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1 Introduction

In this paper, we consider the boundary value problem

)// (t) + {/\ 7Q(t)}y(t) = 07 te [aﬂ b]a (1)
y (a)— [cA?+dA +e]y(a) =0, cd,ecR, c#£0, 2)
y(b)cosB —y (b)sinB =0, B<0,m). (3)

whereA is a real parameteg(t) is a real-valued function. Also we assume thé&) is integrable orja, b]. This problem
differs from the usual regular Sturm-Liouville problem inet sense that eigenvalue parameéteis contained in the
boundary condition a. Problems of this type arise from the method of separatioragfibles applied to mathematical
models for certain physical problems including heat cotidncand wave propagation, et@]] It is shown by Walter
[15] that this problem is self-adjoint problerihe purpose of this paper is to obtain asymptotic approxanatfor the
eigenvalues of)-(3).

Approximations of this type have been derived before. Wetiaetin particular [, 8] and [2]. Fulton’s approach in1] is
based on an iteration of the usual Volterra integral equapiooducing an asymptotic expansion of the solution in éigh
powers of JA 1/2 3s) — » and in [B] is based on the analysis df4] for regular Sturm-Liouville problems on a finite
closed interval and involves some operator-theoreticallte of [L5]. The approach used ir2] is based on an iterative
procedure solving the associated Riccati equation anduging an asymptotic expansion of the solution in the higher
powers of YAY/2 asA — « for smoothq(t). There is also a vast amount of literature dealing with asptipestimates

of eigenvalues for standart Sturm-Liouville problems wiglgular endpoints3 4,5,6,9,10,11,13,14]. Here we follow

the similar approach in4[10,12]. We assume without loss of generality, thgft) has mean value zero. That is

[2a(t)dt=0.
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2 Conclusion

Theorem 1. The eigenvalued, of (1)-(3) satisfy as n— o,

() if B=0,

b _
vz _ (?b+—2¢’21)n 2(n—|1—2)7T/a [COSZ(nthZ))_n;X a)} q(x)dx+0(n~2n(n)) +0(n"1n?(n)),

(i) if B #0,

b _
L2 _ (s?t:r_?’;;[ (2ni3)n{200tﬁ+/a {cos(zmri)_n;x a)] q(x)dx} +0(n2n(n)) +0(n"*n?(n)).

3 TheMethod

We associate withl] the Riccati equation
V(tLA)=—-A4+g—V2

We define

S(t,A) =Relv(t,A)], 4)
T(t,A)=Im[v(t,A)]. (5)

It is shown in B] that any real-valued solution of) is in the form

y(t,A) =R(t,A)cosO (t,A) (6)

with Rt
S(t,A) = R((t’/\)), (1)
Tt ) =0'(t,A). (8)

Our approach to calculatiny, is to approximate those which are such that
b
B(b,)\)—e(a,)\):/ T (x,A)dx )

a

We suppose that there exist functioh@) andn (A) so that

[ ama <an (). tefan (10

where

(i) At):= ftb |g(x)|dxis a decreasing function of
(i) A(.) eL[a,bl,
(i) n(A)—0asAY? - w.
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Forg € L[a,b] the existence of thA andn functions may be established fdmositive as follows. We note that, avoiding
the trivial casef;” | (x)| dx= 0. ‘ftbez”‘l/zxq (x)dx‘ < [Pla(x)|dx < e s0, if we define

[P qx)dx| / [Plat)ldx. i °]a|dx 40,
F(t.A)=1q0, if [°]q(x)|dx=0, (11)

then O<F (t,A) <1 and we sef) (A) := sup,«;<pF (t,A). n (A) is well defined by {1) andn (A) — 0 asA — o [12].
Our method of approximating a solutionf(t,A) = —A +q— V2 on|[a, b] is similar to [L2], so we set

V(t,A) = i/\1/2+nivn (t, 7). (12)
When we put this serie into the Riccati equation and solewftial equations, we hold

