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Abstract: In this paper, we investigate base conformal warped proghactifolds with generalized conjugate connections. We g@rov
that the generalized conjugate connection defined on a ba#ermal warped product manifold induces generalized wyatie
connections on the base and the fiber manifolds. Converselgrglized conjugate connections on the base and the fibefohda
induce a generalized conjugate connection defined on a bagermal warped product manifold. Also, we investigateebesnformal
warped product manifolds with product conjugate connestiand give some results.
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1 Introduction

A natural generalization of geometry of Levi-Civita contiens from Riemannian manifolds theory gives geometry of
conjugate connections. Since conjugate connectionsfaiseaffine differential geometry and from geometric theofy
statistical inferences, many studies have been carrieith i recent 20 yearsT. In that study, the authors have defined
the dual or conjugate connection as follows.

Let (M,g) a Riemannian manifold and a affine connection oM. Affine connectiord’ is said to be dual or conjugate
of 0 w.r.t. the metriqg if,
X.9(Y,Z) = g(0xY,Z) + g(Y,0xZ) , ¥X,Y,Z € TM.

Given an affine connectiod on a Riemannian manifolM, g), there exists an unique affine connection dudlof.r.t.

0, denoted by1*. Also, in [4], the geometry of product conjugate connections has besliest. Furthermore there are
many studies deal with this subject d3,[[3], [5]. On the other hand, base conformal warped product mamsifoédve
been studied in11]. They have defined the concept of a base conformal warpedupt®f two pseudo-Riemannian
manifolds in this study.

In the third section of the present paper, we study geneatadizs of conjugate connections on the base conformal
warped product manifolds. In the fourth section, we ingeg# product conjugate connections on the base conformal
warped product manifolds and give some results.

2 Preliminaries

In this section, let us recall some general notions about lsasformal warped product manifolds by/1]. Also we
statement the notions generalized conjugate connectwpraauct conjugate connection.
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Let (B,gs) and (F,gr) be m and k dimensional pseudo-Riemannian manifolds, respectiidign M = B x F is an
(m+ k)-dimensional pseudo-Riemannian manifold with Bx F — B ando : Bx F — F the usual projection maps.
Throughout this paper we use the natural product coordsyatiem on the product manifoRix F, namely. Let(po,qo)
be a point inM and coordinate char{®J,x) and(V,y) on B andF, respectively such thgip € B andqp € F. Then we
can define a coordinate ch&w,z) onM such thaW is an open subset M contained ifJ x V, (po,qo) € W and for all
(p,q) inW, z(p,q) = (x(p),y(q)), wherex = (x},...,x™) andy = (y™?,...,y™¥). Clearly, the set of allW, z) defines an
atlas onB x F. Here, for our convenience, we call tith component of asy™ ! for all j € {1,...,k}.

Let ¢ : B— R € C*(B) then the lift of¢p to Bx F is § = ¢ o € C*(B x F), whereC*(B) is the set of all smooth
real-valued functions oB. Moreover, one can define lifts of tangent vectors as:Xie€ Tp(B) andq € F then the lift
X(p,q) of Xp is the unique tangent vector (p,q)(B x q) such thadi(p,q)(X(p,q)) = Xp andda(p,q)(X(p,q)) = 0.
We will denote the set of all lifts of all tangent vectors®by L(p,q)(B). Similarly, we can define lifts of vector fields.
Let X € x(B) then the lift ofX to B x F is the vector fieldX € x(B x F) whose value at eadp,q) is the lift of X, to
(p,q). We will denote the set of all lifts of all vector fields Bfby .2 (B).

Let (B,gg) and (F,gr) be pseudo-Riemannian manifolds and alsowetB — (0,0) andc: B — (0,%) be smooth
functions. The base conformal warped product (briefly bcisghe product manifold x F furnished with the metric
tensorg = c?gs ® W2gr defined by

9= (com)?r'(gs) ® (Wo m)%0" (gr)- 1)

We will denote this structure b x ., F. The functionw : B — (0, ) is called the warping function and the function
c: B — (0,) is said to be the conformal factor. ¢f= 1 andw is not identically 1, then we obtain a singly warped
product. If bothw = 1 andc = 1, then we have a product manifold. If neith@rnor c is constant, then we have a
nontrivial bewp. If(B,gs) and(F,gr) are both Riemannian manifolds, thBn< ., F is also a Riemannian manifold.
We call B x () F as a Lorentzian base conformal warped productFifgr) is Riemannian and eitheiB,gs) is
Lorentzian or els€B, gg) is a one-dimensional manifold with a negative definite noetrit?.

