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Abstract: The purpose of the present paper is to define and studyα(γ ,γ ′ )-semiopen in topological spaces via bioperations. Using this

set to introduce the concepts of(α(γ ,γ ′ ),α(β ,β ′ ))-semicontinuous,(α(γ ,γ ′),α(β ,β ′ ))-semiopen and(α(γ ,γ ′ ),α(β ,β ′ ))-irresolute functions

and investigate some of their properties.
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(α(γ ,γ ′ ),α(β ,β ′ ))-irresolute.

1 Introduction

In general topology, mathematicians have been pursuing is to investigate different types of generalized open sets, and
generalized continuous functions. The notion of semiopen sets is an important concept in general topology. Semiopen
sets and semi-continuity which are one of such concepts wereintroduced by Levine [5]. Njastad [4] introducedα-open
sets in a topological space and studied some of its properties. Ibrahim [1] introduced and discussed an operation on a
topologyαO(X) into the power setP(X) and introducedα

(γ,γ ′ )-open sets in topological spaces and studied some of its

basic properties [2]. In this paper, the author introduce and study the notion ofαSO(X,τ)
(γ,γ ′ ) which is the collection of

all α
(γ,γ ′ )-semiopen by using operationsγ and γ ′

on a topological spaceαO(X,τ). And also introduce

(α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous,(α

(γ,γ ′ ),α(β ,β ′
)
)-semiopen and(α

(γ,γ ′ ),α(β ,β ′
)
)-irresolute functions and investigate

some important properties of these functions.

2 Preliminaries

Throughout this paper,(X,τ) and (Y,σ) represent nonempty topological spaces on which no separation axioms are
assumed, unless otherwise mentioned. The closure and the interior of a subsetA of X are denoted byCl(A) andInt(A),
respectively.

Definition 1. A subset A of a topological space(X,τ) is calledα-open [4] (resp., semiopen [5]) if A ⊆ Int(Cl(Int(A)))
(resp., A⊆ Cl(Int(A))). The complement of anα-open (resp., semiopen) set is calledα-closed (resp., semiclosed) set.
The family of allα-open (resp., semiopen) sets in a topological space(X,τ) is denoted byαO(X,τ) or αO(X) (resp.,
SO(X,τ) or SO(X)).

Definition 2. [1] Let (X,τ) be a topological space. An operationγ on the topologyαO(X) is a mapping fromαO(X)

into the power set P(X) of X such that V⊆Vγ for each V∈ αO(X), where Vγ denotes the value ofγ at V . It is denoted
by γ : αO(X)→ P(X).
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Definition 3. [1] An operationγ on αO(X) is said to beα-regular if for everyα-open sets U and V containing x∈ X,
there exists anα-open set W of X containing x such that Wγ ⊆U γ ∩Vγ .

Definition 4. [2] Letγ andγ ′
be operations onαO(X,τ). A subset A of X is said to beα(γ,γ ′ )-open if for each x∈ A, there

existα-open sets U and V of X containing x such that Uγ ∪Vγ ′ ⊆ A. A subset F of(X,τ) is said to beα
(γ,γ ′ )-closed if its

complement X\F is α(γ,γ ′ )-open. The family of allα(γ,γ ′ )-open sets of(X,τ) is denoted byαO(X,τ)(γ,γ ′ ).

Proposition 1. [2] If Ai is α
(γ,γ ′ )-open for every i∈ I, then∪{Ai : i ∈ I} is α

(γ,γ ′ )-open.

Proposition 2. [2] Let γ andγ ′
beα-regular operations. If A and B areα

(γ,γ ′ )-open, then A∩B is α
(γ,γ ′ )-open.

Definition 5. [6] Letγ andγ ′
be operations onτ. A nonempty subset A of(X,τ) is said to be(γ,γ ′

)-open if for each x∈ A
there exist open sets U and V of X containing x such that Uγ ∪Vγ ′ ⊆ A. The family of all(γ,γ ′

)-open sets of(X,τ) is
denoted byτ

(γ,γ ′ ).

Proposition 3. [2] If A is (γ,γ ′
)-open, then A isα

(γ,γ ′ )-open.

Definition 6. [2] Let (X,τ) be a topological space and A be a subset of X, then:

(1) The intersection of allα(γ,γ ′ )-closed sets containing A is called theα(γ,γ ′ )-closure of A and denoted byα(γ,γ ′ )-Cl(A).

(2) The union of allα
(γ,γ ′ )-open sets contained in A is called theα

(γ,γ ′ )-interior of A and denoted byα
(γ,γ ′ )-Int(A).

Proposition 4. [2] For a point x∈ X, x∈ α
(γ,γ ′ )-Cl(A) if and only if V∩A 6= φ for everyα

(γ,γ ′ )-open set V containing x.

Proposition 5. [2] For any subsets A of X,α
(γ,γ ′ )-Int(A) is anα

(γ,γ ′ )-open set in X.

Proposition 6. [2] Let A be any subset of a topological space(X,τ). Then the following statements are true:

(1) X \α
(γ,γ ′ )-Int(A) = α

(γ,γ ′ )-Cl(X \A).

(2) X \α
(γ,γ ′ )-Cl(A) = α

(γ,γ ′ )-Int(X \A).

(3) α
(γ,γ ′ )-Int(A) = X \α

(γ,γ ′ )-Cl(X \A).

(4) α(γ,γ ′ )-Cl(A) = X \α(γ,γ ′ )-Int(X \A).

Definition 7. [3] A function f : (X,τ)→ (Y,σ) is said to be(α(γ,γ ′ ),α(β ,β ′
))-closed if forα(γ,γ ′ )-closed set A of X, f(A)

is α
(β ,β ′

)
-closed in Y.

3 α(γ ,γ ′)-semiopen sets

Definition 8. Let (X,τ) be a topological space andγ,γ ′
be two operations onαO(X,τ). A subset A of X is said to be

α
(γ,γ ′ )-semiopen, if there exists anα

(γ,γ ′ )-open set U of X such that U⊆ A⊆ α
(γ,γ ′ )-Cl(U).

The family of allα
(γ,γ ′ )-semiopen sets of a topological space(X,τ) is denoted byαSO(X,τ)

(γ,γ ′ ). Also, the family of all

α
(γ,γ ′ )-semiopen sets of(X,τ) containingx is denoted byαSO(X,x)

(γ,γ ′ ).

Theorem 1.If A is anα
(γ,γ ′ )-open set in(X,τ), then it isα

(γ,γ ′ )-semiopen set.

Proof.The proof follows from the definition.

The following example shows that the converse of the above theorem is not true in general.
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Example 1. Let X = {1,2,3} andτ = {φ ,X,{1},{3},{1,2},{1,3}} be a topology onX. For eachA ∈ αO(X,τ), we
define two operationsγ andγ ′

, respectively, by

Aγ = Aγ ′ =

{

X if 3 ∈ A
A if 3 /∈ A.

Now, αO(X,τ)
(γ,γ ′ ) = {φ ,X,{1},{1,2}}. Let A= {1,3}, then there exists anα

(γ,γ ′ )-open set{1} such that{1} ⊆ A⊆

α
(γ,γ ′ )-Cl({1}) = X. Thus,A is α

(γ,γ ′ )-semiopen but notα
(γ,γ ′ )-open.

Theorem 2.If A is a (γ,γ ′
)-open set in(X,τ), then it isα

(γ,γ ′ )-semiopen set.

Proof.The proof follows from Proposition3 and Theorem1.

The following example shows that the converse of the above theorem is not true in general.

Example 2.Let X = {1,2,3} andτ = {φ ,X,{2}} be a topology onX. For eachA∈ αO(X,τ), we define two operations

γ andγ ′
, respectively, byAγ = Aγ ′ = A. Then,{1,2} is α

(γ,γ ′ )-semiopen set but it is not(γ,γ ′
)-open.

Remark.By Theorem1 and Proposition3, we obtain the following inclusion:
τ
(γ,γ ′ ) ⊆ αO(X,τ)

(γ,γ ′ ) ⊆ αSO(X,τ)
(γ,γ ′ ).

The following examples show that the concept of semiopen andα
(γ,γ ′ )-semiopen sets are independent.

Example 3. Let X = {1,2,3} andτ = {φ ,X,{1},{2},{1,2},{2,3}} be a topology onX. For eachA ∈ αO(X,τ), we
define two operationsγ andγ ′

, respectively, by

Aγ = Aγ
′

=

{

X if 1 /∈ A
Cl(A) if 1 ∈ A.

Calculations giveαO(X,τ)
(γ,γ ′ ) = {φ ,X,{1}}. Then,A= {1,3} is α

(γ,γ ′ )-semiopen but not a semiopen set.

Example 4. Let X = {1,2,3} andτ = {φ ,X,{1},{2},{1,2},{1,3}} be a topology onX. For eachA ∈ αO(X,τ), we
define two operationsγ andγ ′

, respectively, by

Aγ = Aγ
′

=

{

A if 2 ∈ A
X if 2 /∈ A.

