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Abstract: In the conducted study, some theorems have been written by calculating R̃h
ki j coefficient ofHR curvature tensor and̃Sh

i j

coefficient ofHS torsion tensor according to affine connection in tangente bundles of Semi-Riemannian manifold. Besides,HRi j Ricci

tensor has been examined andHRi j coefficient has been calculated. Finally,S= HgIH H RIJ scalar curvature has been examined and
some theorems have been associated with this.
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1 Introduction

In this study,S̃h
i j coefficients ofHR Curvature Tensor and̃Rh

ki j andHS Torsion Tensor were calculated according to the
affine connection in the tangent bundle of the Semi-Riemannianian manifold. Defined onM manifold.
(i) g(X,Y) = g(Y,X),∀X,Y ∈ ℑ1

0 (M) ,(balancing).
(ii) g(X,X)≥ 0,∀X ∈ ℑ1

0 (M) veg(X,X) = 0⇔ X = 0, (Positive definition).
(0,2)-typedg tensor field fulfilling the conditions is called as Riemannian metric or metric tensor. In this case,(Mn,g)
pair is called as Riemannian manifold.

Let Mn be ann-dimensional differentiable manifold of andC∞ class andT1q(Mn) the tensor bundle overMn of tensor of
type (1,q). If xi are local coordinates in a neighborhoodU of point x∈Mn, then a tensort at x which is an element of
T1q(Mn) is expressible in the form (xi, tji1· · ·iq), wheretji1··· iq are components oft with respect to the natural frame. It
may be considered(xi , t j

i1...iq) = (xi ,xī) = (xJ), i=l,. . . ,n, ī = n+1, ...,n(1+nq), I=1,. . . ,n(l+nq) as local coordinates in a
neighborhoodπ −1 is the natural projectionTq1(Mn) ontoMn).

Let thenMn be a Riemannian manifold with non-degenerate metricg whose components in a coordinate neighborhood
U aregji and denote byΓ hji the Christoffel symbols which are formed withgji.

We indicate byℑr
s(Mn) the module overF(Mn) (F(Mn) is the ring ofC∞ functions inMn all tensor fields ofC∞ class and

of type (r,s) in Mn. Let X ∈ ℑ1
0(Mn) and w ∈ ℑ1

q(Mn). Then CX ∈ ℑ1
0(T

1
q (Mn)) (complete lift) HX ∈ ℑ1

0(T
1
q (Mn))

(horizontal lift) andVw∈ ℑ1
0(T

1
q (Mn)) (vertical lift) have, respectively, components. [1,2,3]

For the curvature tensor of connection∀X,Y,Z ∈ ℑ1
0(Mn)

R(X,Y,Z) = ∇X∇YZ−∇Y∇XZ−∇[X,Y]Z, (1)

it is defined as above [4,5,6,7]. Instead ofR(X,Y,Z), R(X,Y)Z can also be used.

R(X,Y,Z) =−R(Y,X,Z), (2)
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is understood from (1). It is easy to see thatRfulfills linearity condition in terms ofX, Y andZ variables. However, if
R(X,Y,Z) ∈ ℑ1

0(Mn), R∈ ℑ1
3(Mn).

In accompany with (1) if it is considered thatX = ∂i ,Y = ∂ j ,Z = ∂k, the coordinates ofR on the natural framework are
expressed as following [8],

Rs
i jk = ∂i Γ s

jk −∂ j Γ s
ik +Γ s

imΓ m
jk −Γ s

jmΓ m
ik . (3)

The torsion tensor of the connection is defined as,

2S(X,Y) = ∇XY−∇YX− [X,Y]∀X,Y ∈ ℑ1
0(Mn)

In this expression, if it is considered thatX = ∂i ,Y = ∂ j , the coordinates ofSon the natural framework are,

Sk
i j =

1
2
(Γ k

i j −Γ k
ji ). (4)

It is seen thatSk
i j = −Sk

ji . Using the (4) equation, coefficients of̃Sh
i j were calculated. Ricci tensor is the tensor defined by

utilizing Rcurvature tensor,
Ri j = Rk

ki j .

If curvature tensor formula is used,

Ri j = Rk
ki j = ∂kΓ k

i j − ∂iΓ k
k j +Γ k

klΓ
l

i j −Γ l
kiΓ

k
l j .

