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Abstract: The object of this paper is to introduce the double Cesàro-Orlicz sequence spaceCes(2)M using a Orlicz functionM. Necessary

and sufficient conditions under which the double Cesàro-Orlicz sequence spaceCes(2)M is nontrivial are presented. It is proved that double

Cesàro-Orlicz sequence spacesCes(2)M are complete. Finally, it is obtained that ifφ ∈ ∆2(0) then the spaceCes(2)M is separable and order
continuous.
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1 Introduction

As usual,N, R andR+ denote the sets of positive integers, real numbers and nonnegative real numbers, respectively. A
double sequence on a normed linear spaceX is a functionx from N×N into X and briefly denoted byx = (x(i, j)).
Throughout this work ,w andw2 denote the spaces of all single real sequences and double real sequences, respectively.

First of all, let us recall preliminary definitions and notations.

Definition 1. If for everyε > 0 there exists nε ∈ N such that
∥

∥xk,l −a
∥

∥

X < ε whenever k, l > nε then a double sequence
{

xk,l
}

is said to be converge (in terms of Pringsheim) to a∈ X [12].

A double sequence
{

xk,l
}

is called a Cauchy sequence if and only if for everyε > 0 there existsn0 = n0(ε) such that
∣

∣xk,l − xp,q
∣

∣< ε for all k, l , p,q≥ n0.

A double series is infinity sum∑∞
k,l=1xk,l and its convergence implies the convergence by‖.‖X of partial sums sequence

{Sn,m}, whereSn,m = ∑n
k=1 ∑m

l=1xk,l (see [1], [6]).

Definition 2. If each double Cauchy sequence in X converges an element of X according to norm of X, then X is said to
be a double complete space. A normed double complete space issaid to be a double Banach space[1].

Definition 3. A Banach space(X,‖.‖) which is a subspace of w(2) is said to be double K̈othe sequence space if:

(i) for any x∈ w(2) and y∈ X such that|x(i, j)| ≤ |y(i, j)| for all i , j ∈ N, we have x∈ X and‖x‖ ≤ ‖y‖,
(ii) there is x∈ X with x(i, j) 6= 0 for all i , j ∈N.

An element x from a double Köthe sequence space X is called order continuous if for any sequence(xn) in X+ (the positive
cone of X) such that xn ≤ |x| for all n ∈ N and xn → 0 coordinatewise, we have‖xn‖→ 0.
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A double Köthe sequence spaceX is said to be order continuous if anyx∈ X order continuous. It is easy to see thatX is
order continuous if and only if‖x∗‖→ 0 asn,m→ ∞, where

x∗(i, j) =

{

x(i, j), i f i ≥ n+1 and j≥ m+1
0, others

for anyx∈ X.

A double Köthe sequence spaceX has the Fatou property if for any sequence(xn) in X+, and anyx ∈ w(2) such that
xn → x coordinatewise and supn‖xn‖< ∞, we have thatx∈ X and‖xn‖→ ‖x‖ [2].

It is known that for any Köthe sequence (function) space theFatou property implies its completeness [10] .

Definition 4. A functionρ : X → [0,∞), where X is real vector space is called a modular if it is satisfies the following
conditions:

(i) ρ(x) = 0 if and only if x= 0;
(ii) ρ(αx) = ρ(x) for all scalarα with |α|= 1;
(iii) ρ(αx+βy)≤ ρ(x)+ρ(y) for all x,y∈ X and allα,β ≥ 0 with α +β = 1.

The modularρ is called convex if
(iv) ρ(αx+βy)≤ αρ(x)+β ρ(y) for all x,y∈ X and allα,β ≥ 0 with α +β = 1.

For any modularρ on X, the space

Xρ =
{

x∈ X : ρ(λx)→ 0 asλ → 0+
}

is called the modular space. Ifρ is a convex modular, the function

‖x‖ = inf
{

λ > 0 : ρ
( x

λ

)

≤ 1
}

is norm on Xρ , which is called the Luxemburg norm [11].

Definition 5. An Orlicz function is a function M: [0,∞) → [0,∞) which is continuous, nondecreasing and convex with
M (0) = 0, M (x)> 0 for x> 0 and M(x)→ ∞ as x→ ∞.

An Orlicz functionM can always be represented in the following integral form:M (x) =
∫ x

0 η (t)dt, whereη is known as
the kernel ofM, is right differentiable fort ≥ 0, η (0) = 0, η (t) > 0 for t > 0, η is nondecreasing andη (t) → ∞ as
t → ∞.