Also,letp € C*(B) andy € C*(B). Then

qu:?lj ¢ and DU’ZWD Y.

On the other hand, thgeneralized conjugate connection 0% of O with respect ta by 1 is defined by
wherert is a 1-form onM.

Suppose thaf]l and 0 are affine connections on a semi-Riemannikhg). We say that] and (' are projectively
equivalent if there exist a 1-fornt that
OyY = OxY 4+ T(Y)X + 1(X)Y. )

We say that] and O aredual-projectively equivalent if there exist a 1-fornt that

Oy Y = OxY +g(X,Y) T, 4)
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where 1 is the metrical dual vector field, i.g(X,t!) = 1(X). Here, even if0 and O are projectively (or
dual-projectively) equivalent, their dual connection$ and (D')* may not be dual-projectively (or projectively)
equivalent, respectivelyr].

Let M a smoothn-dimensional manifold for which we denotd]{ C*(M) the algebra of smooth real functions bh

X (M) the Lie algebra of vector fields ok, T{ M) the C*(M)-module of tensor fields ofr,s)- type onM. Usually
X,Y,Z,... will be vector fields orM and if T — M is a vector bundle oveM, thenl" (T) denotes the&C”-module of
sections ofT [e.g.[ (TM) = x(M)]. Let ¥(M) be the set of linear connections h Since the difference of two linear
connections is a tensor field @f, 2)-type, it results tha#’ (M) is aC”(M)-affine module associated to tb& (M)-linear
moduleT}(M).

Now, letE an almost product structure o, i.e. an endomorphism of the tangent bundle suchERat ly(m)- Then, for

the associated linear connectiofse 4 (M) is an E-connection if E is covariant constant with respect g namely
OE = 0. Let%e (M) be the set of these connections. In order to find the abovkesas consider after the maps

e Ge(M) — Ce(M), wE(D):%(D+EoDoE)XE:Tzl(M)%Tzl(M), Xe(T) =

NI =

(T+EoT1oE).
Then, Yk is aC”(M)-projector ong’ (M) associated to the”(M)-linear projectoryg:

WE = e, X2 =Xe, Ye(O+1)=e(0)+ xe(1).

So, we have
e (D) = S0k + E(OXEY)|Xe(1)(X,Y) = S[1(X.Y) + E(t(X,EY))].

It follows thatOE = 0 meansE(0) = O which gives thatsg (M) = Imy.. This determines completelye (M). Let Og
arbitrary in¢’ (M) andO in %&(M). So,0 = E(0) with O = o+ T . In conclusion[J = E(Ug) + xe(T); in other words,
%e(M) is the affine submodule & (M) passing through thE-connectiorE(dp) and having the direction given by the
linear submodulém,, of T} (M). Let us remark a decomposition (of arithmetic mean typey: of i

Ye(D) =5 (0+Ce(D)

NI =

with the conjugation map Ce : (M) — %' (M):
Ce(0)x =EoOxoE.
Thenthe product conjugate connection Ce () measures how far the connectidrs from being arE-connection an€e

is the affine symmetry of the affine modu&M) with respect to the affine submodute (M), made parallel with the
linear submodule k.

For simplification we will denote by a superscripthe product conjugate connectionof
0® =Ce(0)=0+EoE

and then
0EY = OxY + E(OKEY — E(OxY)) = E(OxEY). (5)
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On the other hand, a more general notion like restrictingdistibution is that of geodesically invariance: the disition
D is O-geodesically invariant if for every geodesig : [a,b] — M of 0 with y(a) € Dy, it follows y(t) € D for any
t € [a,b]. As a necessary and sufficient condition for a distributidito be OJ-geodesically invariant: for an)X and
Y € "' (D), the symmetric product X,Y >:= [xY + Oy X to belong tol” (D) or equivalently, for anX € I" (D) to have
OxX eI (D).

3 Base conformal warped product manifolds with generalized conjugate connections

In this section, we investigate base conformal warped prochanifolds with generalized conjugate connections.

