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1 Introduction

Beck established the notion of the zero divisor graphΓ (R) of a commutative ringR, in [5]. Then, zero-divisor graphs

over commutative and non-commutative rings have been examined widely in terms of spectral and non-spectral graph

properties. LetR be a commutative ring with identity, and letZ(R) be the set of its zero-divisors. In this case thezero-

divisor graphΓ (R) is actually an (undirected) graph with verticesx,y∈ Z(R)∗ = Z(R)\{0} such thatx andy are adjacent

if and only if xy= 0. It is clear to see thatΓ (R) is the empty graph if and only ifR is an integral domain. After that,

by [2], a nonemptyΓ (R) is finite if and only ifR is finite and not a field. Additively, in [2], Anderson et al. proved that

if R is commutative thenΓ (R) is always connected. Afterwards, Anderson and Badawi [3] examinedΓ (R) for ringsR

with nonzero zero-divisors which satisfy certain divisibility provisions between elements ofRor comparability provisions

between ideals or prime ideals ofR. Lately, Sharma et al. [10] have been examined the adjacency matrix of a zero-divisor

graph on finite commutative rings. In fact, they have been tried to find a detailed description for the adjacency matrix

of zero-divisor graphs obtained from the ringZp ×Zp, wherep is a prime. The zero-divisor graph of a commutative

ring has been examined comprehensively by several authors,e.g. [11,1,6,7,9]. In [8], Akgunes et al. presentedenergy,

domination number, diameter, Randić index, girth, maximum degree, Estrada indexandRandíc energyfor zero-divisor

graphs obtained from the ringZp ×Zq, wherep andq are distinct primes. In this paper,degree sequence, irregularity

index, cromatic number, diameter, girth, radius, maximum and minimum degrees, domination number, clique number, we

will mainly prove some results over the zero-divisor graphsΓ (Zp2 ×Zq2) for distinct primesp andq.

2 Some spectral properties ofΓ (Zp2 ×Zq2)

In this section, by considering the graphΓ (Zp2 ×Zq2), wherep and q is prime, we will mainly deal with the graph

properties, namely diameter, girth, radius, maximum and minimum degrees, domination number, click number, irrequality

index, degree sequence and finally chromatic number. It is quite well known that, for any graphΓ , most of these proporties
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can be obtained by checking the distance or the total number of the vertices . So, the methods in the proofs of the results

in this section will be followed by this idea.

Definition 1. When p and q are prime, the adjacent of the graphΓ (Zp2 ×Zq2) of the ringZp2 ×Zq2 are as follows.

(i) (0, j)∼ (i,0) where0< j < q2 and0< i < p2.

(ii) (k1p, j)∼ (k2p,0) where0≤ j < q2 and0< k1,k2 < p.

(iii) (0, t1q)∼ (i, t2q) where0≤ i < p2 and0< t1, t2 < q.

(iv) (k1p, t1q)∼ (k2p, t2q) where0≤ k1,k2 < p and0< t1, t2 < q.

By definition, it is clear that proof of the following theorem.

Theorem 1.The distance between any two vertices of theΓ (Zp2 ×Zq2) are as follows

(i) d((0, j1),(0, j2)) = 2 where0< j1, j2 < q2, j1, j2 6= tq(0< t < q).

(ii) d((0, j),(i, tq)) = 3 where0< j < q2,0< i < p2,0< t < q and j 6= tq.

(iii) d((0, j),(kp, j)) = 2 where0< j < q2,0< k< p,0< t < q and j 6= tq.

(iv) d((0, j),(0, tq)) = 2 where0< j < q2,0< t < q and j 6= tq.

(v) d((i1,0),(i2,0)) = 2 where0< i1, i2 < p2, i1, i2 6= kp(0< k< p).

(vi) d((i,0),(kp, j)) = 3 where0< i < p2
,0< k< p,0< j < q2

, i 6= kp.

(vii) d((i,0),(kp, tq)) = 2 where0< i < p2,0< k< p,0≤ t < q, i 6= kp.

(viii) d((i1,0),(i2, tq)) = 2 where0< i1, i2 < p2,0< t < q, i1, i2 6= kp(0< k< p).

(ix) d((kp, j),(0, tq)) = 2 where0< k< p,0< j < q2,0< t < q, j 6= tq.

(x) d((kp, j),(i, tq)) = 3 where0< i < p2,0< k< p,0< j < q2,0< t < q, i 6= kp.

(xi) d((kp, j),(kp, j)) = 2 where0< j < q2
,0< k< p,0< t < q, j 6= tq.

