a slant helix, the ratiok1
k2

is constant. Hence
[

k1
k2

]′

= 0 and from the Eq. (3) the determination is zero,

i.e. det(N′
,N′′

,N′′′) = 0. (⇐) : Assume that det(N′
,N′′

,N′′′) = 0. According to Eq.(3), it is possible to say
[

k1
k2

]′

= 0

and k1
k2

= const. Therefore the curveξ is a slant helix. Then the theorem is proven. Let the curveξ be slant helix on an

Euclidean manifold. The covariant derivative of N-Bishop frame according to the vectorα ′(s) = T can be defined by

DTN = k1N1+ k2N2

DTN1 =−k1N
DTN2 =−k2N.

(4)

For eachs∈ I, N1(s) and N2(s) are two N-Bishop vector field where the curvaturesk1 and k2 are functions withs

parameters.

Theorem 5.Suppose that the curveξ : I → E3 is a unit speed curve with nonzero N-Bishop frame curvaturesdenoted by

k1 and k2. The curveξ is a slant helix if and only if

DT(DTDTN1) = DTN1

(
k′′1
k1

− k2
2− k2

1

)

−3k′1DTN. (5)

Proof. (⇒): Note that since the curveξ is a slant helix, taking the derivative of the Eq.(5) and using the Eq. (4) the

covariant derivative ofDTN1 =−k1N is obtained by

DT(DTN1) = DT(−k1N)

=−k1
′
N− k1DTN (6)

=−k1
′
N− k1(k1N1+ k2N2)

=−k1
′
N− k1

2N1− k1k2N2
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and the covariant derivative of the Eq.(6) is calculated by

DT(DTDTN1) = DT(−k1
′
N− k1

2N1− k1k2N2)

=−k1
′′
N− k1

′
DTN−2k1k1

′
N1− k1

2DTN1− (k1
′
k2+ k1k2

′
)N2− k1k2DTN2 (7)

=−k1
′′
N− k1

′
DTN−2k1k1

′
N1− (k1

′
k2+ k1k2

′
)N2− k1k2(−k2N)− k1

2DTN1.

From above equations it is easy to say thatk1
k2

is constant. Then we have
(

k1
k2

)′

= 0. If we take this derivative, we get the

following properties

k′1k2− k1k′2
k2

2

= 0

k′1k2− k1k
′
2 = 0 (8)

k′1k2 = k1k′2.

Furthermore, by using the Eq. (4), we can write the equation

N =
−1
k1

DTN1 (9)

Now, by substituting (8) and (9) in the Eq.(7) and the required arrangements are made, then the third covariant derivative

of N1 is obtained by

DT(DTDTN1) =−k1
′ ′
N+ k1k2

2N− k1
′
DTN−2k′1




k1N1+ k2N2
︸ ︷︷ ︸

DTN




− k1

2DTN1

= (−k1
′ ′
+ k1k

2
2)N− k1

2DTN1−3k1
′
DTN

= (−k1
′ ′
+ k1k

2
2)(−

1
k1

DTN1)− k1
2DTN1−3k1

′
DTN

= DTN1(
k1

′′

k1
− k2

2− k1
2)−3k1

′
DTN.

(⇐): Conversely, Let’s assume that the equality is correct in (5). In this case, let’s try to show that this curveξ is a slant

helix. If we take the covariant derivative of (9), we have

DTN = DT

(−1
k1

DTN1

)

=
k′1
k2

1

DTN1−
1
k1

DTDTN1.

In this equation, necessary arrangements are made by takingthe covariant derivative again, i.e.

DTDTN = DT

(
k′1
k2

1

DTN1−
1
k1

DTDTN1

)

=

(
k′1
k2

1

)′

DTN1+
k′1
k2

1

DTDTN1+
k′1
k2

1

DTDTN1−
1
k1

DTDTDTN1. (10)
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By substituting (5) in (10), the covariant derivative can also be written as

DTDTN =

(
k′1
k2

1

)′

DTN1+
k′1
k2

1

DTDTN1+
k′1
k2

1

DTDTN1−
1
k1

(

DTN1

(
k′′1
k1

− k2
2− k2

1

)

−3k′1DTN
)

=

(
k′1
k2

1

)′

DTN1+
k′1
k2

1

DTDTN1+
k′1
k2

1

DTDTN1+DTN1

(

−k′′1
k2

1

+
k2

2

k1
+ k1

)

+
3k′1
k1

DTN

=

((
k′1
k2

1

)′

− k′′1
k2

1

+
k2

2

k1
+ k1

)

DTN1+
2k′1
k2

1

DTDTN1+
3k′1
k1

DTN.

