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1 Introduction

Beck established the notion of the zero divisor graglR) of a commutative rindR, in [5]. Then, zero-divisor graphs
over commutative and non-commutative rings have been eahwidely in terms of spectral and non-spectral graph
properties. LeR be a commutative ring with identity, and [B{R) be the set of its zero-divisors. In this case #ego-
divisor graphrl” (R) is actually an (undirected) graph with verticeg € Z(R)* = Z(R)\ {0} such thak andy are adjacent

if and only if xy= 0. It is clear to see thdf (R) is the empty graph if and only R is an integral domain. After that,
by [2], a nonempty™ (R) is finite if and only ifRis finite and not a field. Additively, ing], Anderson et al. proved that

if Ris commutative ther (R) is always connected. Afterwards, Anderson and Bad&jexaminedr (R) for ringsR
with nonzero zero-divisors which satisfy certain divistiiprovisions between elementsBfor comparability provisions
between ideals or prime idealsRf Lately, Sharma et al10] have been examined the adjacency matrix of a zero-divisor
graph on finite commutative rings. In fact, they have beeadttd find a detailed description for the adjacency matrix
of zero-divisor graphs obtained from the ridg x Zp, wherep is a prime. The zero-divisor graph of a commutative
ring has been examined comprehensively by several autharsil1,1,6,7,9]. In [8], Akgunes et al. presentezhergy,
domination number, diameter, Rafidndex, girth, maximum degree, Estrada indard Randt energyfor zero-divisor
graphs obtained from the rirg, x Zq, wherep andq are distinct primes. In this papeategree sequence, irregularity
index, cromatic number, diameter, girth, radius, maximurd eninimum degrees, domination number, clique number
will mainly prove some results over the zero-divisor graﬁl(@pz X Zqz) for distinct primesp andg.

2 Some spectral properties of” (sz X Zqz)
In this section, by considering the grapiZ . x Zg), wherep andq is prime, we will mainly deal with the graph

properties, namely diameter, girth, radius, maximum andmim degrees, domination number, click number, irredyali
index, degree sequence and finally chromatic number. ltife geell known that, for any graph, most of these proporties
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can be obtained by checking the distance or the total nunflibewertices . So, the methods in the proofs of the results
in this section will be followed by this idea.

Definition 1. When p and g are prime, the adjacent of the gréfZ ;. x Zg) of the ringZ . x Z. are as follows.

(i) (0,j)~ (i,0) where0 < j < g?and0<i < p?.
(i) (kip,j) ~ (kop,0) where0 < j < g? and0 < kg, ko < p.
(i) (0,t19) ~ (i,t2q) where0 < i < p? and0 < t1,t> < q.
(iv) (kip,t1q) ~ (k2p,t2q) whereO < ki, ko < p and0 < t3,t> < Q.

By definition, it is clear that proof of the following theorem
Theorem 1.The distance between any two vertices ofltH& » x Z) are as follows

(i) d((0,]j1),(0,]j2)) =2where0 < j1,j2 < &2, j1,j2 #1q(0<t < Q).

(i) d((0,}),(i,tq)) =3where0< j < g?,0<i< p?,0<t<qgand j#tq.
@iy d((0,j),(kp,j)) =2where0< j < ¢?,0<k< p,0<t<qand j#tq.
(iv) d((0,j),(0,tq)) =2where0 < j < g%,0 <t < g and j#tq.
(v) d((i1,0),(i2,0)) = 2where0 < i1,i» < p?,i1,i» #kp(0 < k < p).
(vi) d((i,0),(kp,j)) =3where0 <i< p?,0<k< p,0< j<q’i#kp
(vii) d((i,0),(kp,tq)) =2where0 <i < p?,0<k < p,0<t < q,i #kp.
(viiiy d((i1,0), (i2,tq)) = 2 where0 < iq,i» < p? 0<t<q,|1,|27ékp(0< k< p).
(ix) d((kp,j),(0,tq)) =2where0 <k < p,0< j <0<t <q,j#tq.
(x) d((kp,j),(i,tq)) =3where0<i < p?>,0< k< p,0< j <0<t <aq,i#kp
(xi) d((kp,j),(kp,j)) =2where0 < j < ¢?,0<k< p,0<t<q,j#tq.
(xii) d((i,tq),(i,tq)) = 2where0 <i < p?,0< k< p,0 <t < q,i #kp.