(xii) d((i, tq),(i, tq)) = 2 where0< i < p2,0< k< p,0< t < q, i 6= kp.

We first recall that, for any simple graphΓ , the diameter(length of the shortest path) between two verticesu1,u2 of Γ is

defined by

diam(Γ ) = max{dΓ (u1,u2) : u1 and u2 are vertices of G}

We thus obtain the following result.

Theorem 2.For any ringZp2 ×Zq2, the diameter of the graphΓ (Zp2 ×Zq2) is 3.

Proof.We consider vertex ofΓ (Zp2×Zq2). Let(i, tq) and(kp, j) for i 6= kp, j 6= tqbe any two vertices inΓ (Zp2×Zq2). For

0< k< p,0< t < q,0< i < p2,0< j < q2; every(kp, j) ∼ (kp,0) and sodG((kp, j),(kp,0)) = 1, every(i, tq)∼ (0, tq)

and sodG((i, tq),(0, tq)) = 1, every(0, tq) ∼ (kp,0) and sodG((0, tq),(kp,0)) = 1. Because(kp, j).(kp,0) = (0,0),

(i, tq).(0, tq) = (0,0) and(0, tq).(kp,0) = (0,0) . We finally getdiam(Γ (Zp2 ×Zq2)) = 3, as required.

The eccentricity is the maximum distance betweenu1 and any other vertexu2 of Γ . The eccentricity of a vertexu1 in a

connected graphΓ , denoted byε(u1), is the maximum distance betweenu1 and any other vertexu2 of Γ . All vertices are

defined to have infinite eccentricity whenΓ is a disconnected graph. It is well known that the diameter isthe maximum

distance between any two vertices ofΓ . It is quite clear thatdiam(Γ ) is equal to the maximum eccentricity among all

vertices ofΓ . On the other hand, the minimum eccentricity is called theradiusof Γ and denoted by

rad(Γ ) = min
u1

{max
u2

{dΓ (u1,u2)}}.

Due to [11], for a connected graphΓ , the inequality

rad(Γ )≤ diam(Γ )< 2rad(Γ )
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always holds.

Theorem 3.The radius of theΓ (Zp2 ×Zq2) is 2.

Proof.Now let’s examine the eccentricity of all the vertices.ε(kp,0) = 2 where 0< k< p. ε(i,0) = 2 wherei 6= kp,0<

i < p2. ε(0, j) = 2 wherej 6= tq,0< j < q2. ε(0, tq) = 2 where 0< t < q. ε(kp, j) = 2 where 0< k< p, j 6= tq,0< j < q2.

ε(i, tq) = 2 where 0< t < q, i 6= kp,0 < i < p2. ε(kp, tq) = 2 where 0< k < p,0 < t < q. Minimum eccentricity is 2.

Since radius is the minimum eccentricity,rad(Γ (Zp2 ×Zq2)) = 2.

Recall that thegirth of a simple graphΓ is the length of the shortest cycle contained inΓ , denoted bygirth(Γ ). However,

if Γ does not contain any cycle, then the girth of it is assumed to be infinity.

Theorem 4.For any ringZp2 ×Zq2, the girth of the graphΓ (Zp2 ×Zq2) is 3.

Proof.By the definition ofΓ (Zp2 ×Zq2), since(0, t1q).(0, t2q) = (0,0),(0, t2q).(i, t1q) = (0,0) and(i, t1q).(0, t1q) = (0,0)

for 0< t1, t2 < q,0< i < p2. We then have(0, t1q)∼ (0, t2q)∼ (i, t1q)∼ (0, t1q), which implies the result, as desired.

The degree of a vertexu1 of Γ is the number of vertices adjacent tou1, denoted bydegΓ (u1).

Theorem 5.The degree of the vertex ofΓ (Zp2 ×Zq2) are as follows.

(i) deg(i,0) = q2−1 where0< i < p2, i 6= kp.

(ii) deg(kp,0) = pq2−2 where0< k< p.

(iii) deg(0, j) = p2−1 where0< j < q2, j 6= tq.

(iv) deg(0, tq) = qp2−2 where0< t < q.

(v) deg(kp, j) = p−1 where0< j < q2 and0< k< p, j 6= tq.

(vi) deg(i, tq) = q−1 where0< i < p2, i 6= kp.

(vii) deg(kp, tq) = pq−2 where0< t < q and0< k< p.

Proof. (i) For i 6= kpand 0< i < p2, we view(i,0) vertex.(i,0) vertex adjacent only(0, j). The number of(0, j) vertex

is q2−1, where 0< j < q2.