. b _
Vi(t,4) = —e 22 [T g ) dx

) b
Vo (t,) = e 2V /t A2 (x A)dx, (13)

_ o202 be2i)\1/2x V2 &
Vh(t,A) =€ | [Vi_1 (A) +2vn 1 (X,A) z Vm(X%,A)]dx, n>3.
m=1

Also we foundf (b,A) — 08 (a,A) = f;’T (x,A)dx, so with @) and (L2) we have

b

G(b,)\)—e(a,)\):/

a

A2 4 1im % vn(x,/\)] dx,
=1
then
B(b,A)—06(aA) :,\l/z(b_a)+r§llm/abvn(x,)\)dx (14)
Theorem 2.[1] Ifv(t,A) asin (12), asA — o«
V(t,A) =iAY2 4y (t,A) +0(n? (1))
where
Vi(t,A) = —g 2N /bez”‘l/zxq (x) dx
Jt
=— [cosml/ztfisinml/zt} x/tb {cos?)\l/zxwLisinZ/\l/zx q(x) dx

andn (A) is defined 12).

After some calculations by using the last theorem, wihwe gain

S(t,A) =— (cos?)\l/zt) /b [cosZ/\l/Zx} q(x) dx— (sin2)\1/2t) /b [sinZ/\l/Zx} q(x)dx+0(n?(A)).

t t
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Let define the following notations:

b
sin& ::/ (cosml/zx)q(x)dx,
Jt
b
cos ::/ (sin2x\1/2x)q(x)dx,
t
thus we can writ&(t,A) as

S(t,4) = —sin(2A%2t+ &) +O(n2(A))..

Similarly, with (5) we findT (t,A) as
T(t,A)=AY2—cos(2AY2t + &) +O(n?(2)). (15)

Also, by using integration by part td.8), we determine

b i b 2
/a vi (X, A)dx= 2)\1/2./‘—11 AT g (x) dx

and again with integration by part

/:w(x,/\)dx: i—z)\ ’1/2[/abiQ(x) {sin?)\l/zx} {cos?)\l/za} dx— /:iq (X) [cosml/zx} [sian\l/za} dx

+12 *1/2[/abq(x) [cosml/zx} [cosml/za} dx+/abq(x) [sinZ/\l/zx} [sinml/za} dx,

SO

Im/abvl (x,A)dx= %/\*1/2 {cosZz\l/za} [/abQ(X) [cos?)\l/zx} dx+ [sian\l/za} /bQ(X) [sin?)\l/zx} dx

a

We also have from equatioi§),

and forn > 3

A dxe [T @D [ (A 21 (6A) S V(6 A) ]
[ vnxA)de= i [T 2 (62) 2 1(x4) 3 vn(xA)]dx

Thus, with the last equations

/abnilm{vn (x,A)}dx= nillm{/a

bvn (XA) dx} = %/\ ~1/2gin (2)\ Y2y Et) +0(A"tn(1)). (16)

4 Proof of thetheorem

(i) If B =0, our problemis

(© 2018 BISKA Bilisim Technology
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Y't)+{A —a®)}yt)=0, teahbl,
y(a) - [cA?+dA +€e]y(a) =0, c,d,ecR, c#£0,

y(b) =0.

The real solution of/” (t) + [A —q(t)]y(t) =0 isy(t,A) = R(t,A)cosB (t,A) from (6). We use this equation for
boundaryt = a, we find

R(a,A) {cose(a,)\) [i’((:’)}\\)) —(cA?+dA +e)| - 9’(a,)\)sin9(a,}\)} =0.