If we replace the Eq.(6) and Eq.(4) and make the necessary arrangements, then we have

DTDTN =

((
k′1
k2

1

)′

− k′′1
k2

1

+
k2

2

k1
+ k1

)

DTN1−
2(k′1)

2

k2
1

N−2k′1N1−
2k′1k2

k1
N2+

3k′1
k1

(k1N1+ k2N2) (11)

=

((
k′1
k2

1

)′

− k′′1
k2

1

+
k2

2

k1
+ k1

)

DTN1+ k′1N1+
k′1k2

k1
N2−

2(k′1)
2

k2
1

N.

On the other hand, using the Eq.(4), the second covariant derivativeDTDTN can also be found by

DTDTN = DT (k1N1+ k2N2)

= k′1N1+ k1DTN1+ k′2N2+ k2DTN2 (12)

= k′1N1+ k1DTN1+ k′2N2− k2
2N.

Now, by equating (11)and (12), we get
k′1k2
k1

= k′2. Then making some arrangements, the equality is formed by
k′1
k1
=

k′2
k2

and

k2k′1− k1k′2 = 0 then
(

k1
k2

)′

= 0. This result requiresk1
k2

= const. Hence,ξ is a slant helix.

Theorem 6.Assume that the curveξ : I → E3 is a unit speed curve on an Euclidean manifold. The curveξ is a slant helix

if and only if

DT(DTDTN2) = DTN2

(
k′′2
k2

− k2
2− k2

1

)

−3k′2DTN (13)

Proof.Let ξ be a slant helix. The second covariant derivative ofN2 is

DT(DTN2) = DT(−k2N)

=−k2
′
N− k2DTN

=−k2
′
N− k1k2N1− k2

2N2

Furthermore, the third covariant derivative is obtained by

DT(DTDTN2) = DT(−k2
′
N− k1k2N1− k2

2N2)

=−k′′2N− k′2DTN−2k2k
′
2N2− k2

2DTN2− (k′1k2+ k1k′2)N1− k1k2DTN1

=−k′′2N− k′2DTN−2k2k
′
2N2− (k′1k2+ k1k′2)N1− k1k2(−k1N)− k2

2DTN2

=−k2
′′
N+ k2

1k2N− k2
′
DTN−2k′2(k1N1+ k2N2

︸ ︷︷ ︸

DTN

)− k2
2DTN2

= (−k′′2 + k2
1k2)N− k2

2DTN2−3k′2DTN.

c© 2018 BISKA Bilisim Technology



NTMSCI 6, No. 4, 16-27 (2018) /www.ntmsci.com 24

On the other hand, since we can writeN = −1
k2

DTN2 from the derivative formulas of N-Bishop frame, the above equations

can be arranged as

DT(DTDTN2) = (−k′′2 + k2
1k2)(

−1
k2

DTN2)− k2
2DTN2−3k′2DTN

= DTN2(
k2

′ ′

k2
− k2

2− k1
2)−3k′2DTN.

Thus the Eq.(13) is proven. Conversely, the other hand of the theorem can be proven similarly.

Theorem 7.Let the curveξ : I →E3 be a unit speed curve The curveξ is a slant helix if and only if the following equalities

(1) DT(DTDTN) = DTN
(

k1
′′

k1
− k2

1− k2
2

)

+3k′1DTN1+3k′2DTN2

(2) DT(DTDTN) = DTN
(

k2
′′

k2
− k2

1− k2
2

)

+3k′1DTN1+3k′2DTN2

(3) DT(DTDTN) = DTN
(

k1
′′

2k1
+ k2

′ ′

2k2
− k2

1− k2
2

)

+3k′1DTN1+3k′2DTN2

are satisfied when each condition is provided separately.