(ii) For 0 < k < p, we view(kp,0) vertex.(kp,0) vertex adjacent(0, j),(kp,0),(kp, j) where 0< j < q2,0< k < p.

The number of these vertices is(q2−1)+ (q2−1).(p−1)+ (p−2), which equalspq2−2.

(iii) For j 6= tq,0< j < q2 and 0< t < q. we view(0, j) vertex.(0, j) vertex adjacent only(i,0). The number of(i,0)

vertex isp2−1, where 0< i < p2.

(iv) For 0< t < q, we view(0, tq) vertex.(0, tq) vertex adjacent(i,0),(0, tq),(i, tq) where 0< i < p2,0< t < q. The

number of these vertices is(p2−1)+ (p2−1).(q−1)+ (q−2), which equalsqp2−2.

(v) For j 6= tq,0< t < q and 0< k< p. we view(kp, j) vertex.(kp, j) vertex adjacent only(kp,0) vertex. The number

of (kp,0) vertex isp−1.

(vi) For i 6= kp,0< i < p and 0< t < q, we view(i, tq) vertex.(i, tq) vertex adjacent only(0, tq) vertex. The number of

(0, tq) vertex isq−1.

(vii) For 0< k < p and 0< t < q, we view(kp, tq) vertex.(kp, tq) vertex adjacent(0, tq),(kp,0),(kp, tq). The number

of these vertices is(q−1)+ (p−1)+ (q−1).(p−1)−1, which equalspq−2.

Among all degrees,the minimum degreeδ (Γ ) andthe maximum degree∆(Γ ) of Γ is the number of the smallest and the

largest degrees inΓ . By considering maximum or minimum degrees. We obtain the following result.

Theorem 6.For p≤ q, the maximum and the minimum degrees ofΓ (Zp2 ×Zq2) are determined by∆(Γ (Zp2 ×Zq2)) =

pq2−2 andδ (Γ (Zp2 ×Zq2)) = p−1, respectively.
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Proof.Let p≤ q. We consider all vertex ofΓ (Zp2 ×Zq2). By the theorem5, let us consider the vertex(kp, j) of Γ (Zp2 ×

Zq2) for any 0< j < q2
, j 6= tq. The vertices adjacent only(kp,0) for 0< k< p. The number of(kp,0) vertex isp−1. Thus

we haveδ (Γ (Zp2 ×Zq2)) = p−1. By the theorem5, let us consider the vertex(kp,0) of Γ (Zp2 ×Zq2) for any 0< k< p.

Since(k1p,0)∼ (k2p, j), we have to find the number of(k2p, j) for 0≤ j < q2 and 0< k1,k2 < p. The number of(k2p, j)

vertex is(q2−1)+ (q2−1).(p−1)+ (p−2), which equalspq2−2. Therefore, we have∆(Γ (Zp2 ×Zq2)) = pq2−2.

Thedegree sequence, denote byDS(Γ ), is a sequence of degrees of vertices of a graphΓ . In [12], a new parameter for

graphs, namely the irregularity index ofΓ , has been recently defined and denoted byMWB(Γ ). In factMWB(Γ ) is the

number of distinct terms in the setDS(Γ ). At this point, we should note that although this new index isdenoted byt(Γ )

in the paper [12]. Thus, we obtain the following result

Theorem 7.Let p< q be a ringZp2 ×Zq2. Then the degree sequence and irrequality index ofΓ (Zp2 ×Zq2) are given by

DS(Γ (Zp2 ×Zq2)) = { p−1
︸ ︷︷ ︸

q(p−1)(q−1)times

, q−1
︸︷︷︸

q(p−1)(q−1)times

, p2−1
︸ ︷︷ ︸

(q2−q)times

, pq−2
︸ ︷︷ ︸

(p−1)(q−1)times

, q2−1
︸ ︷︷ ︸

(p2−p)times

, qp2−2
︸ ︷︷ ︸

(q−1)times

, pq2−2
︸ ︷︷ ︸

(p−1)times

}

and t(Γ (Zp2 ×Zq2)) = 4 where p= q, t(Γ (Zp2 ×Zq2)) = 7 where p6= q.

Proof. The vertices ofΓ (Zp2 ×Zq2) are(i,0),(kp,0),(0, j),(0, tq),(kp, j),(i, tq),(kp, tq). By the theorem5, the degree

of vertices areq2−1, pq2−2, p2−1,qp2−2, p−1,q−1, pq−2 , respectively. Hence, by definition of degree sequence,

we clearly obtain the setDS(Γ (Zp2 ×Zq2)) as depicted in the theorem.