An Orlicz functionM is said to be satisfied the∆2-condition at zero (M ∈ ∆2(0) for shortly) if there areT > 0 anda> 0
such thatM(a) > 0 andM (2u) ≤ TM(u) for all u ∈ [0,a] [4], [9], [11]. For 1≤ p < ∞, the Cesàro sequence space is
defined by

Cesp =

{

x∈ w :
∞

∑
j=1

(

1
j

j

∑
i=1

|x(i)|

)p

< ∞

}

,

equipped with norm

‖x‖=

(

∞

∑
j=1

(

1
j

j

∑
i=1

|x(i)|

)p) 1
p

.

This space was first introduced by Shiue [14] It is very useful in the theory of matrix operators and others.
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The arithmetic mean mapσ is defined onw by the formula

σx= (σx(i))∞
i=1 , whereσx(i) =

1
i

i

∑
j=1

|x( j)|

for anyi ∈ N andx∈ w. Given any Orlicz functionM, the space

CesM = {x∈ w : ρM(λx)< ∞ for someλ > 0} ,

where

ρM(λx) =
∞

∑
i=1

M

(

λ
i

i

∑
j=1

|x( j)|

)

which is called the Cesàro-Orlicz sequence space. This space equipped with the Luxemburg norm

‖x‖CesM
= inf

{

λ > 0 : ρM

( x
λ

)

≤ 1
}

([2]). In the case, whenM(u) = |u|p ,1 ≤ p < ∞, we get the Cesaro sequence spacesCesp. The topological and
geometric properties of Cesàro-Orlicz sequence spaces and their generalizations have been studied in [2], [3], [5], [7],
[13], [14].

In this paper, for double sequences, we introduce sequence spaceCes(2)M using a Orlicz functionM and obtain its some

topological properties. The double sequence spacesCes(2)M is defined by follows;

Given any Orlicz functionM, we define onw(2) the following two modulars;

I (2)M (x) =
∞

∑
n,m=1

M (|x(n,m)|) and ρ (2)
M (x) = I (2)M (σ (2)x)

where

σ (2)x=
(

σ (2)x(n,m)
)

, σ (2)x(n,m) =
1

nm

n,m

∑
i, j=1

|x(i, j)| .

Let M be an Orlicz function. The double Cesàro-Orlicz sequence spaceCes(2)M is defined by

Ces(2)M =
{

x∈ w(2) : ρ (2)
M (λx)< ∞ for someλ > 0

}

whereρ (2)
M is convex modular defined as above. This double sequence space is a normed space equipped with Luxemburg

norm
‖x‖M = inf

{

λ > 0 : ρ (2)
M

( x
λ

)

≤ 1
}

.

2 Conclusion

Theorem 1.The following conditions are equivalent:

(1) Ces(2)M 6= {0} ,

(2) ∃n1,m1

∞
∑

n=n1

∞
∑

m=m1

M
( 1

n.m

)

< ∞,

(3) ∀k> 0, ∃nk, mk

∞
∑

n=nk

∞
∑

m=mk

M
(

k
n.m

)

< ∞.
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Proof.(1)⇒ (2). LetCes(2)M 6= {0} . Then there isz∈Ces(2)M such thatz 6= 0. Sincez 6= 0, there existsl1, l2 ∈ N such that

z(l1, l2) 6= 0. Thereforey= (y(i, j)) ∈Ces(2)M , where

y(i, j) =

{

z(i, j), i f i = l1, j = l2
0, others

and consequentlyx= (x(i, j)) ∈Ces(2)M , where

x(i, j) =

{

1, i f i = l1, j = l2
0, others

.

Hence there existsk> 0 such that

ρ (2)
M (kx) =

∞

∑
n=1

∞

∑
m=1

M

(

k
n.m

n,m

∑
i, j=1

|x(i, j)|

)

=
∞

∑
n=l1

∞

∑
m=l2

M

(

k
n.m

)

< ∞.

We consider two different cases fork> 0.

(i) k > 1. Then we have1
n.m <

k
n.m for all n,m∈ N. Since the Orlicz functionM is nondecreasing, we getM

(

1
n.m

)

<

M
(

k
n.m

)

for all n,m∈ N. Hence

∞

∑
n=l1

∞

∑
m=l2

M

(

1
n.m

)

<

∞

∑
n=l1

∞

∑
m=l2

M

(

k
n.m

)

< ∞.

