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Abstract: Unlike the digital images, Khalimsky digital spaces havgotogical structures in addition to their adjacency relasi. The
construction of their digital singular homology groups igem in [23]. The functorial properties of digital singular homolodyebry
allow us to characterize and classify the digital spacesldebraic topology, additivity and excision axioms are of&ilenberg-
Steenrod axioms in homology theory and in this paper, welctiegr validity for digital singular homology theory.
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1 Introduction

The main purpose of the digital topology is to study and cttarize the properties of digital images by using the
concept of topological properties. The tools for this pwgare the digital algebraic notions derived from the nation
algebraic topology. The first attempt was from Rosenf@d.[He introduced the notion of continuity for functions
between digital images. Later, Boxéf] [extends the results of Rosenfeld’s by introducing a digitadamental group
based on digitally continuous functions and the digital btospy and examines the digital fundamental group of
unbounded digital images$]

Another tool to classify the digital images is to computdrtisenplicial homology groups. Arslan et &][introduce the
digital simplicial homology groups af-dimensional digital images and it is developed by Boxera€a and Ozteld].
The validity of Eilenberg-Steenrod axioms for the digitahglicial homology groups are investigated by Karaca and
Ege [L1]. The last tool is the digital singular homology theory dhea a continuous functions from standardimplex

to the digital Khalimsky space2B]. By Khalimsky topology is orZ", the digital images are represented by locally finite
To-topological spaces and it has been studied by many authoksMelin [18] has given the classification for the subset
of Khalimskyn-spaceA C Z" where the continuous functions frofnto the Khalimsky lineZ can be extended t&". He
has also studied digital manifolds which are locally homegrhic to Khalimsky manifolds19). To consider the
topological spaces of Khalimsky spaces by their correspgralgebraical structures, Karaca and Verdilg][introduce
the notions of the standard digitalsimplexes, digital singular chain complex and define thyitali singular homology
groups of Khalimsky spaces. They state that the dimensi@mnakolds and the digital singular homology theory is a
functor from the category KDTC of KD-topological spacestie tategory Ab of abelian groups.

In this paper, we develop the digital singular homology tigdor Khalimsky spaces. We show that in each dimension,
the digital singular homology group of a Khalimsky space diract sum of the digital singular homology groups of its
path components. This property is known additivity. Further, to check the validity of excision axiom for digita
Khalimsky spaces, we construct the digital relative horgglgroups for the paitX,A) whereX is a digital Khalimsky
space and\ is a subset oK. The excision axiom allow us to compute the digital homolggyups of aX,A) in a less
effort.
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2 Preliminaries

Let Z denote the set of integers aXdc Z™ for some positive integemn. The adjacency relation for the subseéts as
follows [6]: Let I, m be positive integers, £ | < mand two distinct point® = (p1, p2,---, Pm), 4= (d1,02;-..,qm) iN
X, p and q are k-adjacentif there are at most distinct coordinateg for which |p; —q;| = 1, and for all other
coordinateg, p; = q;. We call the pai(X, k,), (or (X, k) for short), as a digital image.

Let k be an adjacency relation defined ¥n— Z™ and p € X. Then the point inX which is k-adjacent top is called a
k-neighborof p [14]. Let q be another point iiX. Then the sequendgo, p1, .. ., ps} Of points inX is called thek-path
between the pointp andqif p= pg, = ps andp; andp;; 1 arek-adjacent14] in X.

Denotel«(p,q) as the length of a shortestpath betweem andg. (Take/x(p,q) =  if no k-path between the points
andq exists.)

Let
Nk(p,€) :={qeX : lk(p,q) < e}U{p}

whereg € N[12.

We define a topology of. For an integen, let

B() = {{n}, if n is odd

{n—1,n,n+1}, if nis even
Then the topology ofZ. generated by the basis

#={B(n) : neZ}
is calledKhalimsky digital line topology15].

