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Abstract: In the conducted study, some theorems have been writtenlbylating Iikhi i coefficient of 'R curvature tensor an&]—

coefficient of' Storsion tensor according to affine connection in tangenteitas of Semi-Riemannian manifold. Besid'éjo Ricci

tensor has been examined dhg;; coefficient has been calculated. Finas="g'"HRy; scalar curvature has been examined and
some theorems have been associated with this.
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1 Introduction

In this study,§"j coefficients of'R Curvature Tensor an@i i and" S Torsion Tensor were calculated according to the
affine connection in the tangent bundle of the Semi-Rierarian manifold. Defined okl manifold.

() g(X,Y)=g(Y,X),vX,Y € 0§ (M) (balancing).

(i) g(X,X)>0,vX € O§(M) veg(X,X) =0« X = 0, (Positive definition).

(0,2)-typedg tensor field fulfilling the conditions is called as Riemamiaetric or metric tensor. In this cas@gvin, 9)
pair is called as Riemannian manifold.

Let Mn be ann-dimensional differentiable manifold of ar@Zl® class and'*q(Mn) the tensor bundle ovévin of tensor of
type (10). If xi are local coordinates in a neighborhdddf point xeMn, then a tensot at x which is an element of
T1gq(Mn) is expressible in the fornx{, tji1- - -iq), wheretji;... iq are components dfwith respect to the natural frame. It

may be consideretk,t)...iq) = (X,x) = (x), i=l,... n, i =n+1,...n(1+n9), I=1,... n(l+nq) as local coordinates in a
neighborhoodt ~! is the natural projectiofig'(Mn) ontoMn).

Let thenMn be a Riemannian manifold with non-degenerate metichose components in a coordinate neighborhood
U aregji and denote by hji the Christoffel symbols which are formed wgjin

We indicate byi(Mp) the module oveF(Mn) (F(Mn) is the ring ofC* functions inMn all tensor fields o2 class and
of type (,5) in Mn. Let X € O3(Mq) andw € O5(Mn). Then®X € O5(T4 (M) (complete lift) HX € OF(T¢ (M)
(horizontal lift) and’w € O5(T¢ (Mn)) (vertical lift) have, respectively, components, 7, 3]

For the curvature tensor of connectiéX,Y,Z € O5(My)
R(X,Y,Z) = OxOyZ — OyOxZ — Ox v Z, (1)
it is defined as abovel[5,6,7]. Instead ofR(X,Y,Z), R(X,Y)Z can also be used.

R(X,Y,Z) = —R(Y,X,Z), )

© 2018 BISKA Bilisim Technology * Corresponding author e-mafl:cikuzu@agri.edu.tr


 http://dx.doi.org/10.20852/ntmsci.2018.305

(_/
169 BISKA C. Inci Kuzu, N. Cengiz: Curvature tensor in tangette busidiesemi-riemannian manifold

is understood from1). It is easy to see tha®fulfills linearity condition in terms ofX, Y andZ variables. However, if
R(X,Y,Z) € O§(Mn), Re O3(My).

In accompany with 1) if it is considered that = d;,Y = dj,Z = Jk, the coordinates dR on the natural framework are
expressed as following],
Rik =0 Mk —0i g+ Fim Mk’ — Mim i - 3)
The torsion tensor of the connection is defined as,
29(X,Y) = OxY — Oy X — [X,Y]VX,Y € O5(Mp)
In this expression, if it is considered tat= d,Y = d;, the coordinates db on the natural framework are,

s =3k h. @

Itis seen thaskj = —SJ‘, Using the #) equation, coefficients cﬁ] were calculated. Ricci tensor is the tensor defined by
utilizing R curvature tensor,
If curvature tensor formulais used,
k k ko, rkpl | -k
Rij = Rij = oI — &l + gl — Nalij -

That means, i3 = dine, Rj = R{ﬁij Ricci tensor is symmetrical. This means that Ricci tensor loa indicated as
Rj = R;i. In tension free spaces, if the equatRy,, = z (Rﬁk + RS + Rﬁij) =0, is used,

R = Ris — Ry,

is obtained 4]. My is an-dimensioned Riemannian manifold amaBd{ class, legi; metric be regular, symmetrical and
let the connection be Levi-Civita connection. ®R, if the sindex onRf, curvature tensor is moved down to the place

afterk, (0,4)-typed tensor indicated below is obtained.
Rikt = 8stRjk < R(X,Y,Z,W) =g(R(X,Y)Z,W)
Rj =R = 0'°Rijs = 9'°Risj tensor is called as Ricci tensd |
Full contraction operation is conducted wigh tensor and Ricci tensor and
R=g'Rj,
TheR curvature here is called as scaler curvature. If the ps&idoannian metric indicated @son My, is defined as
ds = gjidxdx, the pseudo-Riemannian metric indicated'gon T(My) is 2g;i dy!dX [10]. Here,dy! = dyl + £}y dx,

moreover, both'”i andM, Oaffine connection coefficients and the covariant comporafitgmetric on tangent cluster
are [11,12];