So if we taken1 = l1 andm1 = l2, the condition(2) is satisfied fork> 1.
(ii) 0 < k < 1. Then there existss∈ N such that1

s2 ≤ k and so we have 1
s2.n.m

≤ k
n.m for all n,m∈ N. Since the Orlicz

functionM is nondecreasing, we get

∞

∑
n=l1

∞

∑
m=l2

M

(

1
s2.n.m

)

≤
∞

∑
n=l1

∞

∑
m=l2

M

(

k
n.m

)

.

Thus,

∞

∑
n=sl1

∞

∑
m=sl2

M

(

1
n.m

)

=
∞

∑
n=sl1

{

M

(

1
n.(sl2)

)

+M

(

1
n.(sl2+1)

)

+M

(

1
n.(sl2+2)

)

+ · · ·+M

(

1
n.(sl2+(s−1))

)

+M

(

1
n.(s(l2+1))

)

+M

(

1
n.(s(l2+1)+1)

)

+ ...+M

(

1
n.(s(l2+1)+ (s−1))

)

+ ...

}

≤
∞

∑
n=sl1

{

M

(

1
n.(sl2)

)

+M

(

1
n.(sl2)

)

+M

(

1
n.(sl2)

)

+ ...+M

(

1
n.(sl2)

)

+M

(

1
n.(s(l2+1))

)

+M

(

1
n.(s(l2+1))

)

+ ...+M

(

1
n.(s(l2+1))

)

+ ...

}

=
∞

∑
n=sl1

{

s.M

(

1
n.(sl2)

)

+ s.M

(

1
n.(s(l2+1))

)

+ ...

}

=
∞

∑
n=sl1

{

s.
∞

∑
m=l2

M

(

1
n.(s.m)

)

}

= s.
∞

∑
m=l2

{

∞

∑
n=sl1

M

(

1
m.(s.n)

)

}

≤s.
∞

∑
m=l2

{

s.
∞

∑
n=l1

M

(

1
m.(s2.n)

)

}

= s2
.

∞

∑
m=l2

∞

∑
n=l1

M

(

1
s2.m.n

)

<∞.
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If we taken1 = s.l1 andm1 = s.l2 , the proof is completed.

(2)⇒ (3). Let the condition(2) be satisfied. Then there existn1,m1 ∈ N such that
∞
∑

n=n1

∞
∑

m=m1

M
(

1
n.m

)

< ∞. We consider

two different cases fork> 0.

(i) 0 < k< 1. Then we havek
n.m <

1
n.m and

∞

∑
n=n1

∞

∑
m=m1

M

(

k
n.m

)

<

∞

∑
n=n1

∞

∑
m=m1

M

(

1
n.m

)

< ∞.

Takingnk := n1 andmk := m1 we get
∞
∑

n=nk

∞
∑

m=mk

M
(

k
n.m

)

< ∞.

(ii) k> 1. Then there existss∈ N such thatk≤ s. Let definenk := n1.sandmk := m1.s. Hence we have

∞

∑
n=nk

∞

∑
m=mk

M

(

k
n.m

)

≤
∞

∑
n=nk

∞

∑
m=mk

M
( s

n.m

)

=
∞

∑
n=n1.s

{

∞

∑
m=m1.s

M
( s

n.m

)

}

=
∞

∑
n=n1.s

{

M

(

s
n.(s.m1)

)

+M

(

s
n.(s.m1+1)

)

+ ...+M

(

s
n.(s.m1+(s−1))

)

+M

(

s
n.(s.(m1+1))

)

+M

(

s
n.(s.(m1+1)+1)

)

+ ...

+M

(

s
n.(s.(m1+1)+ (s−1))

)

+ ...

}

≤
∞

∑
n=n1.s

{

s.M

(

1
n.m1)

)

+ s.M

(

1
n.(m1+1)

)

+ ...

}

=
∞

∑
n=n1.s

{

s.
∞

∑
m=m1

M

(

1
n.m)

)

}

= s.
∞

∑
m=m1

{

∞

∑
n=n1.s

M

(

1
n.m)

)

}

≤s2
.

∞

∑
n=n1

∞

∑
m=m1

M

(

1
n.m

)

< ∞.

(3)⇒ (1). Let the condition(3) holds. By assumption, there existn1,m1 ∈ N such that
∞
∑

n=n1

∞
∑

m=m1

M
(

1
n.m

)

< ∞ for k= 1.