Let (M,g) be a semi-Riemannian manifold, ahidan affine connection okl. We can define another affine connection
O* by

Xg(Y,Z) = 9(0xY, Z) +9(Y,0xZ). (6)
Then the triple of a semi-Riemannian metric and a pair of wgaje connectiorig, [, %) satisfying 6) is called a
dualistic structure on M [6]. Many authors have studied such structures (6g€ 8], [10]).

Let (g,0,0%) be a dualistic structure om x F. For X,Y,Z € x(B), X,Y € Z»(#) and UV,W € x(F),
U,V e Zy(F), we get

1. (OxY) =B OgY and 7.(0%Y) =B O%Yo,(OuV) =F OgV and o.(0jV) =" 05V
Also, we take 9]:
Xg(Y,Z) o m=Xg(Y,Z) and Ug(V,W)oa =Ug(V,W).

Since andO* are affine connections @ix F andrando are the projections d x F onB andF respectively®[] and
BO* are affine connections dhand™ 0 andF O* are affine connections dh Then we can give results for bcwp-manifold
at the following proposition :

Proposition 1. Let (M = B x ¢ F,0) be a base conformal warped product manifold. Then the ttge 0.B0%) is a
dualistic structure oB and the triple(gr,F 0,7 0*) is a dualistic structure oR.

Proof. The proof is obvious byq].

Proposition 2. Let (M = B x ¢ F,9) be a base conformal warped product manifold. Then the t(gl&l, ) is a
dualistic structure oM.

Proof. The proof is obvious byg].
Now, we can give a main result at following:

Proposition 3. Let (M = B x ¢ F,g) be a base conformal warped product manifoldJifis a generalized conjugate
connection of a affine connecti@hon M, thenB0* and" 0* are generalized conjugate connections of affine connetion
BO onB and™ O onF, respectively.

Proof. LetX,Y,Z € x(B) andX,Y,Z € .Z(B) be their corresponding horizontal lifts respectively. finee obtain

Xge(Y,Z) o 1m= (com)~2Xg(Y,Z)
= (com)~*[9(0xY,2) +9(Y, [%2) ~ 1(X)g(Y, 2)] )
= (com) ?[(co m?gs(m(0xY). 70(Z)) o 11+ (co mPgs(mL(Y). 7 (0 Z)) o

— (com?(1.(X))gs(%(Y), 70.(2)) o 1. (7)
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Then, from {), we have

Xgs(Y,Z) = gs(®0xY.Z) + 0s(Y.B05Z) — 1(X)gs(Y, Z).

ThereforeBO* is generalized conjugate connection of affine conne@idmvith respect tays. Similarly, letU,V,W e
Xx(F)andU,V,W € %, (F) be their corresponding horizontal lifts respectively. ifrge obtain,

Ugk(V,W)o o = (wom)~2Ug(V,W)
= (wom)~*[g(HuV,W) +g(V. 05 W) — T(U)g(V, W) )
= (wo 1m)"2[(Wo m)2gr (0. (OuV), 0. (W)) 0 0 4 (Wo 1)°gr (0. (V), 0. (05 W)) 0 0

— (wo m?1(0.(U))gr (0:(V), 0. (W)) 0 0. ®)

Hence, from 8), we have

Ugr (V.W) = gr (F 05V, W) + gr (V.7 O5W) — 7(U)ge (V. W).

Then,FO* is generalized conjugate connection of affine connedtidnvith respect ta@e .

Proposition 4. Let (M = B x ¢ F,g) be a base conformal warped product manifolBIF andFO* are generalized
conjugate connections of affine connecti®is on B andFO on F, respectively. Ther* is a generalized conjugate
connection of a affine connectiahon M.

Proof. LetX,Y,Z € x(B) andX,Y,Z € .Z,(B) be their corresponding horizontal lifts respectively. filee obtain

Xg(Y,Z) = ®Xge(Y,Z)om
= (ge(°0xY,2) + ge(Y P 05Z) — T(X)ga(Y, Z)] o
= A[gs(7%.(0xY), .(2)) o 71+ ga(TL.(Y), (T Z
— 1(1.(X))gs(%.(Y), 78.(2)) o 71
=9(0xY.2) +9(Y. 052Z) — 1(X)g(Y, 2). 9
On the other hand, 1&1,V,W € x(F) andU,V,W € %, (F) be their corresponding horizontal lifts respectively. ikee
obtain,

Ug(V,W) =wW2Ugk (V, vT/) e
= wW2[gr (" OgV, W) + gr (V.F O5W) — T(U)g(VLVV)]OG

Wl (0. (o), 5. W)) o 0+ ge(0:V), 0 T W)) 0

fr(a*(U>>gF(0*() «(W))oa]
=g(0uV,W) +g(V,OW) — 1(U)g(V,W). (10)

Terefore, the proof is complete.