HAH 0 _Ih .
g = glh _(,—jhgjl +rs|gsh)
0 gih

Using" R coefficients andigt = (gih _(Fhgh + ,_igsh) equation, the coefficients &= "g'"" R ; were calculated.
i s

2 HR Curvature and " STorsion tensors on the tangent bundle of semi-Riemannian mafold
according to affine connection

H -k is the symbol of Cristoffel defined withg. Using" rj = 3Hg'S(d;,Mgsk + dk™gss— 85" gak) formula, each
coefficient of r, was calculated]1]. We get,
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. 1 . )
“nL=nL+§g'stgjk, re=0"ri=0"ri=0"rg=0" r =k~ gDJgsk, Fie="rik— g'sDkgjs,

- . 1 . 1 .
"k =Y ri—y (019°)g, Mk, ——g'sy' 9, (0iGsk) + 0k(0hgjs) — ds(Ch k) +§)’I(D|g's)(msgjk)+éylalg'smsgjk-

Theorem 1., My is an affine connection inl, M, manifold, the necessary and sufficient condition$aifull lift and
HDOhorizontal lift to be equal is thall is a metric connection.

UsingRYy, = o rft — o ifl + Mgyl —H it formula and each of the coefficients'dfy, theRy;; coefficients
of HRecurvature tensor were calculated. It is found that

RRji =o' Ml — o g + "Gt —Hrftnd
:dkHr'h—derk?+(Hrk?H’_t+ nd ’_D ( i+ ’_JilH’_ktD

1
=0k < Zghsﬂsgu) — 0 (rk? + EghSDsgki) + Krk? + EghSDsgkt) : (rjtl + Egtsﬂsgjiﬂ
1
- KF,{‘ + ég“stgjt) : (F K+ Egtstgki):|

1 1 1
=0T+ 509" 0s9yi) — 93’ — 503 (9" Dsi) + Nl + 5 *Dsgji + 2/',.9 *CsOkt)

1 1
+3 ghsgtstgktDsg ji = MG — 5T0d*0sgi — 560" Dsgje — ghsg‘SDgg it OsQii

1
=R+ > <5k9hSDs9ji) — 0j(g™0sgki) + —gts (Fk?Dsgji - rjthDsgki)

1
+ Eghs (Mt OsGgt — MOsgjt ) + > ghsgts (OsgkeOsgji — Osgjt + DsQki)

4
2.7
2

& A

1
(Ok(9™0jgis) — dj(g“sDkgis))—égtS(Fk?Digjs—ﬂ?Digks)

I\JII—\

=R —
—g"s(F i OtOks — MiCkgjs) + 5 ghsgtS(DtgksDig js — CtGjsUi Gks)

R =0 ("h 59 ngs.> - (ajrki -0jg s) Ons/ i

- %ghsyg (Ok (O¢Gsi) 8 (O¢Gks) — 95 (D Gki))

1 1
+ Ey[ (nghs) (Osai) + éygdfghsmsgki]

~ 1
Rei =0y A =¥ (T ) anjf — 58" (93 (Cigsi) + (8 (Digjs) — (05T 9j1)
1
+5 yl (01g"™)(Osgji) + 5 y'(9|g DSQJI))*(‘?](FK?*ZghSDkgsi))
(R~ 390k (7 — 59°TTj00) — (7~ 5"0h0s0) (1~ 50°Tighe)

and

R =Ry =R=Rir=Ri=Ry =Ry = 'QE,-T: R%T = Q%T: 'i%ri 0.

Result. Let (Mn,g) be semi-Riemannian manifold. According to metric conrmclﬁnkcoeﬁicients ofR tensor are as
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following on (Og = 0) tangent bundle,

5h h sh h sh h  sh h
Ruii = Rejio Reji = Rjis Reir= Reijio Ry = Rijio
sh h h h
Riii = OkFi — 01N Onsl i

and the others are zero.
The torsion tensor of the connection is,

& = (R ©)
Using 6) equationshj coefficients were calculated. They are
§ =3 (")
:% < 29hSDSQJI IJ %ghsmsgij>

1 1
=5 (Fji“ —n+ _ghSDsgji - EghSDsgij>

§+ g Ds(g” 9ij)

Theorem 2. Torsion-free space which has metric connection(bh,g) semi-Riemannian manifold tangent bundle is

g =0.

