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Abstract: In this work, by using an integral identity we obtain sevaralv inequalities fom-time differentiablem-logarithmically-
convex functions. We should especially mention that thelte®btained in special cases coincide with the well-knoesults in the
literature.
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1 Introduction

In this study, we establish some new inequalities for fuomgi whosenth derivatives in absolute value are
m-logarithmically-convex. The theory of convex analysis lenerged as one of the most interesting and useful field of
mathematics and the other sciences in last few decades. droe $nequalities, generalizations and applications
concerning convexity see [7,9-11,13,17,18]. Recentlythia literature there are so many papers aboiimes
differentiable functions on several kinds of convexitiesreferences [3,6,8,14-16,19,25], readers can find soswdtse
about this issue. Logarithmically convex (log-convex)dtions are of interest in many areas of mathematics and the
other science. They have been found to play an importantinote theory of special functions and mathematical
statistics (see, e.g., [5], [23]). Many papers have beetiemrby a number of mathematicians concerning inequafities
different classes of logarithmically-convex functionsestr instance the recent papers [1,2,8,20-22,24] and the
references within these papers.

Definition 1. A function f: 1 CR — R is said to be convex if the inequality
f(tx+(1—t)y) <tf(x)+(1—t)f(y)
is valid forall x,y € l and t € [0, 1]. If this inequality reverses, then f is said to be concave terural | # 0. This definition

is well known in the literature.

Definition 2. A positive function f is called logarithmically-convex omeal interval | = [a,b], if for all x,y € [a,b] and
te[0,1],
Ftx+(L-ty) < [F I F @I

If f is a positive logarithmically-concave function, théretinequality is reversed.

Equivalently, a functiorf is logarithmically-convex o if f is positive and logf is convex onl. Also, if f > 0 andf”
exists on |, thenf is logarithmically-convex if and only if ' — (f’)2 > 0. Let 0< a < b. We will use the following
notations throughout this paper.
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(i) Arithmetic Mean:
_a+b

A(a,b) = = Va,be RT
(ii) Logarithmic Mean:
b—a 4
L(a,b)_m, Va,beR", a#b

(iif) Generalized Logarithmic Mean:

Loab) = (20N b peRr 1,0
p(a, )—(m) , Va#b, peR, p# -1,

(iv) Exponential Mean:
¢

E(a,b):r, a#b and E(a,a)=a

Throughout this paper, we will use the following natationgbortness:

Ut = ps (a,b,mn,q) =

where,f : | C [0,0) — (0,%) ben-times differentiable function oh’ anda,,%1 c€l’with0<a<b< o, me (0,1 and
g> 1.

Definition 3. [4] A positive f: [0,b] — (0, ) is said to be m-logarithmically-convex if the inequality
f(tx+m(L—t)y) < [f () [f ()] ™.

holds for all xy € [a,b], me (0,1] and te [0,1].

Obviously, if puttingm = 1 in the above definition, thehis just the ordinary logarithmically convex function @mgb].

2 Main results

We will use the following Lemma [19] to obtain our main result

Lemma 1.Let f:1 C R — R be n-times differentiable mapping onfor n e N and " ¢ L[a,b], where ab € I° with
a < b, we have the identity

/knil(—l)k <f(k) ()b — #9 (a)a”l) _/bf(x)dxz ™ /bX”f(’” (x)dx.

o (k+1)! !

where an empty sum is understood to be nil.