Theorem 1. Let (M = B x ¢ F,9) be a base conformal warped product manifaldan affine connection okl and "
the standard conjuge connectionofvith respect tay. Assume that an affine connectighis projectively equivalent to
O by 1. Then the generalized conjugate conneciibnof O by 7 is dual-projectively equivalent ta* by 1 with respect
tog.

Proof. Let ' be an affine connection v, for X,Y,Z € X (M), from (2), we have

Xg(Y,2) = g(0xY,2) +9(Y,0'xZ) — 1(X)g(Y,2).
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Here using 8), we obtain _

Using () in the last equation, we have
o(Y,0'x2) = oY, 0x2) + 1(V)g(X, 2). (12)

Then, for allY € x(M), the proof is complete.

Corollary 1. Let (M = B x ¢ F,9) be a base conformal warped product manifaldin affine connection okl and0*
the standard conjuge connectionlofvith respect tay. Assume that an affine connectihis projectively equivalent to
O by 1. If the generalized conjugate connectigh of O’ by 1 is dual-projectively equivalent ta* by T with respect to
g, then the generalized conjugate connect®HS of B and™(1~ of FI' are dual-projectively equivalent &i1* on B
and"O* onF, respectively.

Proof. ForX,Y,Z € x(M), from (11), we obtain

(co m2gs(m.(Y), (03 2)) 0 1= (co mPgs(Te.(Y), T (0%2)) o 0
+T(1(Y))(co m?gs(T.(X), TL(2Z)) o

Hence, forX,Y,Z € x(B), we have

9s(Y, 0'xZ) = 0s(Y, 05Z) + 1(Y)ga(X, Z).

Then, for allY, we obtain®) XZ 0 Z+gB(X Z)p, wherep is a metrical dual vector field oM. Besides, we can give
a similar result for the fiber manifolds on the base conforwsaiped product manifold as above. Therefore, the proof is
complete.

4 Base confor mal war ped product manifolds with product conjugate connections

In this section, we investigate base conformal warped progith product conjugate connections and give some results

Let (M,g) be an paracompact and differentiability semi-Riemannianifold andD be a distribution orM. If D isa
complementary distribution tB in TM, thenTM has the decomposition

TM=DaD.
Now, denote byh andv the projection morphisms GfM on D andD’ respectively. Then we have
=h, V=V, v=vh=0, h4+v=]I (12)
wherel is the identity morphism ot M. Now, we define the tensor fiel of type (1,1) by
E=h-v (13)

It follows thatE is analmost product structure on M, that is,E satisfiesE2 = |. For this reason we ca{M,D,D’) an
almost product manifold. Next, from (L2) and (L3), we deduce that

1 1
h=35(1+E) and v=3(1-E). (1)
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We say thak is parallel with respect to a linear connecti@hon M if its covariant derivative with respect {6 vanishes,
i.e., forvX,Y e ' (TM), we have
(OxE)Y = OxEY —E(OxY) =0. (15)

On the other than, ldd be ann-distribution on ann+ p)- dimensional manifoldM. A linear connectiori] onM is said
to be adapted tD if
OxU e (D), (16)

whereVX € ' (TM),U € ' (D) [2].