Calculations giveαO(X,τ)(γ,γ ′ ) = {φ ,X,{2},{1,2}}. Then,A= {1} is semiopen but not anα(γ,γ ′ )-semiopen set.

Theorem 3.A subset A isα
(γ,γ ′ )-semiopen if and only if A⊆ α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Int(A)).

Proof.Let A⊆ α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int(A)). TakeU = α
(γ,γ ′ )-Int(A). Then, by Proposition5, U is α

(γ,γ ′ )-open and we have

U = α
(γ,γ ′ )-Int(A)⊆ A⊆ α

(γ,γ ′ )-Cl(U). Hence,A is α
(γ,γ ′ )-semiopen.

Conversely, suppose thatA is anα(γ,γ ′ )-semiopen set inX. Then,U ⊆ A⊆ α(γ,γ ′ )-Cl(U), for someα(γ,γ ′ )-open setsU in

X. SinceU ⊆ α
(γ,γ ′ )-Int(A). Thus, we haveα

(γ,γ ′ )-Cl(U)⊆ α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int(A)). Hence,

A⊆ α(γ,γ ′ )−Cl(α(γ,γ ′ )− Int(A)).

Theorem 4. Let A be anα
(γ,γ ′ )-semiopen set in a space X and B a subset of X. If A⊆ B ⊆ α

(γ,γ ′ )-Cl(A), then B is
α
(γ,γ ′ )-semiopen.

Proof.SinceA is anα
(γ,γ ′ )-semiopen set inX, then there exists anα

(γ,γ ′ )-open setU of X such thatU ⊆A⊆α
(γ,γ ′ )-Cl(U).

SinceA⊆ B, soU ⊆ B. But α
(γ,γ ′ )-Cl(A)⊆ α

(γ,γ ′ )-Cl(U), thenB⊆ α
(γ,γ ′ )-Cl(U). HenceU ⊆ B⊆ α

(γ,γ ′ )-Cl(U). Thus,B
is α

(γ,γ ′ )-semiopen.

c© 2018 BISKA Bilisim Technology

www.ntmsci.com


157 Hariwan Z. Ibrahim:α(γ ,γ ′ )-semiopen sets in topological spaces

Theorem 5.If Ai is α
(γ,γ ′ )-semiopen for every i∈ I, then∪{Ai : i ∈ I} is α

(γ,γ ′ )-semiopen.

Proof.SinceAi is anα
(γ,γ ′ )-semiopen set for everyi ∈ I , so there exist anα

(γ,γ ′ )-open setUi of X such thatUi ⊆Ai ⊆α
(γ,γ ′ )-

Cl(Ui) this impies that
⋃

i∈I Ui ⊆
⋃

i∈I Ai ⊆ α(γ,γ ′ )-Cl(
⋃

i∈I Ui). By Proposition1,
⋃

i∈I Ui is α(γ,γ ′ )-open. Therefore,∪i∈I Ai

is anα
(γ,γ ′ )-semiopen set of(X,τ).

If A and B are twoα
(γ,γ ′ )-semiopen sets in(X,τ), then the following example shows thatA∩B need not beα

(γ,γ ′ )-
semiopen.

Example 5. Let X = {1,2,3} andτ = {φ ,X,{1},{3},{1,2},{1,3}} be a topology onX. For eachA ∈ αO(X,τ), we
define two operationsγ andγ ′

, by

Aγ =

{

A, if 1 ∈ A,
X, if 1 /∈ A,

and

Aγ ′ =

{

A, if A= {1,2} or {1,3},
X, if A 6= {1,2} or {1,3}.

Then, it is obvious that the sets{1,2} and {1,3} are α
(γ,γ ′ )-semiopen, however their intersection{1} is not α

(γ,γ ′ )-
semiopen.

Remark.From the above example we notice that the family of allα
(γ,γ ′ )-semiopen subsets of a spaceX is a supratopology

and need not be a topology in general.

Theorem 6.Let γ andγ ′
beα-regular operations onαO(X). If A is a subset of X, then for everyα

(γ,γ ′ )-open set G of X,
we have:

(1) α
(γ,γ ′ )-Cl(A)∩G⊆ α

(γ,γ ′ )-Cl(A∩G).

(2) α
(γ,γ ′ )-Cl(A∩G) = α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Cl(A)∩G).

Proof. (1) Let x∈ α
(γ,γ ′ )-Cl(A)∩G andV be anyα

(γ,γ ′ )-open set containingx. Then by Proposition2, V ∩G is also an

α
(γ,γ ′ )-open set containing x. Sincex∈ α

(γ,γ ′ )-Cl(A), implies that(V ∩G)∩A 6= φ , this implies thatV ∩ (A∩G) 6= φ and

hence by Proposition4, x∈ α
(γ,γ ′ )-Cl(A∩G). Thereforeα

(γ,γ ′ )-Cl(A)∩G⊆ α
(γ,γ ′ )-Cl(A∩G).

(2) By (1), α
(γ,γ ′ )-Cl(A) ∩ G ⊆ α

(γ,γ ′ )-Cl(A ∩ G) and so α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Cl(A) ∩ G) ⊆ α
(γ,γ ′ )-Cl(A ∩ G). But

A ∩ G ⊆ α
(γ,γ ′ )-Cl(A) ∩ G implies that α

(γ,γ ′ )-Cl(A ∩ G) ⊆ α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Cl(A) ∩ G). Therefore,

α
(γ,γ ′ )-Cl(A∩G) = α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Cl(A)∩G).

Theorem 7.Let γ andγ ′
beα-regular operations onαO(X). If A is α(γ,γ ′ )-open and B isα(γ,γ ′ )-semiopen, then A∩B is

α
(γ,γ ′ )-semiopen.

Proof. SinceB is α
(γ,γ ′ )-semiopen, there exists anα

(γ,γ ′ )-open setG such thatG ⊆ B ⊆ α
(γ,γ ′ )-Cl(G) and soA∩G ⊆

A∩B ⊆ A∩ α
(γ,γ ′ )-Cl(G). By Proposition2, A∩G is α

(γ,γ ′ )-open and soA∩G = α
(γ,γ ′ )-Int(A∩G). By Theorem6

(1), A∩α
(γ,γ ′ )-Cl(G) ⊆ α

(γ,γ ′ )-Cl(A∩G). Therefore,A∩B⊆ A∩α
(γ,γ ′ )-Cl(G) ⊆ α

(γ,γ ′ )-Cl(A∩G) = α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-

Int(A∩G))⊆ α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int(A∩B)). By Theorem3, A∩B is α
(γ,γ ′ )-semiopen.

Proposition 7.The set A isα
(γ,γ ′ )-semiopen in X if and only if for each x∈ A, there exists anα

(γ,γ ′ )-semiopen set B such
that x∈ B⊆ A.

Proof.Suppose thatA is an α
(γ,γ ′ )-semiopen set in the spaceX. Then for eachx ∈ A, put B = A which is an

α
(γ,γ ′ )-semiopen set such thatx∈ B⊆ A.

Conversely, suppose that for eachx ∈ A, there exists anα
(γ,γ ′ )-semiopen setB such thatx ∈ B ⊆ A. ThusA = ∪x∈ABx,

whereBx ∈ αSO(X,τ)
(γ,γ ′ ). Therefore, by Theorem5, A is anα

(γ,γ ′ )-semiopen set.
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Proposition 8.Let (X,τ) be a topological space andγ,γ ′
be operations onαO(X). A subset A of X isα

(γ,γ ′ )-semiopen if

and only ifα
(γ,γ ′ )-Cl(A) = α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Int(A)).

Proof.Let A∈ αSO(X)
(γ,γ ′ ). Then, we haveA⊆ α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Int(A)), which implies that

α
(γ,γ ′ )−Cl(A)⊆ α

(γ,γ ′ )−Cl(α
(γ,γ ′ )− Int(A))⊆ α

(γ,γ ′ )−Cl(A)

and henceα(γ,γ ′ )-Cl(A) = α(γ,γ ′ )-Cl(α(γ,γ ′ )-Int(A)).

Conversely, since by Proposition5 and Theorem 1, α
(γ,γ ′ )-Int(A) is an α

(γ,γ ′ )-semiopen set such that

α
(γ,γ ′ )-Int(A)⊆ A⊆ α

(γ,γ ′ )-Cl(A) = α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int(A)) and henceA is α
(γ,γ ′ )-semiopen.

Proposition 9. If A is a nonemptyα
(γ,γ ′ )-semiopen set in X, thenα

(γ,γ ′ )-Int(A) 6= φ .

Proof. SinceA is α
(γ,γ ′ )-semiopen, by Proposition8, we haveα

(γ,γ ′ )-Cl(A) = α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int(A)). Suppose that

α(γ,γ ′ )-Int(A) = φ . Then, we haveα(γ,γ ′ )-Cl(A) = φ and henceA= φ . This contradicts the hypothesis. Therefore,α(γ,γ ′ )-

Int(A) 6= φ .