Theorem 1.Forvne N;let f:1 C [0,00) — (0, ) be n-times differentiable function ondnd a % el’with0<a<b<oo
and me (0,1]. If f( ¢ L[a,b] and’f(m
holds:

q
for g > 1 is m-logarithmically-convex ofa, b], then the following inequality

(2

Where% + %1 =1, L and L, are logarithmic and generalized logarithmic means, respety.

aqm

ol

1
<5 (b—a)Lyy(ab)L

n—1 £ (b) 1 _ §(K) (a) ak+1 b
./k:O (_1)k< k1) ) _./a fdx

,‘f(n) (a)’q)
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q
for g > 1 is mlogarithmically-convex orfia, b}, using Lemma 1, the Holder integral inequality and

ﬂm<9>
m

Proof. Since’ £(n)

q} m(1-3%)

T == R

we have

m b i b 1
_ Llfm (E) </ x”pdx)p< Llfl%dx)q
n! m a Ja
A L & b-a §
:Hf E np+17np+1 In]fm)(b)]qm |n’f(”) Q(lfﬂf)
ml (a)]

a i

Ly Pl e+l 1 ‘f(”>(%)’qm_’f<n>(a)’
ﬁ(aﬂmp+nm—m] In| £ (B)["™ = In[f () () "

= %(b—a) Lﬂp(a,b)L% <’f(”) (%) qm,‘fm) (a)‘q>

This completes the proof of theorem.

Remarklf we takem= 1 in Theorem 1, then the results coincide with [12].

Corollary 1. Under the conditions Theorem 1 foenl we have the following inequality.
‘ f(b)b—f(a)a

- fbiaééﬂmdx V<%>qﬁﬁmmp>.

Remarklf we takem= 1 in Corollary 1, then the results coincide with [12].

<Lp(ab)La (

Proposition 1.Let a b € (0,0) with a< b, p,q > 1 with %+é =1and we have
b ab 1
et -@-aE(5.0)| <tolabiEd @)

ProofUnder the assumption of the Proposition, iék) = qeé, x € (0,0). Then

is m-log-convex on(0, ») and the result follows directly from Corollary 1.

Theorem 2.ForVne N; let f: 1 C [0,00) — (0, ) be n-times differentiable function ondnd a % cl’with0<a<b<o

and me (0,1]. If f( ¢ L[a,b] and ‘ f(n) ! for g > 1is m-logarithmically-convex ofa, b, then the following inequality
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holds.

1 n
< ﬁ(b—a) f

n—1 f(k) (b) bk+l _ f(k) (a) ak+l b
./k:O (_1)k< k1) >_/a Fixjdx

where M= fol [b— (b—a)t]"us'dt and L, is generalized logarithmic mean.

Proof. From Lemma 1 and Power-mean integral inequality, we obtain

n—1 (k) (b) bk+1 — K (a) ak+1 b
Jio (_1)k< (k1! ) AL

1 /b
S—/ X
n!a

£ (x) ‘ dx

m /b -5/ /b o\
(O (fr) (ono)
m Ja a
1 1 b\|™/ [P G/ 1 q
— —(h_ (N n _ t
~(b—a)if (m) (/axdx) (/O lb— (b—a)t]"us dt)
m /pn+l  an+l 1*%
= i(b—a)% §(m) (E) (bia) M
n m n+1
m 1-1
f(n) <%> bn+lian+1 :| qM

(n+1)(b—a)
:n—l!(b—a)’f(”) (r%)

RemarklIf we takem= 1 in Theorem 2, then the results coincide with [12].

Qal-

Qalk

(ba)é(ba)lé[

mLE(q%!l) (a, b)M %

Corollary 2. Under the conditions Theorem 2 foenl we have the following inequality.

(11 %!‘"‘Wf(ﬂ)é

b| ' ( (&)
In| " (2)|""~In|f’(a)|“

In| £/ (

)" —alf’ (@)|f
) =In|f ()|

f(bb—f(a)a 1 fb
b_a _b—a./ Flxax

<A (ab) —(b—a)

b
m
b
m

Remarklf we takem= 1 in Corollary 2, then the results coincide with [12].

Proposition 2.Let ab € (0,) with a< b, > 1 and, we have

get + (a—q)E (g a)‘<A1(ab)[eb+(a 1)E (ab)}%

Proof. The result follows directly from Corollary 2 for the functid (x) = qeg , X € (0,00).

