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Abstract: In this paper, we prove two common fixed point theorems foriagfaveakly compatible mappings in fuzzy metric spaces
using the property E.A.
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1 Introduction

The notion of fuzzy sets that was introduced by Za@éhyvith a view to represent the vagueness in everyday life laid
the way to the amplification of fuzzy mathematics. Many atghtave enormously developed the theory of fuzzy sets
and studied its applications. The theory of fuzzy sets ha&la range of applications in various fields such as medicine,
control theory, engineering sciences, etc (See &$0[12], [15], [27]). George and Veeramadi] [5] modified the
concept of fuzzy metric spaces given by Kramosil and Mickjdl#] and defined the hausdorff topology on fuzzy metric
spaces and also showed that every metric induces a fuzzicmetr

Fixed point theory in fuzzy metric spaces has been develbgdarabiecf]. Subrahmanyan®3 gave a generalization
of Jungck’sp] common fixed point theorem for commuting mappings in thérsgbf fuzzy metrics spaces. In the recent
literature, weaker conditions of commutativity such as kipa@ommuting mappings, compatible mappingsweakly
commuting maps, weakly compatible mappings and severatstiave been considered.

In 2002, M. Aamri and D. El Moutawakil] introduced the property E.A., which generalizes the cphoaf
noncompatible mappings and gave some common fixed pointeireounder strict contractive conditions. In 2009,
Mujahid Abbasp], et. al., proved common fixed point theorems for a class of foon compatible mappings in fuzzy
metric spaces. In 2010, S. Sedghi etld}[ proved a common fixed point theorem for weakly compatib&ppings in
fuzzy metric spaces using the property E.A. In 2010, D. Mih#&t proved two common fixed point theorems for a pair
of weakly compatible maps in fuzzy metric spaces both in #mses of Kramosil and Michalek and in the sense of
George and Veeramani, by using E.A. property. For more eefsgs on common fixed point theorems in fuzzy metric
spaces using E.A. property, s, [16], [20], [24].

On the other hand, in 1984, Khan et.a] improved the Banach fixed point theorem in metric spacesbpducing a
control function, called an altering distance functionc®ly, Shen et.all[9] introduced the notion of altering distance
in fuzzy metric space and obtained fixed point results. INS20. Wairojjana, et.ald5] proved fixed point results in
complete and compact fuzzy metric spaces by imposing aaxtitin condition and using the idea of altering distance.
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By using the same altering distance given ®%][and also replacing the completeness of fuzzy metric spgaadre
natural condition of closeness of the range with the help.af Broperty, we prove common fixed point results for a pair
of weakly compatible mappings.

2 Preliminaries

Definition 1. [17] A binary operations : [0,1] x [0,1] — [0,1] is a continuous t-norm if for all q,r,s € [0,1], the
following conditions are satisfied:

(1) pxl=p

(2) pxg=0qxp

(3) pxg<rsxswhenever girandg<s
(4) p*(gxr)=(p*q)*r

Definition 2. [4] The 3-tuplgX, M, ) is called a fuzzy metric space if X is an arbitrary seis a continuous t-norm and
M is a fuzzy set in X% X x (0, ) satisfying the following conditions:

(1) M(xy;t) >0,

(2) M(x,y,t) =1forallt > 0if and only if x=y,

(3) M(x,y,t) = M(y,x.t)

(4) M(x,2t+8) <M(x.y;t) *M(y,2),

(5) M(x,y,.) : (0,00) — (0,1] is a continuous function,

forallx,y,ze X andts> 0.
Lemma 1.[6] M(x,y,.) is nondecreasing for all,y € X.

Definition 3.[4], [7] Let(X,M,x) be a fuzzy metric space.

(I) Asequencéx,}inX isaM-Cauchy sequence if for &llc (0,1), t > O there exists € N such that Mxn,Xm,t) >
1—¢foralln,m> ng.
() A sequencéxy} in X is convergentto ¥ X if rI1iLnooM(xn,x,t) =1,t>0.
(1) A fuzzy metric space X is M-complete if every M-Cauchy seguearX is convergent.