Proposition 10.Let (X,τ) be a topological space andγ,γ ′
be operations onαO(X). Then a subset A of X isα

(γ,γ ′ )-

semiopen if and only if A⊆α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int(α
(γ,γ ′ )-Cl(A))) andα

(γ,γ ′ )-Int(α
(γ,γ ′ )-Cl(A))⊆α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Int(A)).

Proof.Let A be anα
(γ,γ ′ )-semiopen set. Then, we have

A⊆ α
(γ,γ ′ )−Cl(α

(γ,γ ′ )− Int(A))⊆ α
(γ,γ ′ )−Cl(α

(γ,γ ′ )− Int(α
(γ,γ ′ )−Cl(A))).

Moreover,α
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(A))⊆ α
(γ,γ ′ )-Cl(A)⊆ α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Int(A)).

Conversely, sinceα
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(A))⊆ α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int(A)). Thus, we obtain that

α
(γ,γ ′ )−Cl(α

(γ,γ ′ )− Int(α
(γ,γ ′ )−Cl(A)))⊆ α

(γ,γ ′ )−Cl(α
(γ,γ ′ )− Int(A)).

By hypothesis, we haveA ⊆ α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int(α
(γ,γ ′ )-Cl(A))) ⊆ α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Int(A)). Hence, A is an

α(γ,γ ′ )-semiopen set.

Definition 9. Let A be a subset of a topological space(X,τ) and γ,γ ′
be operations onαO(X). Then, a subset A of

X is said to beα
(γ,γ ′ )-semiclosed if and only if X\A is α

(γ,γ ′ )-semiopen. The family of allα
(γ,γ ′ )-semiclosed sets of a

topological space(X,τ) is denoted byαSC(X,τ)(γ,γ ′ ).

The following theorem gives characterizations ofα
(γ,γ ′ )-semiclosed sets.

Theorem 8.Let A be a subset of X andγ,γ ′
be operations onαO(X). Then, the following statements are equivalent:

(1) A is α
(γ,γ ′ )-semiclosed.

(2) α
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(A))⊆ A.

(3) α
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(A)) = α
(γ,γ ′ )-Int(A).

(4) There exists anα(γ,γ ′ )-closed set F such thatα(γ,γ ′ )-Int(F)⊆ A⊆ F.

Proof. (1) ⇒ (2): Since A ∈ αSC(X,τ)
(γ,γ ′ ), then we haveX \ A ∈ αSO(X,τ)

(γ,γ ′ ). Hence, by Theorem3 and

Proposition 6, X \ A ⊆ α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int(X \ A)) = X \ (α
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(A))). Therefore, we obtain

α(γ,γ ′ )-Int(α(γ,γ ′ )-Cl(A))⊆ A.

(2) ⇒ (3): Since α
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(A)) ⊆ A implies that α
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(A)) ⊆ α
(γ,γ ′ )-Int(A) but
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α
(γ,γ ′ )-Int(A)⊆ α

(γ,γ ′ )-Int(α
(γ,γ ′ )-Cl(A)) and soα

(γ,γ ′ )-Int(α
(γ,γ ′ )-Cl(A)) = α

(γ,γ ′ )-Int(A).

(3)⇒ (4): Let F = α(γ,γ ′ )-Cl(A), thenF is anα(γ,γ ′ )-closed set such that

α
(γ,γ ′ )− Int(F) = α

(γ,γ ′ )− Int(α
(γ,γ ′ )−Cl(A)) = α

(γ,γ ′ )− Int(A)⊆ A⊆ F,

which proves (4).

(4)⇒ (1): If there exists anα
(γ,γ ′ )-closed setF such thatα

(γ,γ ′ )-Int(F)⊆ A⊆ F , then

X \F ⊆ X \A⊆ X \α
(γ,γ ′ )− Int(F) = α

(γ,γ ′ )−Cl(X \F).

SinceX \F is α
(γ,γ ′ )-open, thenX \A is α

(γ,γ ′ )-semiopen and soA is α
(γ,γ ′ )-semiclosed.

Theorem 9. Let (X,τ) be a topological space andγ,γ ′
be operations onαO(X). Arbitrary intersection of

α
(γ,γ ′ )-semiclosed sets is alwaysα

(γ,γ ′ )-semiclosed.

Proof.Follows from Theorem5.

Lemma 1.Let A∈ αSC(X,τ)
(γ,γ ′ ) and suppose thatα

(γ,γ ′ )-Int(A)⊆ B⊆ A. Then, B∈ αSC(X,τ)
(γ,γ ′ ).

Proof.Let A∈ αSC(X,τ)
(γ,γ ′ ), then by Theorem8, there exists anα

(γ,γ ′ )-closed setF such thatα
(γ,γ ′ )-Int(F) ⊆ A⊆ F .

SinceB⊆ A andA⊆ F . Thus,B⊆ F alsoα
(γ,γ ′ )-Int(F)⊆ α

(γ,γ ′ )-Int(A) andα
(γ,γ ′ )-Int(A)⊆ B. This implies thatα

(γ,γ ′ )-

Int(F)⊆ B. Hence,α
(γ,γ ′ )-Int(F)⊆ B⊆ F, whereF is α

(γ,γ ′ )-closed inX. This proves thatB∈ αSC(X,τ)
(γ,γ ′ ).

Proposition 11.Let (X,τ) be a topological space andγ,γ ′
be operations onαO(X). Then, a subset A of X isα(γ,γ ′ )-

semiclosed if and only ifα
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Int(A)))⊆ A and

α
(γ,γ ′ )− Int(α

(γ,γ ′ )−Cl(A))⊆ α
(γ,γ ′ )−Cl(α

(γ,γ ′ )− Int(A)).

Proof.Let A be anα
(γ,γ ′ )-semiclosed set. Then, by Theorem8 (2), we have

α(γ,γ ′ )− Int(α(γ,γ ′ )−Cl(α(γ,γ ′ )− Int(A)))⊆ α(γ,γ ′ )− Int(α(γ,γ ′ )−Cl(A))⊆ .

Moreover, by Theorem8 (3),

α
(γ,γ ′ )− Int(α

(γ,γ ′ )−Cl(A)) = α
(γ,γ ′ )− Int(A)⊆ α

(γ,γ ′ )−Cl(α
(γ,γ ′ )− Int(A)).

Conversely, sinceα
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(A))⊆ α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int(A)). Thus, we obtain that

α(γ,γ ′ )− Int(α(γ,γ ′ )−Cl(A))⊆ α(γ,γ ′ )− Int(α(γ,γ ′ )−Cl(α(γ,γ ′ )− Int(A))).

By hypothesis, we haveα
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(A))⊆ α
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Int(A)))⊆ A. Hence, by Theorem8, A is

anα
(γ,γ ′ )-semiclosed set.

Definition 10. Let A be a subset of a topological space(X,τ) andγ,γ ′
be operations onαO(X). Then:

(1) Theα
(γ,γ ′ )-semiclosure of A is defined as the intersection of allα

(γ,γ ′ )-semiclosed sets containing A. That is,α
(γ,γ ′ )-

sCl(A) =
⋂

{F : F is α
(γ,γ ′ )-semiclosed and A⊆ F}.

(2) The α
(γ,γ ′ )-semiinterior of A is defined as the union of allα

(γ,γ ′ )-semiopen sets contained in A. That is,α
(γ,γ ′ )-

sInt(A) =
⋃

{U : U is α
(γ,γ ′ )-semiopen and U⊆ A}.
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(3) Theα
(γ,γ ′ )-semiboundary of A, denoted byα

(γ,γ ′ )-sBd(A) is defined asα
(γ,γ ′ )-sCl(A)\α

(γ,γ ′ )-sInt(A).

(4) The set denoted byα
(γ,γ ′ )-sD(A) and defined by{x : for everyα

(γ,γ ′ )-semiopen set U containing x, U∩(A\{x}) 6= φ}
is called theα

(γ,γ ′ )-semiderived set of A.

The proofs of the following theorems are obvious and therefore are omitted.

Theorem 10.Let A,B be subsets of a topological space(X,τ) andγ,γ ′
be operations onαO(X). Then:

(1) α
(γ,γ ′ )-sCl(A) is the smallestα

(γ,γ ′ )-semiclosed subset of X containing A.

(2) A∈ αSC(X,τ)
(γ,γ ′ ) if and only ifα

(γ,γ ′ )-sCl(A) = A.

(3) α
(γ,γ ′ )-sCl(α

(γ,γ ′ )-sCl(A)) = α
(γ,γ ′ )-sCl(A).

(4) A⊆ α
(γ,γ ′ )-sCl(A).

(5) If A ⊆ B, thenα
(γ,γ ′ )-sCl(A)⊆ α

(γ,γ ′ )-sCl(B).