The topology orZ™ for m> 1 is considered as a product topology where the base system is
m
B = {rlB(ni) :eachB(n;) is a basis irZ}
i=
and for the subseiX, k) of Z™, the topology ofX inherited fromZ™ has the basis
m
B ={XN rlB(ni) : eachB(n) is a basis irZ}.
i=

We will denote such spaces m«, Tx).

If (Xmy.ky, Tx) is @ Khalimsky space andis a point in(Xmx, Tx), then a neighborhood of is a subset)y of X that
includes an open sdb containingx. Let (Xm, «;,Tx) and (Ym, «,, Ty) be Khalimsky spaces. The mdp: X — Y is
continuous at X13] if for all open subsetfl¢ () of Y, ffl(Uf(X)) is an open subset of containingx.

Definition 1.[13] Let (X «;, Tx) and (Ym, ., Ty) be Khalimsky spaces and: X — Y be a map. Then f is KIk1, k)
continuous at x, if

(i) fiscontinuous atx; and
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(i) forany N, (f(x),&) CY,thereis N, (x,&) C X such that {N, (x,0)) C Nk, (f(x),€), wheree, 5 € N,

A KD-(K1, K2) continuous map f is KKy, K2) continuous at any point x in X. Further a KD« k2)-continuous bijective
map with a KD{k2, k1)-continuous inverse is calledD- (K1, K2)-isomorphisni13].

Let (Xmyxy, Tx) be a Khalimsky space arx,x, € X. If there exist an integem and a KD{2,k1) continuous map
y: [0,m|z — X such thaty(0) = x; andy(1) = xo, theny is called the path between andx. If there exists a path
function between any two points K, then we say thaX is path connected

For the digital singular homology theory, we need the notidm-simplex. Let(X,k) be a digital image. For the
nonempty subsed of X, we call the membersof Sas thesimplicesof (X, k) [22] if the following two statements hold

(i) if pandq are two distinct points o, then they are-adjacent,
(i) if se Sand 0#£t C s, thent € S,

If the number of elements &is n+ 1, thenSis called am-simplex

We consider some special pointsZfi [23). Forn> 0 letey = (0,...,0) and for 1< i < n, letg = (i, iy, ...,in) where
components o§ are defined by

. 1, ifm<i
|m:
0, ifm>i.

Denote the digital standardsimplex inZ" spanned by the poingy, ey, ...,e, as

An = [a);e1)7a"l]

Fig. 1: The illustrations forA®, A, A%, A3 respectively.

We take the topology oA"™ as a Khalimsky topology inherited frofr".

Definition 2.[23] The linear ordering g < e; < ... < &, on its vertices is called the orientation 8" = [ep, ey, ..., €.
Also, the induced orientation of its faces defined by onenthe ith face

(=1)'[ep, ..., 8, ..., €n]

where§ is considered as it is deleted andey, ..., §, ...,ey] is the ith face with orientation opposite to the one with the
vertices ordered asge< €1 < ... < €.

Definition 3.[23] Let (Xm«, Tx) be a Khalimsky digital space. The K@ — 1, k )-continuous map

o A" - X
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is called a digital singular n-simplex in X.

The set of all digital singulan-simplexes ofX form a basis for the free abelian gro8gX) for n > 0. The elements of
S\(X) are calledhe digital singular n-chains

Definition 4.[23] Let & := &": A" — A" be the map such that it maps the vertices to vertices andmestiee orderings
as:
88 : (to,t1,...,th—1) — (O,to, ..., th—1)
g (to,tg, . tho1) = (to, s tig,O0ti, o tng) P> 1
We callg; asith face map
Let (Xmx, Tx) be a Khalimsky space. Then the boundargbfe S,(X) is
n .
00" = 3 (~1)lo"e] € S} (X)

J:

and ifn = 0, definedyd” = 0. Note that fom > 0, d, is a linear map and it can be extended to a unique homomorphism
calledthe boundary operators

On: Si(X) = Sv_1(X)

with

n

Oha" =S (—1) o"e!
&
for every singular digitah-simplexa™ in X [23].
Definition 5.[23] For each digital spaceXm«, Tx), a sequence of free abelian groups and homomorphisms

an+1 0On an—l 172

Si(X) —= Si-1(X)

calledthe digital singular complegf the digital spacéXm«, Tx) and it is denoted by.$X).
Theorem 1.[23] For alln > 0, we havedyd,.1 =0.
For a digital spacéXm«, Tx), the group of the digital singular-cylesis
Zn(X) :=Ker o,
and the group of the digital singularboundariess
Bn(X) :=1m Ghy1.