Now, we can give the relation between the product conjugatmection of base conformal warped product and the
affine connections of its base and fiber manifolds by follaypnoposition:

Proposition 5.Let (M = B x ¢\, F,g) be a base conformal warped product manifold with an almasyst structurds
and let[, B0 and™ O be affine connections avi, B andF respectively, then we have

() 05V =hEoghy),

(i) OS5V =v(Fogw),
whereX,Y € x(B),U,V € x(F) andE = h—vis an almost product structure dh

Proof.Suppose thatM = B x ) F,9) is a base conformal warped product manifold with an almaostipet structurds
and®) is a product conjugate connection[of

Case(1): ForX,Y,Z e x(B) andX,Y,Z € .Z(B), we have

0y, z)

E(OFEY),Z)

9s(0E)Y,Z) o = (com)2g
-2

(
= (com)g(

= ge( (E(OEY)), m(2) o
Here, usingE = h—v, we obtain0£'Y = h(0xhY).
Case (2): ForU,V,W e x(F) andU,V,W € £y (F), we have
gr (OFV. W) 0 0 = (wo m)~2g(0]V, W)
= (wo m)~2g(E(0)EV),W)
= gr (0.(E(OEV)), 0,(W)) 0 0.
UsingE = h—vin the above equation, we obtaﬁr&E)V: v(F ng\7). Therefore, the proof is complete.

Then we can give the product conjugate connedfién as follows, if the affine connectidn is a Levi-Civita connection.

Lemmal. Let (M =B x ) F,g) be a base conformal warped product manifold with an almasdyxt structurd and
0®) be a product conjugate connection of a affine connedfiam M. ForX,Y € ' (TB) andU,V € I (TF), if Ois a
Levi-Civita connection, then we have

() O%Y =h(BOxhy) + Xy 4 Ypx _ 8X¥)pBp),
(i) 05X = —XWyy,

w
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(i) OV = v(FOuwW) — Bge (U, W)v(B0w),
whereB and" 0 are Levi-Civita connections @& andF, respectively.

Proof. Since is affine connection we havlég(E)Y = E(OxEY) andE = h—v. In particular, if 0 is a Levi-Civita
connection, then case (1)-(3) are hold.

Theorem 2. Let (M = B x ¢y F, ) be a base conformal warped product manifold with an almastyxt structuré& and
0(®) be a product conjugate connection of a affine connedfiam M. If 0®) is torsion-free, then the distributiom,
andD, of B andF, respectively are involutive distributions.

Proof. ForX,Y € I' (TM), we have
E[X,Y] = hX,Y] —v[X,Y] = Oy — 0Fx. (17)
On the other hand, the product conjugate connectidn isf
0EY = h(OxhY — OxvY) — v(OxhY — OxvY). (18)

Thus, using18) in (17), we obtairh[X,Y] = h(OxhY) —h(OxVvY) andv[X,Y] = v(OyvX) — v(OxVY). In the first equation,
taking X — vX andY — vY, we haveh[vX,vY] = 0 and in the second equation, takiKkg— hX andY — hY, we have
v[hX,hY] = 0. Then, the proofis complete.

Theorem 3. Let (M = B x ¢ F,g) be a base conformal warped product manifold with an almastyt structuré& and
) be a product conjugate connection of a affine connedfiam M. If O adapted tdB andF, also projections andv
are parallel with respect to affine connectifisand™ [ respectively, thei is parallel with respect to product conjugate
connectiori)(®).

Proof. ForX,Y € I (TM), we have

O ey =0PeY —@FY). (19)
Hence, usin@&E) EY =E(OxY) andE(Dg(E)Y) = [xEY (see f#]) in (19), we obtain(D&E)E)Y = —(OxE)Y. Here, taking
E = h—vand using] adapted td andF, we have(0\F'E)Y = (FOxv)Y — (BOxh)Y. Then, the proof is complete.

Proposition 6. Let (M = B x ¢ F,g) be a base conformal warped product manifold with an almastiyxst structure
E and O® be a product conjugate connection of a affine connedfioon M. Suppose thaM is a submanifold of
M = B x (¢ F. If M is invariant E-invariant) andJ adapted tovl, then0(®) also adapted t.

Proof. Suppose thal is an invariant submanifold d¥l then, forX I (TM), we haveEX € I"(TM). Also, since the
affine connectiori] adapted taM, for anyY € I (TM), Oy X € I (TM). Thus, from the definition of product conjugate
connectior]®), we haved{¥'X = E(OyEX) € ' (TM). Therefore, the proof is complete.

Corollary 2. Let (M = B x ) F,g) be a base conformal warped product manifold with an almasdywt structurée
and0® be a product conjugate connection of a affine connedfi@m M. If M C M is invariant and_ adapted toV,
thenM is O-geodesically invariant forl(€).

Proof. The proof is obvious from the definition &f-geodesically invariant.
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