Definex= (x(i, j)) such that

x(i, j) =

{

1, i f i = n1, j = m1

0, others
.

Clearly,x∈ w(2) and

ρ (2)
M (kx) = ρ (2)

M (x) =
∞

∑
n=n1

∞

∑
m=m1

M

(

1
n.m

)

< ∞.

Hencex∈Ces(2)M , which impliesCes(2)M 6= {0}.

Theorem 2.Let M be Orlicz function. For the conditions:

(1) liminft→0
t.M

′
(t)

M(t) > 1,

(2) ∃ε > 0,∃A> 0,∃u0,∀0≤ u≤ u0 M(u)≤ A.u1+ε ,

(3) ∃n1,m1

∞
∑

n=n1

∞
∑

m=m1

M
( 1

n.m

)

< ∞.

we have the implications(1)⇒ (2)⇒ (3).

Proof.(1)⇒ (2). (see[2]).
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(2)⇒ (3). Let the condition(2) holds. Since 1
n.m → 0, there existsN ∈ N such that 1

n.m ≤ u0 for all n,m≥ N. Hence, we
get

∞

∑
n=N

∞

∑
m=N

M

(

1
n.m

)

≤
∞

∑
n=N

∞

∑
m=N

A.

(

1
n.m

)1+ε

≤ A.
∞

∑
n=1

∞

∑
m=1

(

1
n.m

)1+ε

< ∞.

This completes the proof.

Theorem 3.Let M1 and M2 be Orlicz functions. If there exist b> 0, t0 > 0 such that M2(t0)> 0 and M2(t)≤ M1(b.t) for

all t ∈ [0, t0] then Ces(2)M1
⊂Ces(2)M2

.

Proof.We may assume thatb≥ 1 and definingu= b.t we get

M2

(u
b

)

≤ M1(u) (1)

for all u∈ [0,b.t0]. Let x∈Ces(2)M1
. Then there existsλ > 0 such thatρ (2)

M1
(λ .x)< ∞. Define

Ax =

{

(n,m) ∈ N×N :
λ

n.m

n

∑
i=1

m

∑
j=1

|x(i, j)| > b.t0

}

. The setAx is finite, because otherwise we have

ρ (2)
M1

(λ .x)≥ ∑
(n,m)∈Ax

M1

(

λ
n.m

n

∑
i=1

m

∑
j=1

|x(i, j)|

)

> ∑
(n,m)∈Ax

M1 (b.t0)> ∑
(n,m)∈Ax

M2 (t0) = ∞

by (1) and this gives a conradiction. Let takeλ ∗ = c
b for c enough, we get

ρ (2)
M2

(λ ∗
.x)≤ ρ (2)

M1
(c.x)≤ ρ (2)

M1
(λ .x)< ∞

which impliesx∈Ces(2)M2
.

Theorem 4.If x ∈ w(2), {xn} ⊂Ces(2)M , supn‖xn‖< ∞ and0≤ xn ↑ x coordinatewise, then x∈Ces(2)M and‖xn‖→ ‖x‖.

Proof. Assume thatxn ∈ Ces(2)M , supn‖xn‖ < ∞ for all n ∈ N and 0≤ xn(i, j) ↑ x(i, j) for eachi, j ∈ N. Denote

A= supn‖xn‖. It is known that‖xn‖ ≤ A< ∞ for all n∈ N and so we have 0≤ xn
A ≤ xn

‖xn‖
. Henceρ (2)

M

( xn
A

)

≤ 1 and since

the modularρ (2)
M is monotone, we getρ (2)

M

( xn
A

)

≤ ρ (2)
M

(

xn
‖xn‖

)

≤ 1.

Sincexn(i, j) ↑ x(i, j) for eachi, j ∈N, we havexn(i, j)
A → x(i, j)

A for eachi, j ∈ N. By the Beppo Levi Theorem we get

ρ (2)
M

( x
A

)

= lim
n→∞

ρ (2)
M

(xn

A

)

= sup
n

ρ (2)
M

(xn

A

)

≤ 1

which means thatx ∈ Ces(2)M and ‖x‖ ≤ A. Since xn ↑ x coordinatewise and monotonicity of the norm, we get
supn‖xn‖ ≤ ‖x‖ and so‖x‖= supn‖xn‖= limn→∞ ‖xn‖.
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By the above theorem, we have that the spaceCes(2)M has Fatou property. Consequently, the double Cesàro-Orlicz

sequence spaceCes(2)M is a Banach space.