For any graphΓ , a subsetD of the vertex setV(Γ ) of a graphΓ is called adominating setif every vertexV(Γ ) \D is

joined to at least one vertex ofD by an edge. Additionally, thedomination number, denoted byγ(Γ ), is the number of

vertices in the smallest dominating set forΓ (see [4]). Our next result is about this parameter.

Theorem 8.γ(Γ (Zp2 ×Zq2)) = 2.

Proof. If we take any(kp,0) and (0, tq) vertex, these vertices dominate all the vertices, where 0< k < p,0 < t < q

and (kp,0) ∼ (0, tq). Therefore we can getD = {(kp,0),(0, tq)} dominating set asD ⊆ V(G). Thus we can see that

γ(Γ (Zp2 ×Zq2)) = 2.

The coloring ofΓ is to be an assignment of colors (elements of some set) to the vertices ofΓ , one color to each vertex,

so that adjacent vertices are assigned distinct colors. Ifn colors are used, then the coloring is referred to asn− coloring.

If there exists an n-coloring ofΓ , thenΓ is calledn− colorable. The minimum numbern for which Γ is n-colorable

is called thechromatic numberof Γ and is denoted byχ(Γ ). Moreover, there exists another graph parameter, namely

the clique of a graphΓ . In fact, depending on the vertices, each of the maximal complete subgraphs ofΓ is called a

clique. Additionally, the largest number of vertices in any cliqueof Γ is called theclique numberand denoted byω(Γ ).

Generally, it is well known thatχ(Γ ) ≥ ω(Γ ) for any graphΓ (see, for instance [4]). Thus we have the following two

theorems.

Theorem 9.The chromatic number ofΓ (Zp2 ×Zq2) is equal to

(i) If p < q, then pq2−1.

(ii) If p > q, then qp2−1.

(iii) If p = q, then p3−1.

Proof.To find the chromatic number, consider the adjacent ofΓ (Zp2 ×Zq2) graph.

(i) For p< q, now if we first take account of the vertex(kp,0) where 0< k < p, then we have to find the number of

adjacent vertex. In other words, we have to finddeg(kp,0). By the theorem5, deg(kp,0) = pq2−2. That means

the color used for(kp,0) cannot be used for the remaining vertices. So, let us supposethat the color for(kp,0) is
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labeledC. If we coloring the adjacent vertex, we need topq2−1 color. Other remaining vertex are not adjacent

to each other and only adjacent to(0, tq) where 0< t < q. The number of them areqp(p− 1). If p < q, then

qp(p−1)< pq2−1. So that, a totalpq2−1 colors should be needed, which gives the required cromaticnumber in

the theorem.

(ii) For p> q, cromatic number isqp2−1 because there ispq(q−1)< qp2−1 in a similar way.

(iii) For p= q, choromatic number isp3−1 when there ispp(p−1)< p2p−1 likewise.

Theorem 10.The clique number ofΓ (Zp2 ×Zq2) is pq−1.

Proof.Now, let us consider the complete subgraphA⊆ Γ (Zp2 ×Zq2). For all distinct vertices(i1, j1),(i2, j2) ∈V(A), we

have

(i1, j1).(i2, j2) = (0,0) i.e. ,(i1, j1).(i2, j2) ∈ E(Γ (Zp2 ×Zq2)) for all i1, i2, j1, j2.

All of the (kp, tq) vertex adjacent with one another in the graph where 0≤ k < p,0≤ t < q. The number of this vertex

(q−1)(p−1)+ (q−1)+ (p−1). A⊆ Γ (Zp2 ×Zq2) is a complete subgraph with the vertex setV(A). V(A) consist of

(kp, tq) vertex. It is easy to see that the number of elements inV(A). This is(q−1)(p−1)+ (q−1)+ (p−1), which

equalspq−1. So,ω(Γ (Zp2 ×Zq2)) = pq−1.

Example 1.By considering the zero-divisor graphΓ (Z4×Z9), the following facts can be see directly as examples of our

results.

(i) diam(Γ (Z4×Z9)) = 3.

(ii) girth(Γ (Z4×Z9)) = 3.

(iii) rad(Γ (Z4×Z9)) = 2.

(iv) ∆(Γ (Z4×Z9)) = 16 andδ (Γ (Z4×Z9)) = 1.

(v) DS(Γ (Z4×Z9)) = {1,1,1,1,1,1,2,2,2,2,3,3,3,3,3,3,4,4,8,8,10,10,16} andt(Γ (Z4×Z9)) = 7.

(vi) γ(Γ (Z4×Z9)) = 2.

(vii) χ(Γ (Z4×Z9)) = 17.

(viii) ω(Γ (Z4×Z9)) = 5.
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