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Abstract: In this paper, a new type of generalized quasi-Einstein folahis defined. The special cases of this manifold are Einste
manifold, quasi-Einstein manifold and nearly quasi-Eismanifold. We have shown the existence of this new typecokglised
quasi-Einstein manifold by a suitable example.
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1 Introduction

Let(M",g), (n> 2), be an n-dimensional Riemannian manifold. A Riemannianifolgis said to be an Einstein manifold
if a non-zero Ricci tensor of the manifold satisfies relation

R
Rij =~ Gij; )

whereR;;j , R andg;; are Ricci tensor of type (0, 2), scalar curvature and Rieri@garmetric respectively.

If a non-zero Ricci tensor of the manifold satisfies relation
Rij=o0agij+BAA;, (2)

then, the manifold is called a quasi-Einstein manifold, vet#g is a unit covariant vector od = {x eEM:Rj# %gij}
anda, B are scalars on U. Generally an n-dimensional quasi-Emsteinifold is denoted byQE),. The quasi-Einstein
manifold is also studied by U.C.De and G.C.Ghdsh[C.Ozgir and S. Sulaf] and A. A. Shaikh , D. W. Yoonand S. K.
Hui[1] and [2,3,8,9]. According to U. C. De and A. K. GazILP], a manifold is said to be nearly quasi-Einstein manifold,
if the non-zero Ricci tensor of the manifold satisfies thatieh

Rij = agij + BEij, (3)
whereE;; is a symmetric tensor of type (0,2).

In 1969 K. Yano [L(] define a new type of curvature tensor by combining conforcoavature tensor and concircular
curvature tensor. M. C. Chaki and M. L. Ghoslfij also combined conformal curvature and concircular cumetensor
and gave an experession for a quasi-conformal curvatuset& of type (1,3) by

W1, = —(n—2)bCy + [a+ (n—2)b]LY, (4)
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where a, b are arbitrary constants, not simuItaneouslyamauiﬁ‘,lhjk ,Lh

ijk are conformal and concircular curvature tensor
respectively.

From (4) we can say that the quasi-conformal curvature temitidoe equal to conformal curvature tensor or concircular
curvature tensor according as= 1 andb = — nEZ ora= 1 andb = 0 respectively.

We know that the conformal and concircular curvature temace defined by
Clic =R~ (R &~ Ric 8+ Rl i — R G + 1 (a1 & — 8 0 ©)
I K p_2"" J SR (n—1)(n—2)*>" 1 oKn

and R
Lij:thjk*m(gij & — & g (6)

Putting the values of conformal and concircular curvateresors from (5) and (6) in (4) we have an expression for
guasi-conformal curvature tensor W of type (1,3), given by

R85 + 2b]

W =aRjy +b(Rij & — Rk 3+ RE gji — R} gki) — —— (9 50 — " ki) @)

2 A new type of generalized quasi-Einstein manifold

Now we define a manifold and called it new type of generaliagaké Einstein manifold in which a non-zero Ricci tensor
satisfies a different type of relation. Generalized in sehag special cases of this manifold are an Einstein manifold
guasi-Einstein manifold and nearly quasi-Einstein mddifo

Definition 1. Let (M",g), (n > 2), be a Riemannian manifold. If the non-zero Ricci tensor efrttanifold satisfies the
relation
Rj=agj+BAA+[a—(n-2)yEj, 8

then, the manifold is called a new type of generalized g&asstein manifold, whereiR Ejj anda, B, y are Ricci tensor,
symmetric tensor of type (0, 2) and scalars respectively.

Transvecting (8) by, we have
R=an+B+[a—(n—2)yE, 9)

whereE = Ejjg') and AJAj =1 (Al = Ag')). From (8) three cases arise.
Case i.if B =0 anda = (n—2)ythen from (8), we get
Rij = (n—2)yyij, (10)
then, manifold becomes Einstein manifold.
Case ii.if o = (n—2)ythen from (8), we get
Rij=(n—2)ygij+BAA;, (11)

then, manifold becomes a quasi-Einstein manifold.
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Case iii.if § =0 anda # (n— 2)ythen from (8), we get
Rj=agj+[a—(n—2)yEj, (12)
then, manifold becomes a nearly quasi-Einstein manifold.