Note thatBn(X) C Zy(X) C Sy(X) for eachn > 0 and therefore we can consider the quotients

calledthe nth digital singular homology grougf a Khalimsky spacX (see R3)).

Theorem 2.[23] Let X = {x} be a one point space @™. Then for all n> 0, Hy(X) =0.
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Theorem 3.[23] Let X = {a= (0,0),b = (1,0),c= (1,1)} C Z2. Then the digital singular homology groups of X up to
the dimensior2 are as follows:

Ho(X) =2 Z, Hi(X)=0, Hy(X)=0.

Let (Xmy k;, Tx) and(Ym, «,, Ty) be two spaces anfl: X — Y be a KD{k1, k2)-continuous map. Far > 0, if a" € §,(X)
thenf o g € S,(Y). If we extendf by linearity of singular digitah-simplexes inX, we have a homomorphism

fy 1 S(X) = S(Y), fu(z_c,gna”) = ngn(f oa")
wheresgn € Z (see R3J)).

Note that
f:(Za(X)) C Za(Y) and  f;(Bn(X)) C Bn(Y).

The KD-topological category KDTC consists of the objects &¥nx,Tx)'s and morphisms as
KD- (K1, k2)-continuous functions.

Theorem 4.[23] For each n> 0, H, : KDTC — Ab is a functor.

Corollary 1. [23] If (X «;, Tx) @and (Ym,x,, Ty) are KD-(k1, k2)-isomorphic, then

Hn(X) 2 Hn(Y) for alln>0.

3 Additivity for digital singular homology
Theorem 5.Let X= {a= (—1,0),b= (0,—-1),c= (1,0),d = (0,1)} C Z2. Then,

74, n=0,
Hn(X) = 0 n#0

4

+l:l

]
--*---..-.-J'---.----n—

'b
®

l

Fig. 2

Proof. The Khalimsky topology oiX coincides with the discrete topology. Thus if a singular map
On: A" — X

is continuous, then it should be constant. Hence fon,alle get
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Z*, nis odd Z* nis even
Ker on = . and Imd, = )
0, nis even 0, nis odd.

Hence we conclude that

74 n=0,
H9=10 N0

Theorem 6.1f X is a path connected Khalimsky digital space, thet = 7Z.

Proof.Let X be a path connected space a¥d= n. From the end part of the singular complex

we see thaZy(X) = S(X) = Z". The proof will be completed if we show thB(X) = Z"~1. We assign a graph fot

as follows: Consider the elementsXfas a vertex set and the singular 1-simplea&s as an edge set that connects the
vertexes to each other. Let's call this grapt¥dX). Note that each singular 1-simpleX € S;(X) is a path inX and if X

is a path connected space, then the grapX wfill be a connected graph, moreover, the spanning tree (foerdetails,
see [1]) of this graph containa — 1 edges. HencBo(X) = Z"~1 andHo(X) = Z.

Theorem 7.Let X be a digital Khalimsky space agi, } be the set of the path components of X. Then for ever@n

Xa) = ;Hn(Xa).

Proof. Observe that each path compon¥ptinduces a maximal connected subgréfX, ) of the graph? (X). Then for
eacho” € $,(X) the Img" is a subset of the vertex set@iXy). Therefore

SX = ZSn(Xa)-
a
On(0™) is also contained in a vertex set@fX,), as Imo" is. It follows that the boundary
On: S(X) = Si—1(X)
mapsS(Xq) to Sy-1(Xq ). Therefore we have the following direct sum decompositions

Z Z Zn Xg and Bn Z Bn

and hence passing to the quotient groups, we get

Hn(X) = Z Hn(XU)

a

foralln> 0.