(6) α
(γ,γ ′ )-sCl(A∩B)⊆ α

(γ,γ ′ )-sCl(A)∩α
(γ,γ ′ )-sCl(B).

(7) α
(γ,γ ′ )-sCl(A∪B)⊇ α

(γ,γ ′ )-sCl(A)∪α
(γ,γ ′ )-sCl(B).

(8) x∈ α
(γ,γ ′ )-sCl(A) if and only if V∩A 6= φ for every V∈ αSO(X,x)

(γ,γ ′ ).

Theorem 11.Let A,B be subsets of a topological space(X,τ) andγ,γ ′
be operations onαO(X). Then:

(1) α(γ,γ ′ )-sInt(A) is the largestα(γ,γ ′ )-semiopen subset of X contained in A.

(2) A is α
(γ,γ ′ )-semiopen if and only if A= α

(γ,γ ′ )-sInt(A).

(3) α
(γ,γ ′ )-sInt(α

(γ,γ ′ )-sInt(A)) = α
(γ,γ ′ )-sInt(A).

(4) α
(γ,γ ′ )-sInt(A)⊆ A.

(5) If A ⊆ B, thenα(γ,γ ′ )-sInt(A)⊆ α(γ,γ ′ )-sInt(B).

(6) α
(γ,γ ′ )-sInt(A∪B)⊇ α

(γ,γ ′ )-sInt(A)∪α
(γ,γ ′ )-sInt(B).

(7) α
(γ,γ ′ )-sInt(A∩B)⊆ α

(γ,γ ′ )-sInt(A)∩α
(γ,γ ′ )-sInt(B).

(8) X \α
(γ,γ ′ )-sInt(A) = α

(γ,γ ′ )-sCl(X \A).

(9) X \α(γ,γ ′ )-sCl(A) = α(γ,γ ′ )-sInt(X \A).

(10) α
(γ,γ ′ )-sInt(A) = X \α

(γ,γ ′ )-sCl(X \A).

(11) α
(γ,γ ′ )-sCl(A) = X \α

(γ,γ ′ )-sInt(X \A).

Theorem 12.Let A,B be subsets of a topological space(X,τ) andγ,γ ′
be operations onαO(X). Then:

(1) α
(γ,γ ′ )-sCl(A) = α

(γ,γ ′ )-sInt(A)∪α
(γ,γ ′ )-sBd(A).

(2) α
(γ,γ ′ )-sInt(A)∩α

(γ,γ ′ )-sBd(A) = φ .

(3) α
(γ,γ ′ )-sBd(A) = α

(γ,γ ′ )-sCl(A)∩α
(γ,γ ′ )-sCl(X \A).

(4) α
(γ,γ ′ )-sBd(A) = α

(γ,γ ′ )-sBd(X \A).

(5) α
(γ,γ ′ )-sBd(A) is anα

(γ,γ ′ )-semiclosed set.

Theorem 13.Let A,B be subsets of a topological space(X,τ) andγ,γ ′
be operations onαO(X). Then:

(1) If x ∈ α
(γ,γ ′ )-sD(A), then x∈ α

(γ,γ ′ )-sD(A\ {x}).

(2) α
(γ,γ ′ )-sD(A∪B)⊇ α

(γ,γ ′ )-sD(A)∪α
(γ,γ ′ )-sD(B).

(3) α
(γ,γ ′ )-sD(A∩B)⊆ α

(γ,γ ′ )-sD(A)∩α
(γ,γ ′ )-sD(B).

(4) α(γ,γ ′ )-sD(α(γ,γ ′ )-sD(A))\A⊆ α(γ,γ ′ )-sD(A).

(5) α
(γ,γ ′ )-sD(A∪α

(γ,γ ′ )-sD(A))⊆ A∪α
(γ,γ ′ )-sD(A).

(6) α
(γ,γ ′ )-sCl(A) = A∪α

(γ,γ ′ )-sD(A).

(7) A is α
(γ,γ ′ )-semiclosed if and only ifα

(γ,γ ′ )-sD(A)⊆ A.

Remark.Let A be subset of a topological space(X,τ) andγ,γ ′
be operations onαO(X). Then:

α
(γ,γ ′ )-Int(A)⊆ α

(γ,γ ′ )-sInt(A)⊆ A⊆ α
(γ,γ ′ )-sCl(A)⊆ α

(γ,γ ′ )-Cl(A).
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Theorem 14.Let (X,τ) be a topological space,γ,γ ′
operations onαO(X) and A a subset of X. Then, the following

statements are equivalent:

(1) A= α
(γ,γ ′ )-sCl(A).

(2) α
(γ,γ ′ )-sInt(α

(γ,γ ′ )-sCl(A))⊆ A.

(3) (α
(γ,γ ′ )-Cl(X \ (α

(γ,γ ′ )-Cl(A)))\ (X \ (α
(γ,γ ′ )-Cl(A))))⊇ (α

(γ,γ ′ )-Cl(A)\A).

Proof.(1)⇒ (2): If A= α
(γ,γ ′ )-sCl(A), thenα

(γ,γ ′ )-sInt(α
(γ,γ ′ )-sCl(A)) = α

(γ,γ ′ )-sInt(A)⊆ A.

(2)⇒ (1): Suppose thatα(γ,γ ′ )-sInt(α(γ,γ ′ )-sCl(A))⊆ A. Now, by Theorem10(1), α(γ,γ ′ )-sCl(A) is anα(γ,γ ′ )-semiclosed

set and so, by Theorem8, there is anα
(γ,γ ′ )-closed setF such thatα

(γ,γ ′ )-Int(F)⊆ α
(γ,γ ′ )-sCl(A)⊆ F .

Since α
(γ,γ ′ )-Int(F) is α

(γ,γ ′ )-semiopen, then α
(γ,γ ′ )-sInt(α

(γ,γ ′ )-Int(F)) = α
(γ,γ ′ )-Int(F). Therefore,

α(γ,γ ′ )-Int(F) = α(γ,γ ′ )-sInt(α(γ,γ ′ )-Int(F)) ⊆ α(γ,γ ′ )-sInt(α(γ,γ ′ )-sCl(A)) and hence α(γ,γ ′ )-Int(F) ⊆ A. But

A ⊆ α
(γ,γ ′ )-sCl(A) ⊆ F . Thus, α

(γ,γ ′ )-Int(F) ⊆ A ⊆ F , where F is α
(γ,γ ′ )-closed. Hence by Theorem8, A is

α
(γ,γ ′ )-semiclosed and by Theorem10(2), A= α

(γ,γ ′ )-sCl(A).

(3)⇔ (1): We have(α(γ,γ ′ )-Cl(X \ (α(γ,γ ′ )-Cl(A)))\ (X \ (α(γ,γ ′ )-Cl(A))))⊇ (α(γ,γ ′ )-Cl(A)\A)

⇔ α
(γ,γ ′ )-Cl(A)\ (α

(γ,γ ′ )-Cl(X \ (α
(γ,γ ′ )-Cl(A)))\ (X \ (α

(γ,γ ′ )-Cl(A)))) ⊆ A

⇔ α
(γ,γ ′ )-Cl(A)∩ [X \ (α

(γ,γ ′ )-Cl(X \ (α
(γ,γ ′ )-Cl(A)))\ (X \ (α

(γ,γ ′ )-Cl(A))))]⊆ A

⇔ α
(γ,γ ′ )-Cl(A)∩ [X \ (α

(γ,γ ′ )-Cl(X \ (α
(γ,γ ′ )-Cl(A)))∩ (α

(γ,γ ′ )-Cl(A)))]⊆ A

⇔ α
(γ,γ ′ )-Cl(A)∩ [(X \ (α

(γ,γ ′ )-Cl(X \ (α
(γ,γ ′ )-Cl(A)))))∪ (X \ (α

(γ,γ ′ )-Cl(A)))]⊆ A

⇔ (α
(γ,γ ′ )-Cl(A)∩ (X \ (α

(γ,γ ′ )-Cl(X \ (α
(γ,γ ′ )-Cl(A)))))]∪ (α

(γ,γ ′ )-Cl(A)∩ (X \ (α
(γ,γ ′ )-Cl(A)))]⊆ A

⇔ α
(γ,γ ′ )-Cl(A)∩α

(γ,γ ′ )-Int(α
(γ,γ ′ )-Cl(A))⊆ A

⇔ α
(γ,γ ′ )-Int(α

(γ,γ ′ )-Cl(A))⊆ A
⇔ A is α

(γ,γ ′ )-semiclosed

⇔ A= α
(γ,γ ′ )-sCl(A).

Theorem 15.If A is a subset of a nonempty space X andγ,γ ′
are operations onαO(X), then the following statements are

equivalent:

(1) α
(γ,γ ′ )-Cl(A) = X.

(2) α
(γ,γ ′ )-sCl(A) = X.