Definition 4. [21] Two self mappings P and Q on a fuzzy metric spé¥eM,«) are said to be compatible if
A@ M(PQx,QPx,,t) =1, for allt > 0, whenevefx,} is a sequence in X such th,ﬂm Pxy = Amn QX =xe X.

Definition 5. [21] Two self maps P and Q of a fuzzy metric sp&€eM, ) are said to be weakly compatible if they
commute at their coincidence points; i.e., XQx for some x X implies that PQx= QPx.

Remark.Two compatible self mappings are weakly compatible, buttivezerse is not true (see example 2.1621f]J.

Definition 6. [2] A Pair of self mapgP, Q) on a fuzzy metric spadeX,M, x) satisfies the property E.A. if there exists a
sequencéxn} in X such thaﬂiﬂw M(Pxn, x,t) = A@ M(Q%y,X,t) = 1 for some xc X and allt> 0.

Remark.lt is noted that weak compatibility and E.A. property aredpdndent to each other (seef], Example 2.1,
Example 2.2).
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3 Main results

Definition 7.[25]. A functiong: [0,1] — [0, 1] is called an altering distance function if it satisfies thikdwing properties:

(1) gis strictly decreasing and continuous;
(2) p(A)=0ifand only ifA = 1.

It is obvious tha’alim o(A)=¢(1)=0.

—1-

Theorem 1.Let (X, M, x) be a fuzzy metric space andS be weakly compatible self-maps of X satisfying the faligwi
property

PM(Tx Ty,t)) < kg (t) min{@(M(Sx Syt)), p(M(SXTx 1)), p(M(Sx Ty, 2t)), p(M(Sy Tyt)) } + ko () (P(M(Tx, Sy 2t))) (1)

where xy, € X kg, kp : (0,00) — (0,1),t > 0 and @ is an altering distance function. If T and S satisfy the prop&.A.
and the range of S is a closed subspace of X, then T and S havwguewommon fixed point in X.

Proof. Suppose thaf andSsatisfy the property E.A., then there exists a sequérggin X such that

lim Txy = lim S% = ze X (2)
SinceS(X) is a closed subspace Xf there existsl € X such that

z=Su 3
Forx=xXn, y=u, (1) becomes

PM(T X0, Tu,t)) < ka(t) Min(@(M(S, Sut)), @(M(S¥, Txq,1)), @(M(Sx, Tu, 2t)), p(M(SUTu 1))

<k
+ka(t) (P(M(Txn, Su2t)))
Taking limit n — c0 and using 2) and @), we get

PM(z Tut)) < ke(t) min(@(M(z,Sut)), p(M(z.2.1)), 9(M(z Ty, 2t)), g(M(SUTuL))) + ka (1) (@(M(z Su 2t)))
= @M(zTut)) <ki(t)min(p(1),9(1),(M(z Tu,2t)), e(M(z Tut))) + ka(t)(@(1))
= @(M(z,Tu,t)) =0 which impliesM(z,Tut) =1, i.e.,, Tu=z 4)

From @) and @), we have
Tu=Su=z (5)

Since T, S are weakly compatible, we get
Tz=Sz (6)

(© 2018 BISKA Bilisim Technology
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Now we shall show that is a fixed point ofT. Suppose let us assume tia+# z
In view of (5), (1), (6) and using properties af, we get

PM(TZ21)) = pM(Tz Tut))
< ki (t) min(@(M(SzSut)), @(M(SzT zt)), p(M(SzTu,2t)), e(M(SuTut))) +kz(t) (@(M(TZz Su 2t)))
— ky(t) min(@(M(TZ2.1)), (1), (M(T 22 21)), (M(z 2t))) + ko (t) (@(M(T 22, 21))
=k (t)(@(M(Tzz2t)))

<oM(Tzz2t)) < e(M(Tzzt)),t >0

which is a contradiction. Thereforé€z= z Thus,
Tz=2z=Sz i.e., zisacommon fixed point of andS. (7
For uniqueness, let € X be another common fixed point ®fandS such that
Tw= Sw=wandw # z (8)
Then in view of {7), (8), (1) and properties of, we have

PM(zwt)) = @(M(TZ Twt))
<ka(t)min(@(M(SzSwt)), @(M(SzTzt)), @(M(SzTw, 2t)), p(M(SwTwt))) + kao(t) (@(M(T 2 Sw2t)))
=ka(t)min(@(M(zw,t)), @(1), e(M(zw, 2t)), 9(1)), +kz () (@(M(z, W, 2t)))
= k(1) (@(M(z,w, 2t)))
< @(M(z,w,2t))
< @o(M(z,wt)); t>0.

which is a contradiction and thuais the unique common fixed point @fandS.