We first recall that, for any simple graph the diameter(length of the shortest path) between twaces,,u, of I is
defined by

diam(I") = maxX{dr (uy,uz) : us and w are vertices of G

We thus obtain the following result.

Theorem 2.For any ringZ . x Zg, the diameter of the graph (sz X Zqz) is 3.

Proof.We consider vertex df (Zg2 x Zgz). Let(i,tq) and(kp, j) fori #Kkp, j # tqbe any two vertices it (Z 2 x Zg2). For
0<k<p0<t<q0<i<p?0<j<d?every(kp,j)~ (kp,0)and sodg((kp,j),(kp,0)) = 1, every(i,tq) ~ (0,tq)
and sodg((i,tq),(0,tq)) = 1, every(0,tq) ~ (kp,0) and sodg((0,tq), (kp,0)) = 1. Becausgkp, j).(kp,0) = (0,0),
(i,tg).(0,tq) = (0,0) and(0,tq).(kp,0) = (0,0) . We finally getdiam(I" (Z 2 x Z)) = 3, as required.

The eccentricity is the maximum distance betwagmand any other vertex, of I'. The eccentricity of a vertey; in a
connected graph, denoted by (u;), is the maximum distance betweepand any other vertes, of I" . All vertices are
defined to have infinite eccentricity whénis a disconnected graph. It is well known that the diametérésmaximum
distance between any two vertices/of It is quite clear thatliam(I") is equal to the maximum eccentricity among all
vertices ofl". On the other hand, the minimum eccentricity is calledréiusof I and denoted by

rad(l") = min{maxdr (ug,uz)}}.
U up
Due to [11], for a connected graph, the inequality

rad(l") < diam(I") < 2rad(I")

(© 2018 BISKA Bilisim Technology



NTMSCI 6, No. 2, 144-149 (2018)www.ntmsci.com BISKKA 146

always holds.

Theorem 3.The radius of the™ (Z 2 x Z2) is 2.

Proof. Now let's examine the eccentricity of all the verticeskp,0) = 2 where 0< k < p. £(i,0) = 2 wherei # kp,0 <

i < p?. £(0,j) =2wherej #tq,0< j < ¢?. £(0,tq) = 2 where O< t < q. £(kp, j) = 2 where O< k< p, j #tq,0 < j < ¢%.
£(i,tq) = 2 where 0< t < q,i #kp,0 < i < p?. £(kp,tq) = 2 where 0< k < p,0 < t < g. Minimum eccentricity is 2.
Since radius is the minimum eccentricityd(I" (Zy2 x Zg2)) = 2.

Recall that theyirth of a simple graplf is the length of the shortest cycle contained irdenoted byirth(I"). However,
if I does not contain any cycle, then the girth of it is assumed tiafinity.

Theorem 4.For any ringZg x Zg, the girth of the grapti” (sz X Zqz) is 3.

g2

Proof. By the definition of” (Z 2 x Zg), since(0,t19).(0,t2q) = (0,0), (0,t20).(i,t20) = (0,0) and(i, t19).(0,t1q) = (0,0)
for 0 < t1,t; < ,0 <i < p?. We then havé0,t;q) ~ (0,tq) ~ (i,t19) ~ (0,t1q), which implies the result, as desired.

The degree of a vertax of I is the number of vertices adjacentuq denoted bydeg- (u1).

Theorem 5.The degree of the vertex B{Z gz x Z2) are as follows.

(i) dedi,0)=g°—1where0 <i < p?i#kp.
(i) degkp,0) = pc? —2where0 < k < p.
(i) degO,j)=p?—1whered < j < ¢?,j#tq.
(iv) deg0,tq) =qp?—2where0<t < q.
(v) degkp,j) =p—1where0< j < g?and0< k< p, | #tq.
(vi) dedi,tq) =q—1where0 <i < p?i #kp.
(vii) degkp,tq) = pg—2where0 <t < qand0< k< p.