(3) If B is anyα
(γ,γ ′ )-semiclosed subset of X such that A⊆ B, then B= X.

(4) Every nonemptyα
(γ,γ ′ )-semiopen set has a nonempty intersection with A.

(5) α
(γ,γ ′ )-sInt(X \A) = φ .

Proof.(1)⇒ (2): Supposex /∈ α
(γ,γ ′ )-sCl(A). Then, by Theorem10(8), there exists anα

(γ,γ ′ )-semiopen set G containing
x such thatG∩A= φ . SinceG is a nonemptyα

(γ,γ ′ )-semiopen set, then there is a nonemptyα
(γ,γ ′ )-open setH such that

H ⊆ G and soH ∩A= φ which implies thatα
(γ,γ ′ )-Cl(A) 6= X, a contradiction. Henceα

(γ,γ ′ )-sCl(A) = X.

(2)⇒ (3): If B is anyα(γ,γ ′ )-semiclosed set such thatA⊆ B, thenX = α(γ,γ ′ )-sCl(A)⊆ α(γ,γ ′ )-sCl(B) = B and soB= X.

(3) ⇒ (4): If G is any nonemptyα
(γ,γ ′ )-semiopen set such thatG ∩ A = φ , then A ⊆ X \ G and X \ G is

α
(γ,γ ′ )-semiclosed. By hypothesis,X \G= X and soG= φ , a contradiction. Therefore,G∩A 6= φ .

(4) ⇒ (5): Suppose thatα
(γ,γ ′ )-sInt(X \ A) 6= φ . Then, by Theorem11 (1), α

(γ,γ ′ )-sInt(X \ A) is a nonempty

α(γ,γ ′ )-semiopen set such thatα(γ,γ ′ )-sInt(X \A)∩A= φ , a contradiction. Therefore,α(γ,γ ′ )-sInt(X \A) = φ .

(5) ⇒ (1): Since α
(γ,γ ′ )-sInt(X \ A) = φ implies thatX \ α

(γ,γ ′ )-sInt(X \ A) = X by Theorem11 (11), implies that
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α
(γ,γ ′ )-sCl(A) = X. By Remark3, α

(γ,γ ′ )-sCl(B) ⊆ α
(γ,γ ′ )-Cl(B) for every subsetB of X. Therefore,α

(γ,γ ′ )-sCl(A) = X

implies thatα
(γ,γ ′ )-Cl(A) = X.

Proposition 12.Let γ andγ ′
beα-regular operations onαO(X). If A is a subset of X andα(γ,γ ′ )-sCl(A) = X, then for

everyα
(γ,γ ′ )-open set G of X, we haveα

(γ,γ ′ )-Cl(A∩G) = α
(γ,γ ′ )-Cl(G).

Proof.The proof follows from Theorem15and Theorem6 (2).

Definition 11.Let(X,τ) be a topological space andγ,γ ′
be operations onαO(X). A subset Bx of X is said to be anα

(γ,γ ′ )-
semineighborhood (resp.α

(γ,γ ′ )-neighborhood) of a point x∈ X if there exists anα
(γ,γ ′ )-semiopen (resp.α

(γ,γ ′ )-open) set
U such that x∈U ⊆ Bx.

Theorem 16.Let (X,τ) be a topological space andγ,γ ′
be operations onαO(X). A subset G of X isα

(γ,γ ′ )-semiopen if
and only if it is anα(γ,γ ′ )-semineighborhood of each of its points.

Proof.Let G be anα
(γ,γ ′ )-semiopen set ofX. Then, by Definition11, it is clear thatG is anα

(γ,γ ′ )-semineighborhood of
each of its points, since for everyx∈ G,x∈ G⊆ G andG is α

(γ,γ ′ )-semiopen.

Conversely, suppose thatG is an α
(γ,γ ′ )-semineighborhood of each of its points. Then, for eachx ∈ G, there exists

Sx ∈ αSO(X,x)
(γ,γ ′ ) such thatSx ⊆ G. Then,G=

⋃

{Sx : x∈ G}. Since eachSx is α
(γ,γ ′ )-semiopen, hence by Theorem5,

G is α
(γ,γ ′ )-semiopen in(X,τ).

Proposition 13.For any two subsets A,B of a topological space(X,τ) and A⊆ B, if A is anα
(γ,γ ′ )-semineighborhood of

a point x∈ X, Then, B is alsoα
(γ,γ ′ )-semineighborhood of the same point x.

Proof.Obvious.

4 (α(γ ,γ ′),α(β ,β ′
))-semicontinuous and(α(γ ,γ ′),α(β ,β ′

))-irresolute

Throughout this section, letf : (X,τ)→ (Y,σ) be a function andγ,γ ′
: αO(X,τ)→ P(X) be operations onαO(X,τ) and

β ,β ′
: αO(Y,σ)→ P(Y) be operations onαO(Y,σ).

Definition 12. A function f : (X,τ) → (Y,σ) is said to be(α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous if for each x∈ X and each

α
(β ,β ′

)
-open set V of Y containing f(x), there exists anα

(γ,γ ′ )-semiopen set U of X such that x∈U and f(U)⊆V.

Theorem 17.For a function f : (X,τ)→ (Y,σ) the following statements are equivalent:

(1) f is (α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous.

(2) The inverse image of eachα
(β ,β ′

)
-open set in Y isα

(γ,γ ′ )-semiopen in X.
(3) The inverse image of eachα

(β ,β ′
)
-closed set in Y isα

(γ,γ ′ )-semiclosed in X.

(4) For each subset A of X, f(α
(γ,γ ′ )-sCl(A))⊆ α

(β ,β ′
)
-Cl( f (A)).

(5) For each subset B of Y,α(γ,γ ′ )-sCl( f−1(B))⊆ f−1(α(β ,β ′
)-Cl(B)).

(6) For each subset B of Y, f−1(α
(β ,β ′

)
-Int(B))⊆ α

(γ,γ ′ )-sInt( f−1(B)).

Proof. (1)⇒ (2): Let f be(α(γ,γ ′ ),α(β ,β ′
))-semicontinuous. LetV be anyα(β ,β ′

)-open set inY. To show thatf−1(V) is

anα
(γ,γ ′ )-semiopen set inX, if f−1(V) = φ , then f−1(V) is anα

(γ,γ ′ )-semiopen set inX, if f−1(V) 6= φ , then there exists

x∈ f−1(V) which implies f (x) ∈V. Sincef is (α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous, there exists anα

(γ,γ ′ )-semiopen setU in

X containingx such thatf (U)⊆V. This implies thatx∈U ⊆ f−1(V). This showsf−1(V) is α
(γ,γ ′ )-semiopen.

(2)⇒ (3): Let F be anyα
(β ,β ′

)
-closed set ofY. ThenY \F is anα

(β ,β ′
)
-open set ofY. By (2), f−1(Y \F) = X \ f−1(F)

is anα
(γ,γ ′ )-semiopen set inX and hencef−1(F) is anα

(γ,γ ′ )-semiclosed set inX.
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(3)⇒ (4): Let A be any subset ofX. Then, f (A) ⊆ α
(β ,β ′

)
-Cl( f (A)) andα

(β ,β ′
)
-Cl( f (A)) is anα

(β ,β ′
)
-closed set inY.

HenceA⊆ f−1(α
(β ,β ′

)
-Cl( f (A))). By (3), we havef−1(α

(β ,β ′
)
-Cl( f (A))) is anα

(γ,γ ′ )-semiclosed set inX. Therefore,

α
(γ,γ ′ )-sCl(A)⊆ f−1(α

(β ,β ′
)
-Cl( f (A))). Hence,f (α

(γ,γ ′ )-sCl(A))⊆ α
(β ,β ′

)
-Cl( f (A)).

(4) ⇒ (5): Let B be any subset of Y. Then f−1(B) is a subset of X. By (4), we have
f (α(γ,γ ′ )-sCl( f−1(B)))⊆ α(β ,β ′

)-Cl( f ( f−1(B)))⊆ α(β ,β ′
)-Cl(B). Hence,α(γ,γ ′ )-sCl( f−1(B))⊆ f−1(α(β ,β ′

)-Cl(B)).

(5)⇔ (6): Let B be any subset ofY. Then apply(5) to Y \B we obtain
α
(γ,γ ′ )-sCl( f−1(Y \ B)) ⊆ f−1(α

(β ,β ′
)
-Cl(Y \ B)) ⇔ α

(γ,γ ′ )-sCl(X \ f−1(B)) ⊆ f−1(Y \ α
(β ,β ′

)
-Int(B)) ⇔ X \ α

(γ,γ ′ )-

sInt( f−1(B)) ⊆ X \ f−1(α
(β ,β ′

)
-Int(B)) ⇔ f−1(α

(β ,β ′
)
-Int(B)) ⊆ α

(γ,γ ′ )-sInt( f−1(B)). Therefore,

f−1(α
(β ,β ′

)
-Int(B))⊆ α

(γ,γ ′ )-sInt( f−1(B)).