Now using (8) and (9) in (7), we obtain an expression for camf curvature tensor in a new type of generalized
guasi-Einstein manifold, given by

W' =aR +bB[O¢A A — O A A+ AA gij — AjA"gi] +bla — (n—2)y] (3Eij — O] Eik + E¢ 9ji — E] ki)
a+2(n—1)b BA, a aa sh sho
[(U (n Z)V)( n(nfl) )E+ n (n71+2b)+(n71)}(glj 5k 6] gkl)'
Now, we consider a quasi-conformally flat new type of geneedl quasi-Einstein manifold i.U\/i?k =0, then from (13),
we get

(13)

b b
Rk =— ?B[dﬁ‘Ai Aj — 8] A A+ AA" G — A A gy | — 5[0* (N—2)y](&Ej — 8'Eix+ EJ gji — ED 0ki)
a Y nin—1) n‘n-1 (n—1) 9ij i Oki)-
Equation (14) can be written as
Ry =P[&] A A — 8 A A+ AA g — AjA" gy ] + Q(OEij — &' Eik (15)

+Ef gji — E gai) + (SE+KA+U)(gij & — 8 di),

whereP= %, Q=-2[a—(n-2)y,, S=3i[a—(n-2y(BZ1E), K=L[2+2b,a#0 andU = 9 .

a n )
Now, if we take

Q(O0Eij — OMEix+Ef 0ji — Ef gii) + (SE+KA)(gij & — 8 ki) =0, (16)
then from (16) and (15), we obtain
Rk = PO A A — 8] A A+ AA i — AjAgik] +U (aij & — 3 di)- (17)

In 1972 Chen and Yano [7] gave the concept of a manifold of igt@sstant curvature tensor and define.

Definition 2. A Riemannian manifoldM",g), (n > 3) is said to be a manifold of quasi-constant curvature if it is
conformally flat and its curvature tensoﬂ-B of type (1,3) have the form

R =U[OMAA] — 8 A AHAA" G — AjA gy +V(gij 87 — 31" ki), (18)

where Ais a covariant vector and U, V are scalars of whichA/.
Thus, from (15), (16) and (17) we conclude that

Theorem 1.A gquasi-conformally flat new type of generalized quasi-ingnanifold will be a manifold of quasi-constant
curvature if and only if

OEij — O'Eik+EY gji —Ef ki + (SE+KA)(gij & — 3] gki) = O.

Now, we propose.
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Corollary 1. If a quasi-conformally flat new type of generalized quasisiin manifold be a manifold of quasi-constant
curvature then the symmetric tensqy; Batisfies the relation

K

Bi=-297ns

Proof. From Theorem 1. it is clear that if a quasi-conformally flatvitgpe of generalized quasi-Einstein manifold be a
manifold of quasi-constant curvature then

Q(O'Eij — &]'Eik+ Ef 0ji — E] 0ki) + (SE+KA)(gij & — & ki) = 0.

Contracting in h and k, we get

(n—1)(2Q+NnSEij + (n— 1)KAA; =0, (20)
equation (20)which implies that
B - _ZQLHSA A, (21)
Contracting (17) in h and k, we get
Rj =PNAA; - AA +AAg; - AjA]+U(ngj - gji), (22)
equation (22)which implies that
Rj=(n=1)Ugij +P(n—1AA;. (23)

Takingv = [(n—1)U] andu = [P(n— 1)], in (23), we get
Rij = vgij + HAIA), (24)
This is a quasi-Einstein manifold. Thus we conclude that.

Theorem 2.1f a quasi-conformally flat new type of generalized quasisiin manifold be a manifold of quasi-constant
curvature then this becomes a quasi-Einstein manifold.