Theorem 5.Define

A(2)
M =

{

x∈Ces(2)M : ∀k> 0,∃nk,mk

∞

∑
n=nk

∞

∑
m=mk

M

(

k
n.m

n,m

∑
i, j=1

|x(i, j)|

)

< ∞

}

.

Then following assertions are true:

(1) A(2)
M is a closed separable subspace of Ces(2)

M ,

(2) A(2)
M = cl

{

x∈Ces(2)M : x(i, j) 6= 0 for only finite number of i, j ∈ N

}

,

(3) A(2)
M is the subspace of all order continuous elements of Ces(2)

M .

Proof.(1) It is easy to see thatA(2)
M is a subspace ofCes(2)M . We will show thatA(2)

M is a closed subspace ofCes(2)M . Let take

{xs} ⊂ A(2)
M such thatxs → x, x∈ Ces(2)M . We must show thatx∈ A(2)

M . Take anyk > 0. Sinceρ (2)
M (k(x− xs))→ 0 for all

k> 0, there existss∈ N such thatρ (2)
M (2k(x− xs))< 1. Sincexs ∈ A(2)

M for all s∈N, there existns,ms ∈ N such that

∞

∑
n=ns

∞

∑
m=ms

M

(

2k
n.m

n,m

∑
i, j=1

|xs(i, j)|

)

< ∞.

We can takenk := ns, mk := ms. Since Orlicz functionM is convex, we have

∞

∑
n=ns

∞

∑
m=ms

M

(

k
n.m

n,m

∑
i, j=1

|x(i, j)|

)

=
∞

∑
n=ns

∞

∑
m=ms

M

(

k
n.m

n,m

∑
i, j=1

∣

∣

∣

∣

2(x(i, j)− xs(i, j))
2

+
2xs(i, j)

2

∣

∣

∣

∣

)

=
∞

∑
n=ns

∞

∑
m=ms

M

(

k
n.m

n,m

∑
i, j=1

∣

∣

∣

∣

2(x(i, j)− xs(i, j))
2

+
2xs(i, j)

2

∣

∣

∣

∣

)

≤
∞

∑
n=ns

∞

∑
m=ms

M

(

k
n.m

n,m

∑
i, j=1

(
∣

∣

∣

∣

2(x(i, j)− xs(i, j))
2

∣

∣

∣

∣

+

∣

∣

∣

∣

2xs(i, j)
2

∣

∣

∣

∣

)

)

≤
∞

∑
n=ns

∞

∑
m=ms

{

1
2

M

(

2k
n.m

n,m

∑
i, j=1

|x(i, j)− xs(i, j)|

)

+
1
2

M

(

2k
n.m

n,m

∑
i, j=1

|xs(i, j)|

)}

≤
1
2

ρ (2)
M (2k(x− xs))+

1
2

∞

∑
n=ns

∞

∑
m=ms

M

(

2k
n.m

n,m

∑
i, j=1

|xs(i, j)|

)

< ∞.

Sincek> 0 is arbitrary, we getx∈ A(2)
M . This shows thatA(2)

M is a closed subspace ofCes(2)M .

(2) Let us defineB(2)
M =

{

x∈Ces(2)M : x(i, j) = 0 for a.e.i, j ∈ N

}

. We will prove thatA(2)
M is equal toclB(2)

M . If B(2)
M =∅,

thenclB(2)
M ⊂ A(2)

M . Let B(2)
M 6=∅. Then there existsx= (x(i, j)) ∈ B(2)

M such that

x(i, j) =

{

1, if (i, j) = (l1, l2)
0, others

.

Takek> 0. By the Theorem 1, there exist∃nk,mk ∈ N such that

∞

∑
n=nk

∞

∑
m=mk

M

(

k
n.m

)

< ∞.
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We assume thatnk ≥ l1 and mk ≥ l2. By the fact thatA(2)
M is a linear subspace ofCes(2)M , we getx ∈ A(2)

M and so

clB(2)
M ⊂ A(2)

M .