That means, ifΓ s
ks = ∂k lne, Ri j = Rk

ki j Ricci tensor is symmetrical. This means that Ricci tensor can be indicated as

Ri j = Rji . In tension free spaces, if the equationRs
[i jk] =

1
3

(

Rs
i jk +Rs

jki +Rs
ki j

)

= 0, is used,

Rk
rsk = Rrs−Rsr,

is obtained [4]. Mn is an-dimensioned Riemannian manifold amongC∞ class, letgi j metric be regular, symmetrical and
let the connection be Levi-Civita connection. OnMn, if the s index onRs

i jk curvature tensor is moved down to the place
afterk, (0,4)-typed tensor indicated below is obtained.

Ri jkt = gstR
s
i jk ⇔ R(X,Y,Z,W) = g(R(X,Y)Z,W)

Ri j = Rs
si j = gtsRti js = gtsRits j tensor is called as Ricci tensor [9].

Full contraction operation is conducted withgi j tensor and Ricci tensor and

R= gi j Ri j ,

The R curvature here is called as scaler curvature. If the pseudo-Riemannian metric indicated asg on Mn is defined as
ds2 = g ji dxjdxi , the pseudo-Riemannian metric indicated asHg onT(Mn) is 2g ji δy jdxi [10]. Here,δy j = dyj + Γ̃ j

lkyl dxk,

moreover, bothΓ j
lk andMn ∇affine connection coefficients and the covariant componentsof Hgmetric on tangent cluster

are [11,12];
HgIH =

(

0 gih

gih −(Γ h
j g ji +Γ i

s gsh)

)

UsingHRi j coefficients andHgIH =

(

0 gih

gih −(Γ h
j g ji +Γ i

s gsh

)

equation, the coefficients ofS= HgIH H RIJ were calculated.

2 HR Curvature and HSTorsion tensors on the tangent bundle of semi-Riemannian manifold
according to affine connection

H Γ I
JK is the symbol of Cristoffel defined withHg. Using H Γ I

JK = 1
2

HgIS(∂J
HgSK+ ∂K

HgJS− ∂S
HgJK) formula, each

coefficient ofH Γ I
JKwas calculated [11]. We get,
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H Γ i
jk = Γ i

jk +
1
2

gis∇sg jk,
H Γ i

j k̄ = 0, H Γ i
j̄k = 0, H Γ i

j̄ k̄ = 0, H Γ ī
j̄ k̄ = 0, H Γ ī

j̄k = Γ i
jk −

1
2

gis∇ j gsk,
H Γ ī

j k̄ = Γ i
jk −

1
2

gis∇kg js,

H Γ ī
jk = yl ∂l Γ i

jk −yl (∇l g
is)gis Γ i

jk, −
1
2

gisyl (∂ j (∇l gsk)+ ∂k(∇l g js)− ∂s(∇l g jk)), +
1
2

yl (∇l g
is)(∇sg jk)+

1
2

yl ∂l g
is∇sg jk.

Theorem 1.∇,Mn is an affine connection in∇,Mn manifold, the necessary and sufficient condition forC∇full lift and
H∇horizontal lift to be equal is that∇ is a metric connection.

UsingR̃H
KJI = ∂K

HΓ H
JI −∂J

HΓ H
KI +

HΓ H
KT

HΓ T
JI −

HΓ H
JI

HΓ T
KI formula and each of the coefficients ofHΓ I

JK, theR̃h
k ji coefficients

of HRcurvature tensor were calculated. It is found that

R̃h
k ji =∂ k

HΓ h
ji − ∂ j

HΓ h
ki +

HΓ h
kT

HΓ T
ji −HΓ h

jT
HΓ T

ki

=∂ k
HΓ h

ji − ∂ j
HΓ h

ki +
(

HΓ h
kt

HΓ t
ji +

HΓ h
kt̄

HΓ t̄
ji

)

−

(

HΓ h
jt

HΓ t
ki +

HΓ h
jt̄

HΓ t̄
ki

)

=∂k

(

Γ h
ji +

1
2

ghs∇sg ji

)

− ∂ j

(

Γ h
ki +

1
2

ghs∇sgki

)

+

[(

Γ h
kt +

1
2

ghs∇sgkt

)

.

(

Γ t
ji +

1
2

gts∇sg ji

)]

−

[(

Γ h
jt +

1
2

ghs∇sg jt

)

.