(6)⇒ (1): Let x∈ X andV be anyα
(β ,β ′

)
-open set ofY containingf (x). Then,x∈ f−1(V) and f−1(V) is a subset ofX.

By (6), we have f−1(α
(β ,β ′

)
-Int(V)) ⊆ α

(γ,γ ′ )-sInt( f−1(V)). Since V is an α
(β ,β ′

)
-open set, then

f−1(V) ⊆ α
(γ,γ ′ )-sInt( f−1(V)). Therefore, f−1(V) is an α

(γ,γ ′ )-semiopen set inX which containsx and clearly

f ( f−1(V))⊆V. Hence,f is (α(γ,γ ′ ),α(β ,β ′
))-semicontinuous.

Theorem 18. Let f : (X,τ) → (Y,σ) be an (α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous function. Then, for each subset B of Y ,

f−1(α
(β ,β ′

)
-Int(B))⊆ α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Int( f−1(B))).

Proof.Let B be any subset ofY. Then,α
(β ,β ′

)
-Int(B) is α

(β ,β ′
)
-open inY and so by Theorem17, f−1(α

(β ,β ′
)
-Int(B)) is

α
(γ,γ ′ )-semiopen inX. Hence, Theorem3, we havef−1(α

(β ,β ′
)
-Int(B))⊆ α

(γ,γ ′ )-Cl(α
(γ,γ ′ )-Int( f−1(α

(β ,β ′
)
-Int(B))))⊆

α
(γ,γ ′ )-Cl(α

(γ,γ ′ )-Int( f−1(B))).

Corollary 1. Let f : (X,τ)→ (Y,σ) be an(α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous function. Then, for each subset B of Y,α

(γ,γ ′ )-

Int(α
(γ,γ ′ )-Cl( f−1(B)))⊆ f−1(α

(β ,β ′
)
-Cl(B)).

Proof.The proof is obvious.

Theorem 19.Let f : (X,τ)→ (Y,σ) a bijective function. Then, f is(α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous if and only ifα

(β ,β ′
)
-

Int( f (A))⊆ f (α
(γ,γ ′ )-sInt(A)) for each subset A of X.

Proof. Let A be any subset ofX. Then, by Theorem17, f−1(α
(β ,β ′

)
-Int( f (A))) ⊆ α

(γ,γ ′ )-sInt( f−1( f (A))). Since f is a

bijective function, thenα
(β ,β ′

)
-Int( f (A)) = f ( f−1(α

(β ,β ′
)
-Int( f (A))))⊆ f (α

(γ,γ ′ )-sInt(A)).

Conversely, letB be any subset ofY. Then,α
(β ,β ′

)
-Int( f ( f−1(B))) ⊆ f (α

(γ,γ ′ )-sInt( f−1(B))). Since f is a bijection, so,

α
(β ,β ′

)
-Int(B) = α

(β ,β ′
)
-Int( f ( f−1(B))) ⊆ f (α

(γ,γ ′ )-sInt( f−1(B))). Hence,f−1(α
(β ,β ′

)
-Int(B)) ⊆ α

(γ,γ ′ )-sInt( f−1(B)).

Therefore, by Theorem17, f is (α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous.

Proposition 14.A function f : (X,τ) → (Y,σ) is (α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous if and only ifα

(γ,γ ′ )-sBd( f−1(B)) ⊆

f−1(α
(β ,β ′

)
-Cl(B)\α

(β ,β ′
)
-Int(B)), for each subset B in Y .

Proof.Let B be any subset ofY. By Theorem17(2) and (5), we havef−1(α
(β ,β ′

)
-Cl(B)\α

(β ,β ′
)
-Int(B)) = f−1(α

(β ,β ′
)
-

Cl(B)) \ f−1(α
(β ,β ′

)
-Int(B)) ⊇ α

(γ,γ ′ )-sCl( f−1(B)) \ f−1(α
(β ,β ′

)
-Int(B)) = α

(γ,γ ′ )-sCl( f−1(B)) \ α
(γ,γ ′ )-

sInt( f−1(α
(β ,β ′

)
-Int(B))) ⊇ α

(γ,γ ′ )-sCl( f−1(B)) \ α
(γ,γ ′ )-sInt( f−1(B)) = α

(γ,γ ′ )-sBd( f−1(B)), and hence

f−1(α(β ,β ′
)-Cl(B)\α(β ,β ′

)-Int(B))⊇ α(γ,γ ′ )-sBd( f−1(B)).

Conversely, letV beα
(β ,β ′

)
-open inY andF =Y \V. Then by(2), we obtain
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α
(γ,γ ′ )-sBd( f−1(F)) ⊆ f−1(α

(β ,β ′
)
-Cl(F) \α

(β ,β ′
)
-Int(F)) ⊆ f−1(α

(β ,β ′
)
-Cl(F)) = f−1(F) and hence by Theorem12

(1), α
(γ,γ ′ )-sCl( f−1(F)) = α

(γ,γ ′ )-sInt( f−1(F)) ∪ α
(γ,γ ′ )-sBd( f−1(F)) ⊆ f−1(F). Thus, f−1(F) is α

(γ,γ ′ )-semiclosed

and hencef−1(V) is α
(γ,γ ′ )-semiopen inX. Therefore, by Theorem17(2), f is (α

(γ,γ ′ ),α(β ,β ′
)
)-semicontinuous.

Proposition 15.A function f: (X,τ)→ (Y,σ) is (α(γ,γ ′ ),α(β ,β ′
))-semicontinuous if and only if f(α(γ,γ ′ )-sD(A))⊆α(β ,β ′

)-

Cl( f (A)), for any subset A of X.

Proof. Let A be any subset ofX. By Theorem17 (4), and by the fact thatα
(γ,γ ′ )-sCl(A) = A∪ α

(γ,γ ′ )-sD(A), we get

f (α
(γ,γ ′ )-sD(A))⊆ f (α

(γ,γ ′ )-sCl(A))⊆ α
(β ,β ′

)
-Cl( f (A)).

Conversely, letF be anyα
(β ,β ′

)
-closed set inY. By (2), we obtain

f (α
(γ,γ ′ )-sD( f−1(F))) ⊆ α

(β ,β ′
)
-Cl( f ( f−1(F))) ⊆ α

(β ,β ′
)
-Cl(F) = F. This implies α

(γ,γ ′ )-sD( f−1(F)) ⊆ f−1(F).

Hence, by Theorem13 (7), f−1(F) is α
(γ,γ ′ )-semiclosed in X. Therefore, by Theorem17 (3), f is

(α(γ,γ ′ ),α(β ,β ′
))-semicontinuous.

Definition 13. A function f : (X,τ) → (Y,σ) is said to be(α
(γ,γ ′ ),α(β ,β ′

)
)-semiopen if and only if for eachα

(γ,γ ′ )-open

set U in X, f(U) is α(β ,β ′
)-semiopen set in Y .

Theorem 20.A function f : (X,τ) → (Y,σ) is (α
(γ,γ ′ ),α(β ,β ′

)
)-semiopen if and only if for every subset E⊆ X, we have

f (α
(γ,γ ′ )-Int(E))⊆ α

(β ,β ′
)
-Cl(α

(β ,β ′
)
-Int( f (E))).

Proof. Let f be (α(γ,γ ′ ),α(β ,β ′
))-semiopen. Sincef (α(γ,γ ′ )-Int(E)) ⊆ f (E), and f (α(γ,γ ′ )-Int(E)) is α(β ,β ′

)-semiopen.

Then, f (α
(γ,γ ′ )-Int(E))⊆ α

(β ,β ′
)
-Cl(α

(β ,β ′
)
-Int( f (α

(γ,γ ′ )-Int(E))))⊆ α
(β ,β ′

)
-Cl(α

(β ,β ′
)
-Int( f (E))).

Conversely, letG be anyα
(γ,γ ′ )-open set inX. Then,

α
(β ,β ′

)
-Int( f (G))⊆ f (G) ⊆ f (α

(γ,γ ′ )-Int(G))⊆ α
(β ,β ′

)
-Cl(α

(β ,β ′
)
-Int( f (G))). Therefore,f (G) is α

(β ,β ′
)
-semiopen and

consequentlyf is (α
(γ,γ ′ ),α(β ,β ′

)
)-semiopen.

Theorem 21.Let f : (X,τ) → (Y,σ) be an(α(γ,γ ′ ),α(β ,β ′
))-semiopen function, then for every subset G of Y,α(γ,γ ′ )-

Int( f−1(G))⊆ α
(γ,γ ′ )-Cl( f−1(α

(β ,β ′
)
-Cl(G))).