Proof. (i) Fori+#kpand 0<i < p? we view(i,0) vertex.(i,0) vertex adjacent only0, j). The number of0, j) vertex
isg? — 1, where 0< j < 2.
(i) For 0 <k < p, we view (kp,0) vertex.(kp,0) vertex adjacent0, j), (kp,0), (kp, j) where 0< j < ¢?,0 < k < p.
The number of these vertices(i® — 1) + (? — 1).(p— 1) + (p — 2), which equalpd? — 2.
(iii) For j #1g,0< j < ¢?and 0<t < g. we view(0, j) vertex.(0, j) vertex adjacent onlyi,0). The number ofi,0)
vertex isp? — 1, where 0< i < p?.
(iv) For 0<t < g, we view(0,tq) vertex.(0,tq) vertex adjacenti,0), (0,tq), (i,tq) where 0< i < p>,0 <t < g. The
number of these vertices (®° — 1) + (p?> — 1).(q— 1) + (9 — 2), which equalgjp* — 2.
(v) Forj#tq,0<t<qgand0< k< p.we view(kp, j) vertex.(kp, j) vertex adjacent onlgkp, 0) vertex. The number
of (kp,0) vertex isp— 1.
(vi) Fori#kp,0<i< pand0<t < g, we view(i,tq) vertex.(i,tq) vertex adjacent only0,tq) vertex. The number of
(0,tg) vertex isq— 1.
(vii) For0< k< pand 0<t < g, we view(kp,tq) vertex.(kp,tq) vertex adjacenf0,tq), (kp,0), (kp,tq). The number
of these verticesieg— 1) + (p— 1)+ (g—1).(p—1) — 1, which equalpq— 2.

Among all degreeshe minimum degre&(I" ) andthe maximum degre#(I") of I" is the number of the smallest and the
largest degrees if. By considering maximum or minimum degrees. We obtain thieving result.

Theorem 6.For p < g, the maximum and the minimum degreeb (i » x Z) are determined bA (" (Zyz x Zg2)) =
pof —2and (I (Zyz x Zgz)) = p— 1, respectively.
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Proof.Let p < g. We consider all vertex df (Zz x Zg2). By the theorend, let us consider the vertekp, j) of I (Zz x

Zg)forany 0< j < o?, j #tq. The vertices adjacent on{ip, 0) for 0 < k < p. The number ofkp, 0) vertexisp— 1. Thus
we haved(I" (Zyz2 x Zq2)) = p— 1. By the theorend, let us consider the vertékp,0) of I (sz X Zg) forany 0<k < p.

Since(kyp,0) ~ (k2p, j), we have to find the number ¢ p, j) for 0 < j < g? and 0< kg, kz < p. The number ofkzp, j)

vertexis(q” — 1) + (¢ — 1).(p— 1) + (p— 2), which equalpc? — 2. Therefore, we havA (" (Z 2 x Zg2)) = pef — 2.

Thedegree sequencdenote byDS(I"), is a sequence of degrees of vertices of a gfap [12], a new parameter for
graphs, namely the irregularity index bf has been recently defined and denoted®y B(I"). In fact MW B(I") is the
number of distinct terms in the sBtS(I"). At this point, we should note that although this new indest@soted byt (")
in the paper12. Thus, we obtain the following result

Theorem 7.Let p< g be aringZ x Zg. Then the degree sequence and irrequality inde?(dfpz X Zqz) are given by

DS(M(ZpxZg)={ p-1 , 9g-1 , pPP~1, pg—2 , -1 ,qp"—2, pg—2}
~—— ~—~— —— —— —— N N —
g(p—1)(g—1)times q(p—1)(g—1)times (g2—q)times (p—1)(g—1)times (p2—p)times (q—1)times (p—1)times

and (I (Zgz x Zq2)) = 4 where p=q, t(I" (Z2 x Zg)) = 7 Where p#q.

Proof. The vertices of (Z2 x Zg) are(i,0), (kp,0), (0, j), (0,ta), (kp, j), (i,ta), (kp,tg). By the theorend, the degree
of vertices arg? — 1, pof — 2, p° — 1,qp° — 2,p— 1,g— 1, pg— 2 , respectively. Hence, by definition of degree sequence,
we clearly obtain the s@S(I" (Z2 x Z)) as depicted in the theorem.