Corollary 3. Under the conditions Theorem 2 for=g1 we have the following inequality.

n-1 ) () pktL — £(K) (q)ak+t b /b
./k:O (1)k< (k+ 1) ) j/a f(x)dx £(m <ﬁ>
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Remarklf we takem= 1 in Corollary 3, then the results coincide with [12].

Corollary 4. Under the conditions Theorem 2 for=ml we have the following inequality.

n—-1 (k) (b) bk+1 (N (a) ak+1 b
/k:O (_1)k< k1) ) _/a gdx

Theorem 3.ForVne N; let f: | C [0,00) — (0, ) be n-times differentiable function ondnd a % c€l’with0<a<b<o
and me (0,1]. If f( ¢ L[a,b] and ‘ f(n)

holds.
/nil(_l)k £ (k) (b)karl fk akJrl / f
k=0 (k+1

1 5 bl ()| "~ al " ()" (I
C= o) @ e P mr@E Vi@

< > (b-a)|f® (b)|m.

,b]. then the following inequality

n%)| It @)
)=/ (a) 4

Where% + % =1,M= fol [b— (b—a)t]"ustdt and L, is generalized logarithmic mean.

q
Proof.Since| f(" | for q > 1 is mlogarithmically-convex orfa, b], using Lemma 1 and the Hélder integral inequality, we
obtain the following inequality.

n-1 w [ F0 (D) bt — £ (@) aktL b
/k:o (-1) < KD ) A f(x)dx| <

1 b pat | 5[ b £ (| B4
= q
= (/a X X) /a K| @l] [ (
msob g Lon o\
§(n) <E> (/ quTldx> P (/ xufg—adx) ‘
m a a

1
m pdt+1_ pdit P
e ]

n (P22 +1) (b-a)

1

ol

Ql-

q

(b—a) [a 1™ @ b|r (&) "] -2 ([ @] |1 (2)]™) °
ST @ n[f (B |t @ n[f0 (5)]™"
1
pqn—1+l pqn—1+1_ P
:%(bi b ql:kl =
(P¥t+1) (b-a)

@[ -l )" p-ar (@[ )" ?
In[ 1 (@) —In[ £ (2)[™ | £ (@)[T—In| 1 (2)[™

v e ar@e G-aL(rGMirer)
:%(b—a)qu_7; (aab) ‘ , rk?‘ a| /(a)|q_ /Q am | / q) ’
i p(n=8) " In[ ()|t @[ Injf(2)[" = In|f @)
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Remarklf we takem= 1 in Theorem 3, then the results coincide with [12].
Corollary 5. Under the conditions Theorem 3 foenl we have the following inequality.

ol (2) "=l @ (=L (| (X" Ir@)

f(b)b— f(a)a 2 "
In| £/ (2) "~ In|f ()| In[f/ ()"~ In|f(a)/"

! bf d
b—a 7b—a/a (x)dx

where A is arithmetic mean.

< A¥(ab)

RemarklIf we takem= 1 in Corollary 5, then the results coincide with [12].

Corollary 6. Under the conditions Theorem 3 foenl and m= 1 we have the following inequality

ot )~ @|"  o-ar(|fmf f'(a)‘q) i

n[f "= @[ In[f' b0)T=In[f' @

‘ q

f(bpb—f(a)a 1 /bf(x)dx

1
_ < IS
b—a b—a _Ap(a,b)l

which coincides with the result in [12].

Proposition 3.Letab € (0,0) witha< b, p, q> 1, %-‘r(j—i =1, we have

ged + (a—q)E (g g) ‘ <Aa(ab)[@+(a-DE(a, b)ﬁ.

Proof. The result follows directly from Corollary 5 for the functid (x) = qeé , X € (0,0).

3 Conclusions

In this paper, by using an integral identity we obtain somev ngpe inequalities forn-time differentiable
m-logarithmically-convex functions.
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