For the inclusionA(2)
M ⊂ clB(2)

M , let us takex= (x(i, j)) ∈ A(2)
M and definexk,l =

(

xk,l (i, j)
)

such that

xk,l (i, j) =

{

x(i, j), if i ≤ k and j ≤ l
0, others

.

for anyk, l ∈ N. It is obvious thatxk,l ∈ B(2)
M . Take anyλ > 0 andε > 0. Sincex= (x(i, j)) ∈ A(2)

M , there existk0, l0 ∈ N

such that

Rk0,l0(x) =
k0

∑
n=1

∞

∑
m=l0+1

M

(

λ
n.m

n,m

∑
i, j=1

|x(i, j)|

)

+
∞

∑
n=k0+1

l0

∑
m=1

M

(

λ
n.m

n,m

∑
i, j=1

|x(i, j)|

)

+
∞

∑
n=k0+1

∞

∑
m=l0+1

M

(

λ
n.m

n,m

∑
i, j=1

|x(i, j)|

)

< ε.

Then for anyk≥ k0, l ≥ l0, we get

ρ (2)
M (λ (x− xk,l ))≤ ρ (2)

M (λ (x− xk0,l0))

≤
k0

∑
n=1

∞

∑
m=l0+1

M

(

λ
n.m

n

∑
i=1

m

∑
j=l0+1

|x(i, j)|

)

+
∞

∑
n=k0+1

l0

∑
m=1

M

(

λ
n.m

n

∑
i=k0+1

m

∑
j=1

|x(i, j)|

)

+
∞

∑
n=k0+1

∞

∑
m=l0+1

M

(

λ
n.m

n

∑
i=k0+1

m

∑
j=l0+1

|x(i, j)|

)

≤
k0

∑
n=1

∞

∑
m=l0+1

M

(

λ
n.m

n

∑
i=1

m

∑
j=1

|x(i, j)|

)

+
∞

∑
n=k0+1

l0

∑
m=1

M

(

λ
n.m

n

∑
i=1

m

∑
j=1

|x(i, j)|

)

+
∞

∑
n=k0+1

∞

∑
m=l0+1

M

(

λ
n.m

n

∑
i=1

m

∑
j=1

|x(i, j)|

)

= Rk0,l0(x)< ε.

This impliesxk,l → x. Thenx∈ clB(2)
M and soA(2)

M ⊂ clB(2)
M .

(3) Let x∈ A(2)
M . We will show thatx is order continuous. Take anyk> 0 ands> 0. Then there existnk,mk ∈N such that

Rnk,mk(x) =
nk

∑
n=1

∞

∑
m=mk+1

M

(

k
n.m

n,m

∑
i, j=1

|x(i, j)|

)

+
∞

∑
n=nk+1

mk

∑
m=1

M

(

k
n.m

n,m

∑
i, j=1

|x(i, j)|

)

+
∞

∑
n=nk+1

∞

∑
m=mk+1

M

(

k
n.m

n,m

∑
i, j=1

|x(i, j)|

)

<
ε
2
.

Assume thatxs ↓ 0 coordinatewise andxs ≤ |x| for all s∈ N. Let us denote

η(n,m) = M

(

k
n.m

n,m

∑
i, j=1

|x(i, j)|

)

and

ηs(n,m) = M

(

k
n.m

n,m

∑
i, j=1

|xs(i, j)|

)

.
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Sincexs ↓ 0 coordinatewise, we haveηs(n,m) → 0 ass → ∞ for all n,m ∈ N. Thus, there existssε ∈ N such that
nk−1

∑
n=1

mk−1

∑
m=1

ηs(n,m)< ε
2 for all s≥ sε . Moreover,

nk

∑
n=1

∞

∑
m=mk+1

ηs(n,m)+
∞

∑
n=nk+1

mk

∑
m=1

ηs(n,m)+
∞

∑
n=nk+1

∞

∑
m=mk+1

ηs(n,m)<
nk

∑
n=1

∞

∑
m=mk+1

η(n,m)+
∞

∑
n=nk+1

mk

∑
m=1

η(n,m)

+
∞

∑
n=nk+1

∞

∑
m=mk+1

η(n,m)

= Rnk,mk(x)<
ε
2

for all n≥ nk,m≥ mk ands∈ N. Consequently, we have

∞

∑
n=1

∞

∑
m=1

M

(

k
n.m

n,m

∑
i, j=1

|xs(i, j)|

)

< ε

for all s≥ sε , which impliesρ (2)
M (kxs)→ 0 ass→ ∞. Sincek is arbitrary, we get‖xs‖→ 0.