For any grapt™, a subseD of the vertex seV (I") of a graphl” is called adominating seif every vertexV (") \ D is
joined to at least one vertex &f by an edge. Additionally, thdomination numberdenoted byy(I" ), is the number of
vertices in the smallest dominating set fo(see #]). Our next result is about this parameter.

Theorem 8.y(I" (Zgz x Zg2)) = 2.

Proof. If we take any(kp,0) and (0,tq) vertex, these vertices dominate all the vertices, wherelO< p,0 <t < q
and (kp,0) ~ (0,tq). Therefore we can gdd = {(kp,0),(0,tg)} dominating set a® C V(G). Thus we can see that
y(l' (sz X Zqz)) =2

The coloring ofl” is to be an assignment of colors (elements of some set) toditieas ofl, one color to each vertex,

so that adjacent vertices are assigned distinct colorsctiors are used, then the coloring is referred ta ascoloring.

If there exists an n-coloring df, thenl" is calledn — colorable The minimum numben for which I" is n-colorable

is called thechromatic numbeof I and is denoted by (I"). Moreover, there exists another graph parameter, namely
the clique of a grapfi . In fact, depending on the vertices, each of the maximal derasubgraphs of is called a
cligue Additionally, the largest number of vertices in any cliqpfd” is called thecligue numbeand denoted by ().
Generally, it is well known thag (") > w(I") for any graph™ (see, for instanced]). Thus we have the following two
theorems.

Theorem 9.The chromatic number df (Z 2 x Z) is equal to

(i) If p<q,then pd—1.
(i) 1f p>q,thengp—1.
(i) fp=q,theng—1.

Proof. To find the chromatic number, consider the adjacet @2 x Zg2) graph.

(i) For p < g, now if we first take account of the vertékp, 0) where 0< k < p, then we have to find the number of
adjacent vertex. In other words, we have to fitet{kp,0). By the theoren®, degkp,0) = pc? — 2. That means
the color used fofkp,0) cannot be used for the remaining vertices. So, let us sughaséhe color for(kp,0) is
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labeledC. If we coloring the adjacent vertex, we needp? — 1 color. Other remaining vertex are not adjacent
to each other and only adjacent 0,tq) where 0< t < g. The number of them argp(p— 1). If p < g, then
gp(p—1) < p&? — 1. So that, a totabc? — 1 colors should be needed, which gives the required cromatiter in
the theorem.

(ii) For p > q, cromatic number igp? — 1 because there jsq(q— 1) < qp? — 1 in a similar way.

(iii) For p= g, choromatic number ip®— 1 when there ipp(p— 1) < p?p— 1 likewise.

Theorem 10.The clique number dT(sz X Zqz) is pg— 1.

Proof.Now, let us consider the complete subgr@pti I (Z 2 x Zq). For all distinct verticesiy, j1), (i2, j2) € V(A), we
have

(i1, j1)-(i2,J2) = (0,0) i.e. , (i1, J1)-(i2, j2) € E(I (Zgp2 x Zgz)) for all iy, iz, j1, j2.

All of the (kp,tq) vertex adjacent with one another in the graph wherelo< p,0 <t < g. The number of this vertex
(@-1(p—-1)+(@—-1)+(p—1). ACT (Zy x Zg) is a complete subgraph with the vertex ¥¢h). V(A) consist of
(kp,tq) vertex. It is easy to see that the number of elemen¥s(i). This is(q—1)(p— 1)+ (q—1) + (p— 1), which
equalspg— 1. So,w(I" (Zyz x Zg2)) = pq— 1.

Example 1.By considering the zero-divisor graph(Z,4 x Zg), the following facts can be see directly as examples of our
results.

(I) diam(l' (Z4 X Zg)) =3
(i) girth(I" (Zs x Zg)) =3
(iii) rad(I (Z4 x Zg)) = 2.
(iV) A(I’ (Z4 X Zg)) =16 and5(l’(Z4 X Zg)) =1
(V) DS(I (Z4 x Zg)) = {1,1,1,1,1,1,2,2,2,2,3,3,3,3,3,3,4,4,8,8,10,10,16} andt (I (Z4 x Zg)) = 7.
(Vi) V(I (Za x Zg)) = 2.
i) X(T(Z4x Zg)) = 17.
(VIII) m(l’ (Z4 X Zg)) =5
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