If we choosen; as

H . R’(avA) 2
sinay = R@n) —(cA*+dA +e),
cosay :=—6'(a,A),

we haveR(a,A)sin[a;+ 0 (a,A)]=0sosinai+08(a,A)) =0,0r0(a,A) = —a1. Using by equationss) and @)
asS(t,A) = %, T (t,A) = 6'(t,A) and their asymptotic expansior)<{(15), we calculate

cosay  —AY2+cos(2AY2a+ &) +0(n%(A))

sinay  —sin(2AY/2a+ &) —cA2—dA —e+0(n2(A))’

hence

cosa; —~AY2 4 cos(2AY2a+ &) +0(n?(A))

sinar  —cA2[1+9A-14 8A-24 1A -2sin(2AY2a+ &) + O(A-2n2(A))]
Then

1 1
cotay = {EAW ~ A *2005(2/\ Y2a 4 Ea) +0(A2n? (A))}
d, 1 e, > 1, ,_ 1/2 &, 2,2
X {15)\ fE/\ fE)\ sm(Z)\ a+Ea)+?)\ +0(A7%n% (1)) |,

SO

_1, 5 105, 1/2 d . s 2,2
cotay = ZA 32— “AZcos(2A2at &) — 52 2404202 (1)),
In the last equation, by using Taylor expansioraafcotxatx = 0, we obtain
a=T_1y-s2,1) “2c0s(2AY2a+ &) + da-52 0 2n2(1)). (17)
2 ¢ c c?
Similarly, when we use the form(t,A) = R(t,A)cos6 (t,A) for boundant = b, we find co® (b,A) = 0 so

e(b,A):’—ZT+(n+1)n. (18)
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Let use these finding4.6), (17) and (18) in 8 (b,A)—0(a,A) = AY2(b—a)+ z‘r’f:llmf;’vn (x,A)dx, we see that
n molisp, 1,0 1/2 d, 50 2.2
5+ + D75 A2 cos(2) a+Ea)+CZ)\ +0(A202 (1))

1 .
:Al/z(b_a)+Erl/zsm(z)\l/zua) +o(A () +o()\ *l/znz(;\)).
We prove the theorem by using definitions of &ircosé; and n(A); also series error computation in the last
equation.
(ii) If B #0, our problemis

Y'(t)+{A —a®)}y(t) =0, teab],
y (a) — [cA?+dA +e]y(a) =0, c,d,ecR, c#£0,
y(b)cosB —y (b)sinB =0, B < (0,m).

For the first boundary condition, we fouiida,A) = —a; anda; is in (17).

For boundary = b, by usingy(b,A) = R(b,A)cosf (b,A), we find

R(b,A) {cose(b,)\) {cosg _RbA)

R(b,A)
If we choosen;, as

sinf| + 9’(b,)\)sinBsin9(b,/\)} =0.

L R (b,A) .
sina, := cosf — R(b, )smB,
cosap == —6'(b,A)sinp,

we haveR(b,A)sin[az, — 6 (b,A)] = 0 so sifaz — 8(b,A)] =0, or 6 (b,A) = (n+ 1) T+ a». Using byS(t,A) =
R(tA)
R(tA)

, T(t,A) = 0'(t,A) and their asymptotic expansions, one writes

sinay cosB+0(n?(1))

cosa,

B cosB+0(n%(2))
—AY2sinB+0(n2(A))  —AY2sinB[1-0(A-1/2n2(A))]

[7/\71/2C0t[3+o (/\71/21']2()\))} X |:1+O<)\ *1/2’,’2(/\))} )

then

tana, = —A Y2 cotB+0 (A “12p2() )) .
In the last equation, by using Taylor expansion of argtarx = 0, we obtain

oy = —A~Y2cotB+0 ()\ “12p2 () ))
S0

0(b,A) = (n+1)11—A~Y2cotp+0 ()\ ~1/2p2 ) ))

: (19)
Let use these findings il (b,A) — 6 (a,A) = AY2(b—a)+ T, Im [v, (x, A ) dx, we estimate that

(© 2018 BISKA Bilisim Technology
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y-1/2 mo1l, 3, 1,5 1/2 ~1/2,,2
(n+1)m—A COtB+2 C)\ +C/\ cos(Z)\ a+Ea)+O()\ n (/\))
:Al/z(b_a)+%rl/zsin(z)\l/zua)+O()rln (A))+o()rl/2n2(;\)).

We prove the theorem by using definitions of &ircosé; andrn (A ); also series error computation in the last equation.
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