3 Analysis of"! Rij Ricci tensor on tangent bundle

Using,
Rk = Rs—Ryr
and@ji coefficientsHR;j coefficients were calculated. They are found as

"Rji = RS = R+ Rk,| Reji + (ak( **0sgji) — (05(g*°0sti) + %Qts(rklfmsgji — ¥ 0s9)
+ %gks(l',-‘i OOk — Mi0s9jt) + > gksgts(DsgktDsg ji — Os9jt Js0ii)
O AT~y (O 0~ 389 (33 (Tigs) + (A(Dhgie) — ((Trgi)
+35 YI (01g*) (Osgji) + = Ylalg *0sgji) — (9 (N — ;gksmkgsi))

1 1
+ (Mg 29 egs) (7} zgsngs.) (K = 59" Ths) (T — 59 °Tigks))

(© 2018 BISKA Bilisim Technology



NTMSCI 6, No. 3, 168-173 (2018)www.ntmsci.com BISKA 172

"Rji = R = R + R =0+0=0
"Rjr= K"‘:Rtji’+R1%ji’:O+0:O
HR*fRKJI Rtji_JrRl%jT:OJrozo'
When(g =0,
HRJ-izR{zjiJrak(;/'drji) OiTk 4 Mk — s,
HRJT:HRﬁ:HRji_: _

4 Analysis of S=Hg'HH R ; scaler curvature on tangent bundle

0 gih

Using"R;j coefficients and'g'H = (gih —(rfigh + righ

>equati0n, the coefficients &= Hg'"H R ; were calculated.

They are found as,

Hgl"Rj = 0.(R; + %(ak(gksmsgji) — (0;(d°0sgii) + %gts(’_kfﬂsgji — I 0s0k)
+ %g"s(l'ﬁ Osgk — [i0sGjt) + 5 g"sg‘S(DsgktDsg i — 0sgjt Dsgki)
+ (A AT =Y (Dg) g — 59 "Y' (9j(Digsi)
+(3(Dhgjs) — (9s(Thgiji) +})/' 019%) Dsgji>+%ylal g“0sgji)) — (95 (N — ;gksﬂkgsi))

1 1
(I'ktfzg “hedst) (T ngm,gso (¥ = 5908 (T — 59°MiGs)) =
g "Rj=g".0=0
"gMR;=d"0=0
g RT= - (rfgl + Fig™) .0=0

Theorem 3.Let(M,,g) be semi-Riemannian manifofdR scaler curvature of T (Mn,"g)) space is zero.

Competing interests

The authors declare that they have no competing interests.

Authors’ contributions

All authors have contributed to all parts of the article. &lithors read and approved the final manuscript.

References

[1] A. A. Salimov, A new method in theory of lifts of tensor fild to a tensor bundle, Russian Mathematics-New York, 38@&Y;5,
1994.

[2] A. A. Salimov, Generalized Yano-Ako operator and the pbete lift of tensor fields, Tensor, 55 (2), 142-146, 1994.

[3] A. A. Salimov, A. MaGsden, Complete lifts of tensor fields on a pure cross-sectiothé tensor bundle Tql(Mn), Note Di
Matematica 18 (1), 27-37, 1998.

(© 2018 BISKA Bilisim Technology


www.ntmsci.com

(_/
173 BISKA C. Inci Kuzu, N. Cengiz: Curvature tensor in tangette busidiesemi-riemannian manifold

[4] P. B. Gilkey, Geometric properties of natural operatdegined by the Riemannian curvature tensor, World ScierRfficlishing,
New Jersey, 2001.
[5] P. Gilkey, J. V. Leahy, H. Sadofsky, Riemannian manifolghose skew-symmetric curvature operator has constasm\gityes,
Indiana University mathematics journal, 48 (2), 615-632949
[6] P. Gilkey, T. Zhang, Algebraic curvature tensors forefidite metrics whose skew-symmetric curvature operatsrduwmstant
Jordan normal form, Houston Journal of Mathematics, 761(1)8, 2002.
[7] S. Ivanov, |. Petrova, Riemannian manifold in which thew-symmetric curvature operator has pointwise constgengalues,
Geometriae Dedicata 70 (3), 269-282, 1998.
[8] P. B. Gilkey, The moduli space of Type A surfaces with tonsand non-singular symmetric Ricci tensor, Journal of Bety and
Physics 110, 69-77, 2016.
[9] K. Yano, S. Kobayashi, Prolongations of tensor Fieldd &onnections to Tangent Bundles | -General Theory-, Jbufngne
Mathematical Society of Japan 18, 194-210, 1966.
[10] K. Yano, S. Ishihara, Horizontal Lifts of Tensor Fieldad Conneetions to Tangent Bundles, Jour. Math. and Me6h(9)1
1015-1030, 1967.
[11] I. E. Hirica, On some pseudo-symmetric Riemann spdakkan Journal of Geometry and Its Applications 14 (2), £2:2009.
[12] I. Kim, H. Park, H. Song, Ricci pseudo-symmetric reapbgsurfaces in complex space forms, Nihonkai Mathemalimatnal 18
(1-2): 1-9, 2007.

(© 2018 BISKA Bilisim Technology



	Introduction
	H R Curvature and H S Torsion tensors on the tangent bundle of semi-Riemannian manifold according to affine connection
	Analysis of H Rij  Ricci tensor on tangent bundle
	Analysis of S=H gIH H RIJ  scaler curvature on tangent bundle