(

Γ t
ki +

1
2

gts∇sgki

)]

=∂kΓ h
ji +

1
2

∂k(g
hs∇sg ji )− ∂ jΓ h

ki −
1
2

∂ j(g
hs∇sgki)+Γ h

ktΓ
t
ji +

1
2

Γ h
kt g

ts∇sg ji +
1
2

Γ t
jig

hs∇sgkt)

+
1
4

ghsgts∇sgkt∇sg ji −Γ h
jt Γ t

ki −
1
2

Γ h
jt gts∇sgki −

1
2

Γ t
kig

hs∇sg jt −
1
4

ghsgts∇gg jt ∇sgki

=Rh
k ji +

1
2

(

∂kg
hs∇sg ji

)

− ∂ j(g
hs∇sgki)+

1
2

gts
(

Γ h
kt ∇sg ji −Γ h

jt ∇sgki

)

+
1
2

ghs(Γ t
ji ∇sggt −Γ t

ki∇sg jt
)

+
1
4

ghsgts(∇sgkt∇sg ji −∇sg jt +∇sgki)

R̃h̄
k ji =Rh

k ji

R̃h̄
k jī =Rh

k ji −
1
2
(∂k(g

hs∇ jgis)− ∂ j(g
hs∇kgis))−

1
2

gts(Γ h
kt ∇ig js−Γ h

jt ∇igks)

−
1
2

ghs(Γ t
ji ∇tgks−Γ t

ki∇tg js)+
1
4

ghsgts(∇tgks∇ig js−∇tg js∇igks)

R̃h̄
k j̄i =∂k

(

Γ h
ji −

1
2

ghs∇ jgsi

)

−

(

∂ jΓ h
ki −∇ jg

hs
)

ghsΓ h
ki

−
1
2

ghsyℓ (∂k (∇ℓgsi)∂i (∇ℓgks)− ∂s(∇ℓgki))

+
1
2

yℓ
(

∇ℓg
hs
)

(∇sgki)+
1
2

yℓ∂ℓghs∇sgki]

R̃h̄
k̄ ji =(∂k(y

l ∂lΓ h
ji − yl (∇l g

hs)ghsΓ h
ji −

1
2

ghsyl (∂ j(∇l gsi)+ (∂i(∇l g js)− (∂s(∇l g ji )

+
1
2

yl (∇l g
hs)(∇sg ji )+

1
2

yl ∂l g
hs∇sg ji ))− (∂ j(Γ h

ki −
1
2

ghs∇kgsi))

+ ((Γ h
kt −

1
2

ghs∇kgst)(Γ t
ji −

1
2

gts∇ jgsi)− ((Γ h
jt −

1
2

ghs∇tgs j)(Γ t
ki −

1
2

gts∇igks))

and
R̃h

k̄ ji = R̃h
k̄ j̄i = R̃h

k̄ j̄ ī = R̃h
k j̄ ī = R̃h

k jī = R̃h
k̄ j̄i = R̃h

k j̄i = R̃h̄
k j̄ ī = R̃h̄

k̄ j̄i = R̃h̄
k̄ j̄ ī = R̃h̄

k̄ jī = 0.

Result. Let (Mn,g) be semi-Riemannian manifold. According to metric connection, R̃h
i jkcoefficients ofR tensor are as
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following on (∇g= 0) tangent bundle,

R̃h
k ji = Rh

k ji , R̃
h̄
k ji = Rh

k ji , R̃
h̄
k jī = Rh

k ji , R̃
h̄
k̄ ji = Rh

k ji ,

R̃h̄
k j̄i = ∂kΓ h

ji − ∂ jΓ h
ki ghsΓ h

ki ,

and the others are zero.
The torsion tensor of the connection is,

Sk
i j =

1
2
(Γ k

i j −Γ k
ji ) (5)

Using (5) equation,S̃h
i j coefficients were calculated. They are

S̃h
ji =

1
2

(

HΓ h
ji −

HΓ h
i j

)

=
1
2

(

Γ h
ji +

1
2

ghs∇sg ji −Γ h
i j −

1
2

ghs∇sgi j

)

=
1
2

(

Γ h
ji −Γ h

i j +
1
2

ghs∇sg ji −
1
2

ghs∇sgi j

)

=Sh
ji +

1
4

gh∇s(g ji −gi j )

S̃h̄
j̄i =Sh

ji ,

S̃h̄
j ī =Sh

ji ,

S̃h̄
ji =Sh

jiy
ℓ
(

∂ℓ−
(

∇ℓg
hs
)

ghs,
)

S̃h
j̄i =S̃h

j ī = S̃h
j̄ ī = S̃h̄

j̄ ī = 0.