4 Digital relative homology groups

Let A be a subspace of the Khalimsky spatcandi : A — X be the inclusion map. Then it can easily be checked that
it - SH(A) = S(X) is a monomorphism. Consider the quotient group

SI(XA) 1= S(X)/S(A)
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calledn dimensional chain group of the pdiX,A). Since
Gh(Sh(A) C Si-1(A)

for the boundary operator

Oh: Si(X) = S-1(X),
then there is a homomorphism between the quotient groups
On:Si(X,A) = S_1(X,A)

induced by the original. Note that this induced homomonphiss also a boundary operator and hedgé,, 1 = 0. For
n> 0, define
Zy(X,A) :=Ker oy = {s€ S\(X,A) : dn(s) =0}

called the group ofi-dimensional cycles and
Bn(X,A) :=1m dh11 = {Gh2(Shs2(X,A)) }
called the group ofi-dimensional boundaries. Then the quotient
Hn(X,A) = Zy(X,A)/Bn(X,A)
is calledthe n-dimensional relative homology groups the pair(X,A).

Let the inclusion maps
itA=X and j:X—= (XA

induce the homomorphisms
i1 Si(A) = $H(X) and j;: SH(X) = Si(X,A)

between the chain groups and

i S(A) = Si(X) and |, Si(X) = Si(X,A)
between the homology groups respectively. Then the homginigm
dn . Hn(X,A) — Hn,l(A)
defined by
clsz — clsiy Y, njn 121

is calledconnecting homomorphisati the pair(X,A). Then there’s an exact sequence of groups and homomorpftasms
any pair(X,A):
19*

Y Ha A Hn(A) — > Hn(X) —> Ha(X,A) & ..

The sequence is callebe exact homology sequenafethe pair(X,A).

Theorem 8.Let X= {a= (0,0),b= (2,0),c= (1,1),d = (2,2)} c Z2. Then the digital homology groups of X up to the
dimensior? are as follows:

1%
1%

HO(X) Za H]_(X) Z7 HZ(X) =0.
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Proof. Note that the Khalimsky topology oX is

x = {0,X,{c},{a,c},{c,b},{c,d},{ab,c},{a c,d},{b,c,d}}.

a b
-—————— b-—-— -0 -

Let A= {b,c} be a subset oX. Then the Khalimsky topology oA induced byX is 74 = {0,A,{c}}.

To compute the homology groups of the p@¥, A) up to the dimension 2, we'll start with computing the homaglog
groups ofA up to the dimension Z(A) has basis

0d:ey—b 02 ey cC.
Si(A) has basis
of:ep—b Os:eC Os:ep—b
e—b e —C € —C.
S(A) has basis
of:ep—b 0%:eyC 02:ep—b 07:eg—b
er—b e +—C er—b e —cC
e—b &+ C & C &+ C.
S3(A) has basis
ol:eg—b o3 e—cC 03 e b ol:e—b
er—b e +—C er—b e —C
e—b & C &—C &—C
es—b e+—C e—C e—C
o2:epb
e—b
€ C
€3 C.

Thenit's clear thaB(A) = 72, SI(A) =73, S(A) =74 S3(A) =7Z°.
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Now we’ll determine the cycles and boundaries of each sargligital singulan-chains:
01:S(A) = S(A).
Fora! € Si(A) we have a differential map
di(al) = ol(er) ~ol(en) =123
The following are hold:
01(01) =0, di(03)=0, d(03)=09—0).
Thenwe getImdy = Z and Kerd; = Z2. Consider
0 S(A) = S (A).
For g? € S(A) we have a differential map
95(07) = of([er,&]) — 07 ([eo,&3]) + 07 ([eo,e1])  1=1,2,3,4.
The following are observed:
0:(0f) = 0f, 02(03) =03 0x(0%) =01, 0s(0F) =03,
From this observation, we get Ith = 72 and Kerd, = Z2. Consider
J3 1 S(A) = S(A)
For g® € S3(A) we have a differential map
93(07) = o7 ([ev. €2, €3]) — (e, €2, €3]) + 07 ([eo, €1, €2]) — 0 ([ev.er,€7])  1=1,2,3,4,5.