Example 1.Let X = [0,1] and* be the minimunt-norm. DefineM(x,y,t) =
T,S: X — X be defined by x= 1 andSx= x.
Let¢ (1) = 1— v wherert € [0,1] and the function&;, k, be defined by

t+\x 7 for any x, ye X andt > 0. Let

€ ifte(0.1]:

627 l E( ) ]1
ke(t) = ko(t) = { . ,

é, if t € (1,00)

For a sequencgxy} defined byx, =1— % we havenﬂmen =1 andnime1 = 1. Hence[,Ssatisfies E.A. property. It
is also easy to see that the pfir, S) is weakly compatible. Here, all the hypothesis of theorBrh¢lds and hence= 1
is the uniqgue common fixed point @fandSin X.

Theorem 2.Let (X, M, %) be a fuzzy metric space andS be weakly compatible self-maps of X satisfying the fafligwi
property:

OM(Tx Tyt)) <ki(t)@M(SXTxt) +ka(t)(M(SyTy,t)) + ka(t) (M (Sx Syt)) 9)

where xy € X, ki, ko, ks : (0,00) — (0,1),t > 0 and @ is an altering distance function. If T and S satisfy prop&tbi.
and the range of S is a closed subspace of X, then T and S hawguewommon fixed pointin X.
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Proof. Suppose thaf andSsatisfy the property E.A., then there exists a sequgrgein X such that
IMmTxy=IlimSx=z¢cX (10)
n—oo n—oo
Since S(X) is a closed subspace of X, there existsXusuch that
z=Su (112)
Forx=xXn, y=u, (9) becomes
PM(Txa, TU)) < ky(®)@(M(S%, Txo,t)) + ko) (M(SUTUE)) + ka(t) (M (S, Sut))

Taking limit n — oo, and using 10) and (L1), we get

@(M(Z Tu, t 1(t)(p(M(Za Zat)) + k2( (P( (ZaTuat)) kS(t)(p(M(Za Zat))
= OM(zTut)) <k ()@(1) +ka(t)@(M(z Tu,t)) +ks(t) @(1)
= eM(zTut)) <k (t)p(M(z Tut))
= (1—ko(1))@(M(z,Tu,t)) <0 which givesp(M(z, Tu,t)) =0 = M(zTut)=1
ie,Tu=z (12)
From (11) and (L2), we have
Tu=Su=1z (13)
Since T, S are weakly compatible, we get
Tz=Sz (14)

Now we shall show thatis a fixed point ofT. Suppose let us assume tiat# z
In view of (9), (13), (14), we obtain

PM(Tzzt) = eM(TZTut))

<ki(t)@(M(SzTzt)) +ka(t) p(M(SuTu,t)) +ks(t)p(M(Sz Sut))
=ki(t)o(1) + ko () @(1) + ks(t) (M(T z Z 1))
=ks(t)p(M(Tzzt))
= e(M(Tzzt) <ks(t)p(M(Tzzt))

= (1—ks(t)@(M(T zzt)) < 0 which givesp(M(Tzzt)) = 0 impliesM(Tzzt) = 1. Thus,Tz=z

. Tz=z=Sz (15)
i.e.,zis a common fixed point andS.
For uniqueness, lat € X be another common fixed point ®fandSwhere

Tw= Sw=wandw # z (16)
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In view of (15), (16), (9) and from the properties @f, we have

P(M(zwt)) = M(TZTwt))

k(1) @(M(SzTzt)) +ka(t) p(M(SwTwt)) + ks(t) (M(Sz Swt))
ki(t)@(1) + ka(t) (1) + ks(t) (M(z wit))

ks(t)p(M(zwt)) < @(M(zw,t))

I IA

which is a contradiction and thuais the unique common fixed point @fandS.
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