Theorem 2. Torsion-free space which has metric connection on(Mn,g) semi-Riemannian manifold tangent bundle is
Sh = 0.

3 Analysis ofHRi j Ricci tensor on tangent bundle

Using,
Rk

rsk = Rrs−Rsr

andR̃h
k ji coefficients,HRi j coefficients were calculated. They are found as

HRji = RK
K ji = Rk

k ji +Rk̄
k̄ ji = Rk

k ji +
1
2
(∂k(g

ks∇sg ji )− (∂ j(g
ks∇sgki)+

1
2

gts(Γ k
kt ∇sg ji −Γ k

jt ∇sgki)

+
1
2

gks(Γ t
ji ∇sgkt −Γ t

ki∇sg jt )+
1
4

gksgts(∇sgkt∇sg ji −∇sg jt ∇sgki)

+ (∂k(y
l ∂lΓ k

ji − yl (∇l g
ks)gksΓ k

ji −
1
2

gksyl (∂ j (∇l gsi)+ (∂i(∇l g js)− (∂s(∇l g ji )

+
1
2

yl (∇l g
ks)(∇sg ji )+

1
2

yl ∂l g
ks∇sg ji ))− (∂ j(Γ k

ki −
1
2

gks∇kgsi))

+ (Γ k
kt −

1
2

gks∇kgst)(Γ t
ji −

1
2

gts∇ jgsi)− ((Γ k
jt −

1
2

gks∇tgs j)(Γ t
ki −

1
2

gts∇igks))
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HRj̄ i = RK
K j̄i = Rk

k j̄i +Rk̄
k̄ j̄i = 0+0= 0

HRj ī = RK
K j ī = Rk

k jī +Rk̄
k̄ jī = 0+0= 0

HRj̄ ī = RK
K j̄ ī = Rk

k j̄ ī +Rk̄
k̄ j̄ ī = 0+0= 0.

When∇g= 0,

HRji = Rk
k ji + ∂k

(

yl ∂lΓ k
ji

)

− ∂ jΓ k
ki +Γ k

ktΓ
t
ji −Γ k

t j Γ
t

ki,

HRj̄ ī =
HRj̄ i =

HRj ī = 0.

4 Analysis ofS= HgIHH RIJ scaler curvature on tangent bundle

UsingHRi j coefficients andHgIH =

(

0 gih

gih −(Γ h
j g ji +Γ i

s gsh

)

equation, the coefficients ofS= HgIH H RIJ were calculated.

They are found as,

Hgi jH Ri j = 0.(Rk
k ji +

1
2
(∂k(g

ks∇sg ji )− (∂ j(g
ks∇sgki)+

1
2

gts(Γ k
kt ∇sg ji −Γ k

jt ∇sgki)

+
1
2

gks(Γ t
ji ∇sgkt −Γ t

ki∇sg jt )+
1
4

gksgts(∇sgkt∇sg ji −∇sg jt ∇sgki)

+ (∂k(y
l ∂lΓ k

ji − yl(∇l g
ks)gksΓ k

ji −
1
2

gksyl (∂ j(∇l gsi)

+ (∂i(∇l g js)− (∂s(∇l g ji )+
1
2

yl (∇l g
ks)(∇sg ji )+

1
2

yl ∂l g
ks∇sg ji ))− (∂ j(Γ k

ki −
1
2

gks∇kgsi))

+ (Γ k
kt −

1
2

gks∇kgst)(Γ t
ji −

1
2

gts∇ jgsi)− ((Γ k
jt −

1
2

gks∇tgs j)(Γ t
ki −

1
2

gts∇igks)) = 0

Hgī jH Rī j = gih.0= 0

Hgi j̄H Ri j̄ = gih.0= 0

Hgī j̄H Rī j̄ =−

(

Γ h
j g ji +Γ i

s gsh
)

.0= 0

Theorem 3.Let (Mn,g) be semi-Riemannian manifold.HR scaler curvature of
(

T
(

Mn,
Hg

))

space is zero.
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