It's clear that
03(07) =0, 05(03) =0, d5(03) =05 — 07

05(03) = 0% — 05, 05(03) = 0.

Thus we have
Imd;3 = 7% and Kerds = Z3.

Then the digital singular homology groups/Afire as follows:

Ho(A) ~7 Hj_(A) =0 Hz(A) =0.
Now from the exact sequence of the p@ir, A),
0—— 0—— Hy(X,A) 0 7 Hi(X,A) —=7Z ——

7 — Ho(X,A) —= 0
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we conclude that
Ho(X,A) = Z Hi(X,A) = Z Ha(X,A) =0.

Theorem9. Let X = {a = (-1,0,b = (0,-1),c = (1,0),d = (0,1)} as in Theorem 5 and
A={a=(-1,0),b=(0,—1)} c X. Then the induced topology on A is also discrete so thatritlma easily verified
regarding the Theorer@ and TheorenT that

7?2, n=0,
M =10 o

Proof. Define the continuous map
r:X—A

ar—a, b—a c—b, d—b
such that oi = ida. Then we obtain that is injective. Thus the exact sequence

0 Hn(A) —> Hn(X) —> Hn(X,A) —— 0
splits. We conclude that
72, n=0,
Hn(XaA) = :
0, n#0

Let X be a digital Khalimsky space ang, X, be the subsets of. Consider the diagram such that all the maps are
inclusions:

(X1 N X2, 0) s (X1,0) —p> (X1, X1 N X2)
izl lg \Lh
(Xz,@) T> (X,@) —g (X,Xz)

One can easily obtain analogue of Mayer-Vietoris theorergudlidean Topology for a digital Khalimsky space (see

[21)).

Theorem 10.(Mayer-Vietoris) Let X be a digital Khalimsky space andX be the subspaces of X with=XX; UX;.
Then there is an exact sequence

(i10si2 i dh; L
. —— Hn(X1 N X2) —=2 Hn(X1) @ Hn(Xo) ——= Hn(X) —= Hn_1(Xy N Xp) — ...

where d is the connecting homomorphism of the P&t X; N Xz).

We modify Excision axiom in Algebraic Topology for a digitéhalimsky space (se]]).

Theorem 11(Excision) Let X be a digital Khalimsky space and¥ be the subspaces of X with=XX{ UX3. Then the
inclusion
j . (Xl,lexz) — (X,Xz)

induces isomorphisms
j* . Hn(Xl,XlﬂXZ) — Hn(X,XZ)

for all n.
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Example 1.Let X = {a= (0,0),b= (2,0),c= (1,1),d = (2,2)} C Z? as in Example. TakeX; andX, as{a,c,d} and
{b,c} respectively. TheiX; andX, satisfy the excision axioms, i.e., for all>> 0,

Hn({a7 G d}a {C}) = Hn(X, {ba C})
Hence the homology groups of the p&fa,c,d},{c}) up to the dimension 2 are as follows:

Ho(Xl,Xlﬂ Xz) =7, Hl(Xl, XN XZ) =7, Hg(Xl,Xlﬂ Xz) =0.

5 Conclusion

In this paper, we define the digital relative singular homgglgroups and compute the relative homology groups of some
certain Khalimsky spaces. We have seen that the validityddftiaity and excision can be used to compute the digital
homology groups of Khalimsky spaces with a less effort. Tévet work based on this paper is to investigate whether the
homotopy axiom is valid or not in the digital singular homgyaheory, to define the digital singular cohomology and to
compare the digital singular homology groups with the diggingular conomology groups.
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