Proof.Let f be(α
(γ,γ ′ ),α(β ,β ′

)
)-semiopen. By Theorem20, we have

f (α
(γ,γ ′ )-Int( f−1(G))) ⊆ α

(β ,β ′
)
-Cl(α

(β ,β ′
)
-Int( f ( f−1(G)))) ⊆ α

(β ,β ′
)
-Cl(α

(β ,β ′
)
-Int(G)) ⊆ α

(β ,β ′
)
-Cl(G) implies that

α
(γ,γ ′ )-Int( f−1(G))⊆ f−1(α

(β ,β ′
)
-Cl(G))⊆ α

(γ,γ ′ )-Cl( f−1(α
(β ,β ′

)
-Cl(G))).

Theorem 22.A function f : (X,τ) → (Y,σ) is (α
(γ,γ ′ ),α(β ,β ′

)
)-semiopen if and only if for every x∈ X and for every

α
(γ,γ ′ )-neighborhood U of x, there exists anα

(β ,β ′
)
-semineighborhood V of f(x) such that V⊆ f (U).

Proof. Let U be anα(γ,γ ′ )-neighborhood ofx ∈ X. Then, there exists anα(γ,γ ′ )-open setO such thatx ∈ O ⊆ U . By

hypothesis,f (O) is α
(β ,β ′

)
-semineighborhood inY such thatf (x) ∈ f (O)⊆ f (U).

Conversely, let U be any α
(γ,γ ′ )-open set in X. For each y ∈ f (U), by hypothesis there exists an

α(β ,β ′
)-semineighborhoodVy of y in Y such thatVy ⊆ f (U). SinceVy is α(β ,β ′

)-semineighbourhood ofy, there exists an

α
(β ,β ′

)
-semiopen setAy in Y such thaty ∈ Ay ⊆ Vy. Therefore,f (U) = ∪{Ay : y ∈ f (U)} is anα

(β ,β ′
)
-semiopen inY.

This shows thatf is an(α
(γ,γ ′ ),α(β ,β ′

)
)-semiopen function.

Theorem 23.The following statements are equivalent for a bijective function f : (X,τ)→ (Y,σ):

(1) f is (α(γ,γ ′ ),α(β ,β ′
))-semiopen.

(2) f (α
(γ,γ ′ )-Int(A))⊆ α

(β ,β ′
)
-sInt( f (A)), for every A⊆ X.

(3) α
(γ,γ ′ )-Int( f−1(B))⊆ f−1(α

(β ,β ′
)
-sInt(B)), for every B⊆Y.
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(4) f−1(α
(β ,β ′

)
-sCl(B))⊆ α

(γ,γ ′ )-Cl( f−1(B)), for every B⊆Y.

(5) α
(β ,β ′

)
-sCl( f (A)) ⊆ f (α

(γ,γ ′ )-Cl(A)), for every A⊆ X.

(6) α(β ,β ′
)-sD( f (A))⊆ f (α(γ,γ ′ )-Cl(A)), for every A⊆ X.

Proof.(1)⇒ (2): Let A be any subset ofX. Sincef (α(γ,γ ′ )-Int(A)) is α(β ,β ′
)-semiopen andf (α(γ,γ ′ )-Int(A))⊆ f (A), and

thus f (α
(γ,γ ′ )-Int(A))⊆ α

(β ,β ′
)
-sInt( f (A)).

The proof of the other implications are obvious.

Theorem 24. Let f : (X,τ) → (Y,σ) be (α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous and(α

(γ,γ ′ ),α(β ,β ′
)
)-semiopen and let

A∈ αSO(X)
(γ,γ ′ ). Then, f(A) ∈ αSO(Y)

(β ,β ′
)
.

Proof.SinceA is α
(γ,γ ′ )-semiopen, then there exists anα

(γ,γ ′ )-open setO in X such thatO⊆ A⊆ α
(γ,γ ′ )-Cl(O). Therefore,

f (O)⊆ f (A) ⊆ f (α
(γ,γ ′ )-Cl(O))⊆ α

(β ,β ′
)
-Cl( f (O)). Thus, by Theorem4, f (A) ∈ αSO(Y)

(β ,β ′
)
.

Theorem 25.Let π andπ ′
be operations onαO(Z). If f : X → Y is a function, g: Y → Z is (α

(β ,β ′
)
,α

(π ,π ′
)
)-semiopen

and injective, and go f: X → Z is (α
(γ,γ ′ ),α(π ,π ′

)
)-semicontinuous. Then, f is(α

(γ,γ ′ ),α(β ,β ′
)
)-semicontinuous.

Proof. Let V be anα
(β ,β ′

)
-open subset ofY. Sinceg is (α

(β ,β ′
)
,α

(π ,π ′
)
)-semiopen,g(V) is α

(π ,π ′
)
-semiopen subset of

Z. Sincego f is (α
(γ,γ ′ ),α(π ,π ′

)
)-semicontinuous andg is injective, thenf−1(V) = f−1(g−1(g(V))) = (go f)−1(g(V)) is

α(γ,γ ′ )-semiopen inX, which proves thatf is (α(γ,γ ′ ),α(β ,β ′
))-semicontinuous.

Definition 14. A function f : (X,τ)→ (Y,σ) is said to be(α(γ,γ ′ ),α(β ,β ′
))-irresolute if the inverse image of everyα(β ,β ′

)-
semiopen set of Y isα

(γ,γ ′ )-semiopen in X.

Proposition 16.Every(α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute function is(α

(γ,γ ′ ),α(β ,β ′
)
)-semicontinuous.

Proof.Straightforward.

The converse of the above proposition need not be true in general as it is shown below.

Example 6.Let X = {1,2,3} andτ = σ = {φ ,{1},{2},{1,2},X} be a topology onX. For eachA∈ αO(X), define the
operationsγ : αO(X,τ)→ P(X), γ ′

: αO(X,τ)→ P(X), β : αO(X,σ)→ P(X) andβ ′
: αO(X,σ)→ P(X), respectively,

by

Aγ = Aγ ′ =

{

A, if A= {1,2}
X, if A 6= {1,2}

and

Aβ = Aβ ′

=

{

A, if A= {2}
X, if A 6= {2}.

Define a functionf : (X,τ)→ (X,σ) as follows:

f (x) =







1, if x= 1
1, if x= 2
3, if x= 3.

Then, f is (α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous, but not(α

(γ,γ ′ ),α(β ,β ′
)
)-irresolute because{2,3} is anα

(β ,β ′
)
-semiopen set

of Y but f−1({2,3}) = {3} is notα
(γ,γ ′ )-semiopen inX.

Theorem 26.If f : (X,τ)→ (Y,σ) is (α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous and f−1(α

(β ,β ′
)
-Cl(V)) ⊆ α

(γ,γ ′ )-Cl( f−1(V)) for

each subset V∈ αO(Y)
(β ,β ′

)
, then f is(α

(γ,γ ′ ),α(β ,β ′
)
)-irresolute.

Proof.Let B be anyα
(β ,β ′

)
-semiopen subset ofY. Then, there existsV ∈ αO(Y)

(β ,β ′
)

such thatV ⊆ B⊆ α
(β ,β ′

)
-Cl(V).

Therefore, we havef−1(V)⊆ f−1(B)⊆ f−1(α(β ,β ′
)-Cl(V))⊆ α(γ,γ ′ )-Cl( f−1(V)).

Since f is (α
(γ,γ ′ ),α(β ,β ′

)
)-semicontinuous andV ∈ αO(Y)

(β ,β ′
)
, then f−1(V) is anα

(γ,γ ′ )-semiopen set ofX. Hence, by

Theorem4, f−1(B) is anα
(γ,γ ′ )-semiopen set ofX. This shows thatf is (α

(γ,γ ′ ),α(β ,β ′
)
)-irresolute.
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Theorem 27.A function f : (X,τ)→ (Y,σ) is (α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute if and only if for each x∈ X and eachα

(β ,β ′
)
-

semiopen set V of Y containing f(x), there exists anα
(γ,γ ′ )-semiopen set U of X containing x such that f(U)⊆V.

Proof. Let x ∈ X and V be any α(β ,β ′
)-semiopen set ofY containing f (x). Set U = f−1(V), then by f is

(α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute,U is anα

(γ,γ ′ )-semiopen subset ofX containingx and f (U)⊆V.

Conversely, letV be anyα
(β ,β ′

)
-semiopen set ofY andx∈ f−1(V). By hypothesis, there exists anα

(γ,γ ′ )-semiopen setU

of X containingx such thatf (U) ⊆ V. Thus, we havex ∈ U ⊆ f−1( f (U)) ⊆ f−1(V). By Proposition7, f−1(V) is
α
(γ,γ ′ )-semiopen ofX. Therefore,f is (α

(γ,γ ′ ),α(β ,β ′
)
)-irresolute.

Theorem 28.A function f: (X,τ)→ (Y,σ) is (α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute if and only if for everyα

(β ,β ′
)
-semiclosed subset

H of Y, f−1(H) is α(γ,γ ′ )-semiclosed in X.