3 Einstein field equation in a new type of generalized quasi4Bstein manifold

The Einstein field equation with a cosmological term is gilsgr8]
1
Rij —R5Gij +Agij =KTij, (25)

whereA , k andT;; are cosmological constant , Gravitational constant andggrmaomentum tensor respectively.
Using (8) and (9) in (25), we have

agij + BAA; +[a — (n—2)y]Eij —%(GHBAHU—(H—ZME)QH +AGij =KTij, (26)

equation (26) which implise that

(U(l—g)+/\)gij “I‘B%AiAj +(1—g)[a—(n—2)y]Eij = kTj, (27)
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which is required Einstein field equation in a new type of galiged quasi-Einstein manifold. Taking covariant detiixe
of (27) and supposgjA; =0, we have

n n
(C{(lf E) +/\)Dhgij + (17 E)[C{ — (nf 2)y]DhEij = thTij, (28)
equation (28)which implies that 0
(1—5)[0—(n—2)y]|]hEij :thTij. (29)

Thus, we conclude.
Theorem 3.1n a new type of generalized quasi-Einstein manifold; ibé covariant constant then
(i) Symmetric tensoriEis covariant constant if the energy momentum tensor is ¢amticonstant,
(i) Symmetric tensoriis recurrent if the energy momentum tensor is recurrent.
Taking covariant derivative of (27) ard be a covariant constant, we get
n n
(@(1=5)+Ngijk+(1=35)a—(n=2)yEjk=KTij K (30)

Interchanging i, j and k in cyclic order in (30), we have

(@(1=3)+ Ngjci + (1= 5)la ~ (- 2)yEji; = KTjc. (1)
and N 0
(@(1=3)+ Mg j+ (1= 35)a = (n=2)yEij =Kij- (32)

Adding (30), (31) and (32), we get
n
(1=3)[a = (n=2)V)(Eij k+Ejki +Exi. 1) = K(Tij k+ Tk i + Tii ) (33)
Now, if symmetric tensoE;; satisfies the Bianchi second identity, then

Eij k+Ejki+Ek =0, (34)

therefore from (33), we get
Tij k+ Tik,i + Tki, j = O. (35)

i.e. the energy momentum tensor satisfies the Bianchi seédentty. Thus, we conclude that.

Theorem 4.1n a new type of generalized quasi-Einstein manifold; ibA covariant constant then the symmetric tensor
Ei; satisfies the Bianchi second identity if and only if energyn@atum tensor satisfies the Bianchi second identity.

4 An example of a new type of generalized quasi-Einstein maiaild

Now, we take a manifold (M, g) such thst = R* and the metric g ifR* is given by

d€ = gijdX dx = f(xH)[(dxE)2 + (d)2 + (dC)2] + (dx)?, (36)
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the only non-vanishing components of christoffel symbaoild the curvature tensor are given by

4 _r4_pa_ Ly 13 o 1E0Y
’_11*’_33*’_22**51c (X, ’_14*’_34*’_24*5( f(x4))’ (37)
and
1,0 1(f'(x%)? 1.
Ri441=Ros442= R4334:§f (%)—Z%JQlez: R3113=Rp332= Z—(f (X4))2 (38)
The only non-zero Rici tensors are given by
T 1(f'(x*))2 3t 3 f (32
Ri=Rez=Rss= 51 () 3 fod) 7 T T 2104 Z(f(x4))’ (39)
assuming
) 1N 3 [ N2l N2 1)
a__2f(x4)_§(f(x4)) P =5t08 ) o _(f(x4)) ’y__(f(x“)) 3T
o f(x4), i=1
A= {o, i =234,
and
Ej=1{0 i#jandi=j=23
14t o =58 M2 ¢ i
B(*riation Toar ) 1=1=4
Now, using above value, we have
1. 1(f (x*4)?
agi1+BALAL+(a—2y) B = —5f (X4)*§( f((x4))) ;
1, 1(f' (x*))2
01£3]22-i-[3'°~2Az—l—(CY—ZV)Ezzz—élc (XA)—E( f((x“))) ;
; (40)
1 1(f (x*)?
0933+BA3A3+(a72y)E33f75f (x"’)fé 76d)
3t 31 (X2
O Gas+ PR +(a—2y)Bas=— 50 +5( f(x4)) '
Now, from equation (39) and (40), we have
(1) Rir=0a011+BAIAL + (a0 —2y)E1s,
(2) Re2= 0022 +BA2A2 + (a0 —2y)Epo,
(3) Rsz=a 033+ BAsAs + (a — 2y)Egs,
(4) Raa=adag +BALAL+ (0 — 2y) Eqs.
We shall now show that the 1-forms are unit
gIAA) = g M ALA + 0P 2A0A + 33 + g AUAL = 1, (41)
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this shows thatR*, g) is a new type of generalized quasi-Einstein manifold.
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