Proof. Consider the curveξ is a slant helix. Taking the covariant derivative ofDTN = k1N1 + k2N2 and replace the

derivative formulas of N-Bishop frame, we obtain the equality

DT(DTN) = DT(k1N1+ k2N2)

= k′1N1+ k1DTN1+ k′2N2+ k2DTN2

=−k2
1N− k2

2N+ k′1N1+ k′2N2.

The third covariant derivative of the vectorN can be compute as

DT(DTDTN) = DT(−k2
1N− k2

2N+ k′1N1+ k′2N2)

=−2k1k′1N− k2
1DTN−2k2k

′
2N− k2

2DTN+ k′′1N1+ k′1DTN1+ k′′2N2+ k′2DTN2 (14)

= 2k′1DTN1+2k′2DTN2− k2
1DTN− k2

2DTN+ k′′1N1+ k′′2N2+ k′1DTN1+ k′2DTN2

= 3k′1DTN1+3k′2DTN2−DTN(k2
1+ k2

2)+ k′′1N1+ k′′2N2.

Now we will proof the propertyk′′1N1+ k′′2N2. Sinceξ is slant helix, then the fractionk1
k2

is constant. Thus
(

k1
k2

)′

= 0. If

we arrange the derivative ratio, we have

k′1k2− k1k′2
k2

2

= 0,

k′1k2− k1k′2 = 0,

k′1
k′2

=
k1

k2
.
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Because ofk1
k2

= const, then the ratio
k′1
k′2

is constant, too. If we apply derivative of the fraction, we get

k′′1k′2− k′1k
′′

2

k
′2
2

= 0,

k′′1k′2− k′1k
′′

2 = 0,

k′′1
k′′2

=
k′1
k′2
.

As a result, there is a relation ask′′1
k′′2

=
k′1
k′2
= k1

k2
between the curvatures. If the equality is taken to equal a constant coefficient

as
k′′1
k1

= k′′2
k2

= a, the the sum phrasek′′1N1+ k′′2N2 can be denoted by

k′′1N1+ k′′2N2 = ak1N1+ak2N2

= a(k1N1+ k2N2)

= aDTN.

Consequently, the results are found as

k′′1N1+ k′′2N2 =
k′′1
k1

DTN or k′′1N1+ k′′2N2 =
k′′2
k2

DTN.

Using the above equations, a characterization of the third covariant ofN can be computed by

DT(DTDTN) =−DTN(k2
1+ k2

2)+
k′′1
k1

DTN+3k′1DTN1+3k′2DTN2

=−DTN(k2
1+ k2

2)+
k′′2
k2

DTN+3k′1DTN1+3k′2DTN2 (15)

= DTN
(

k′′2
k2

− k2
1− k2

2

)

+3k′1DTN1+3k′2DTN2.

Furthermore, another characterization ofDTN
(

k′′1
k1
+

k′′2
k2

)

is

DTN
(

k′′1
k1

+
k′′2
k2

)

= (k1N1+ k2N2)

(
k′′1
k1

+
k′′2
k2

)

= k′′1N1+ k′′2N2+
k′′1k2

k2
N1+

k1k′′2
k1

N2

= k′′1N1+ k′′2N2+ k′′1N1+ k′′2N2

= 2
(
k′′1N1+ k′′2N2

)
.

If we simply both sides of above equality, then

k′′1N1+ k′′2N2 = DTN
(

k′′1
2k1

+
k′′2
2k2

)
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is obtained. When we substitute above results in the Eq.(15) and make some arrangements, we have the result

characterization

DT(DTDTN) =−DTN(k2
1+ k2

2)+DTN
(

k′′1
2k1

+
k′′2
2k2

)

+3k′1DTN1+3k′2DTN2

= DTN
(

k′′1
2k1

+
k′′2
2k2

− k2
1− k2

2

)

+3k′1DTN1+3k′2DTN2.

Otherwise of the theorem can be proven similarly.

4 Conclusion

The concept of helices and slant helices have very importantapplication areas in geometry. Therefore, many researchers

have been working on these subjects until now. In our study, we obtained some characterizations of the slant helices

according to N-Bishop frame. We think that our work is a useful resource for future studies by researchers.
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