Proof.Let f be(α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute, then for everyα

(β ,β ′
)
-semiopen subsetQ of Y, f−1(Q) is α

(γ,γ ′ )-semiopen in

X. Let H be anyα
(β ,β ′

)
-semiclosed subset ofY, thenY \H is α

(β ,β ′
)
-semiopen. Thus,f−1(Y \H) is α

(γ,γ ′ )-semiopen,

but f−1(Y \H) = X \ f−1(H) so thatf−1(H) is α
(γ,γ ′ )-semiclosed.

Conversely, suppose that for allα
(β ,β ′

)
-semiclosed subsetH of Y, f−1(H) is α

(γ,γ ′ )-semiclosed inX and letQ be any

α
(β ,β ′

)
-semiopen subset ofY, then Y \ Q is α

(β ,β ′
)
-semiclosed. By hypothesis,X \ f−1(Q) = f−1(Y \ Q) is

α
(γ,γ ′ )-semiclosed. Thus,f−1(Q) is α

(γ,γ ′ )-semiopen.

Theorem 29.Let f : (X,τ)→ (Y,σ) be function. Then, the following statements are equivalent:

(1) f is (α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute.

(2) α
(γ,γ ′ )-sCl( f−1(B))⊆ f−1(α

(β ,β ′
)
-sCl(B)), for each subset B of Y.

(3) f (α
(γ,γ ′ )-sCl(A))⊆ α

(β ,β ′
)
-sCl( f (A)), for each subset A of X.

Proof. (1) ⇒ (2): Let B be any subset ofY. Then,B ⊆ α
(β ,β ′

)
-sCl(B) and f−1(B) ⊆ f−1(α

(β ,β ′
)
-sCl(B)). Since f is

(α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute, so,f−1(α

(β ,β ′
)
-sCl(B)) is anα

(γ,γ ′ )-semiclosed subset ofX. Hence,

α
(γ,γ ′ )− sCl( f−1(B))⊆ α

(γ,γ ′ )− sCl( f−1(α
(β ,β ′

)
− sCl(B))) = f−1(α

(β ,β ′
)
− sCl(B))

(2)⇒ (3): Let A be any subset ofX. Then, f (A) ⊆ α
(β ,β ′

)
-sCl( f (A))

and
α
(γ,γ ′ )-sCl(A)⊆ α

(γ,γ ′ )-sCl( f−1( f (A))) ⊆ f−1(α
(β ,β ′

)
-sCl( f (A))).

This implies thatf (α
(γ,γ ′ )-sCl(A))⊆ f ( f−1(α

(β ,β ′
)
-sCl( f (A)))) ⊆ α

(β ,β ′
)
-sCl( f (A)).

(3)⇒ (1): LetV be anα
(β ,β ′

)
-semiclosed subset ofY. Then,

f (α
(γ,γ ′ )-sCl( f−1(V)))⊆ α

(β ,β ′
)
-sCl( f ( f−1(V)))⊆ α

(β ,β ′
)
-sCl(V) =V.

This implies thatα
(γ,γ ′ )-sCl( f−1(V))⊆ f−1( f (α

(γ,γ ′ )-sCl( f−1(V))))⊆ f−1(V).

Thus, f−1(V) is anα
(γ,γ ′ )-semiclosed subset ofX and consequentlyf is an(α

(γ,γ ′ ),α(β ,β ′
)
)-irresolute function.

Theorem 30.A function f : (X,τ) → (Y,σ) is (α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute if and only if f−1(α

(β ,β ′
)
-sInt(B)) ⊆ α

(γ,γ ′ )-

sInt( f−1(B)) for each subset B of Y.

Proof.Let B be any subset ofY. Then,α
(β ,β ′

)
-sInt(B)⊆ B. Since f is (α

(γ,γ ′ ),α(β ,β ′
)
)-irresolute,f−1(α

(β ,β ′
)
-sInt(B)) is

anα
(γ,γ ′ )-semiopen subset ofX. Hence,

f−1(α
(β ,β ′

)
− sInt(B)) = α

(γ,γ ′ )− sInt( f−1(α
(β ,β ′

)
− sInt(B)))⊆ α

(γ,γ ′ )− sInt( f−1(B)).
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Conversely, letV be anα(β ,β ′
)-semiopen subset ofY. Then, f−1(V) = f−1(α(β ,β ′

)-sInt(V)) ⊆ α(γ,γ ′ )-sInt( f−1(V)).

Therefore,f−1(V) is anα
(γ,γ ′ )-semiopen subset ofX and consequentlyf is an(α

(γ,γ ′ ),α(β ,β ′
)
)-irresolute function.

Proposition 17. A function f : (X,τ) → (Y,σ) is (α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute if and only if

α
(γ,γ ′ )-sBd( f−1(B))⊆ f−1(α

(β ,β ′
)
-sBd(B)), for each subset B of Y .

Proof.Let B be any subset ofY. Then,
α
(γ,γ ′ )-sBd( f−1(B)) = α

(γ,γ ′ )-sCl( f−1(B)) \ α
(γ,γ ′ )-sInt( f−1(B)) ⊆ f−1(α

(β ,β ′
)
-sCl(B)) \ α

(γ,γ ′ )-sInt( f−1(B)) used

Theorem 29. Therefore, by Theorem30, we have α
(γ,γ ′ )-sBd( f−1(B)) ⊆ f−1(α

(β ,β ′
)
-sCl(B)) \ f−1(α

(β ,β ′
)
-

sInt(B)) = f−1(α
(β ,β ′

)
-sCl(B))\α

(β ,β ′
)
-sInt(B)) = f−1(α

(β ,β ′
)
-sBd(B)).

Conversely, letV beα
(β ,β ′

)
-semiopen inY andF =Y \V. Then, by hypothesis, we obtain

α
(γ,γ ′ )-sBd( f−1(F)) ⊆ f−1(α

(β ,β ′
)
-sBd(F)) = f−1(α

(β ,β ′
)
-sCl(F) \α

(β ,β ′
)
-sInt(F)) ⊆ f−1(α

(β ,β ′
)
-sCl(F)) = f−1(F)

and hence by Theorem12 (1), α
(γ,γ ′ )-sCl( f−1(F)) = α

(γ,γ ′ )-sInt( f−1(F)) ∪ α
(γ,γ ′ )-sBd( f−1(F)) ⊆ f−1(F). Thus,

f−1(F) is α
(γ,γ ′ )-semiclosed and hencef−1(V) is α

(γ,γ ′ )-semiopen inX. Therefore,f is (α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute.

Corollary 2. Let f : (X,τ) → (Y,σ) be a function. If f is(α(γ,γ ′ ),α(β ,β ′
))-closed and(α(γ,γ ′ ),α(β ,β ′

))-irresolute, then

f (α
(γ,γ ′ )-sCl(A)) = α

(β ,β ′
)
-sCl( f (A)) for every subset A of X.

Proof.Since for any subsetA of X, A⊆ α
(γ,γ ′ )-sCl(A). Therefore,f (A) ⊆ f (α

(γ,γ ′ )-sCl(A)). Since f is (α
(γ,γ ′ ),α(β ,β ′

)
)-

closed, thenα
(β ,β ′

)
-sCl( f (A)) ⊆ α

(β ,β ′
)
-sCl( f (α

(γ,γ ′ )-sCl(A))) = f (α
(γ,γ ′ )-sCl(A)). Hence,f (α

(γ,γ ′ )-sCl(A)) ⊇ α
(β ,β ′

)
-

sCl( f (A)) and by Theorem29, we havef (α
(γ,γ ′ )-sCl(A)) = α

(β ,β ′
)
-sCl( f (A)).

Corollary 3. Let f : (X,τ) → (Y,σ) be a bijective function. Then, f is(α(γ,γ ′ ),α(β ,β ′
))-semiopen and(α(γ,γ ′ ),α(β ,β ′

))-

irresolute if f−1(α
(β ,β ′

)
-sCl(V)) = α

(γ,γ ′ )-sCl( f−1(V)) for every subset V of Y.

Proof.The proof is follows from Remark3, Theorems23and29.

Theorem 31.If f : X →Y is (α
(γ,γ ′ ),α(β ,β ′

)
)-irresolute and g: Y → Z is (α

(β ,β ′
)
,α

(δ ,δ ′
)
)-irresolute, then g( f ) : X → Z

is (α
(γ,γ ′ ),α(δ ,δ ′

)
)-irresolute.

Proof. If A ⊆ Z is α(δ ,δ ′
)-semiopen, theng−1(A) is α(β ,β ′

)-semiopen andf−1(g−1(A)) is α(γ,γ ′ )-semiopen. Thus,

(g( f ))−1(A) = f−1(g−1(A)) is α
(γ,γ ′ )-semiopen and henceg( f ) is (α

(γ,γ ′ ),α(δ ,δ ′
)
)-irresolute.
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