Let x∈Ces(2)M be an order continuous element. Since‖x∗‖→ 0, where

x∗(i, j) =

{

x(i, j), i f i ≥ n+1 and j≥ m+1
0, others

asn,m→ ∞, so it is easy to see thatx∈ cl
{

x∈Ces(2)M : x(i, j) = 0 for a.e.i, j ∈ N

}

.

Finally, we show thatA(2)
M is separable. Define the set

C(2)
M =

{

x∈Ces(2)M : x(i, j) = 0 for a.e.i, j ∈N andx(i, j) ∈Q

}

.

Then, the setC(2)
M is countable and it is obvious thatclC(2)

M ⊂ clB(2)
M . For the converse inclusion, takex= (x(i, j)) ∈ clB(2)

M ,
where

x(i, j) =

{

x(i, j), i f i ≤ k and j≤ l
0, others

andxs = (xs(i, j)) ∈C(2)
M , where

xs(i, j) =

{

xs(i, j), i f i ≤ k and j≤ l
0, others

such thatxs(i, j)→ x(i, j) ass→ ∞. We will show that‖xs− x‖→ 0. Take anyλ > 0. We have

λ
k,l

∑
i, j=1

|xs(i, j)− x(i, j)| ≤ 1
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for s large enough. Thus, by convexity ofM,

ρ (2)
M (λ (xs− x)) =

∞

∑
n=1

∞

∑
m=1

M

(

λ
n.m

n,m

∑
i, j=1

|xs(i, j)− x(i, j)|

)

≤
∞

∑
n=1

∞

∑
m=1

M

(

λ
n.m

k,l

∑
i, j=1

|xs(i, j)− x(i, j)|

)

≤ λ .
k,l

∑
i, j=1

|xs(i, j)− x(i, j)| .
∞

∑
n=1

∞

∑
m=1

M

(

1
n.m

)

.

Since
∞
∑

n=1

∞
∑

m=1
M
(

1
n.m

)

< ∞, we getρ (2)
M (λ (xs− x)) → 0 ass→ ∞. By the arbitrariness ofλ , we have‖xs− x‖ → 0 as

s→ ∞. This implies thatx ∈ clC(2)
M . Consequently,clC(2)

M = clB(2)
M . SinceA(2)

M = clB(2)
M = clC(2)

M and the spaceC(2)
M is

countable, we getA(2)
M is separable space.

Theorem 6.If M ∈△2(0), then A(2)M =Ces(2)M .

Proof. Let x ∈ Ces(2)M . Thus, there existsα > 0 such thatρ (2)
M (αx) < ∞. We will show that for anyλ > 0 there exist

nλ ,mλ ∈ N such that
∞
∑

n=nλ

∞
∑

m=mλ
M

(

λ
n.m

n,m
∑

i, j=1
|x(i, j)|

)

< ∞.

If λ < α, by the monotonicity ofM

∞

∑
n=n1

∞

∑
m=m1

M

(

λ
n.m

n,m

∑
i, j=1

|x(i, j)|

)

<

∞

∑
n=n1

∞

∑
m=m1

M

(

α
n.m

n,m

∑
i, j=1

|x(i, j)|

)

< ∞.

Let λ > α. SinceM ∈ △2(0), we haveM ∈ △l (0) for any l > 1, whence forl := λ
α there existk > 0,u0 > 0 such that

M(l .u) ≤ k.M(u) for all u≤ u0. By ρ (2)
M (αx) < ∞, there existssλ such that α

n.m

n,m
∑

i, j=1
|x(i, j)| ≤ u0 for all n,m≥ sλ . Then,

we get

∞

∑
n=sλ

∞

∑
m=sλ

M

(

λ
n.m

n,m

∑
i, j=1

|x(i, j)|

)

=
∞

∑
n=sλ

∞

∑
m=sλ

M

(

α.λ
α.n.m

n,m

∑
i, j=1

|x(i, j)|

)

=
∞

∑
n=sλ

∞

∑
m=sλ

M

(

l .
α

n.m

n,m

∑
i, j=1

|x(i, j)|

)

≤ k.
∞

∑
n=sλ

∞

∑
m=sλ

M

(

α
n.m

n,m

∑
i, j=1

|x(i, j)|

)

< ∞.

This implies thatx∈ A(2)
M . Hence we getA(2)

M =Ces(2)M .

Corollary 1.If M ∈△2(0), then

(i) the double Ces̀aro-Orlicz sequence space Ces(2)
M is separable,

(ii) the double Ces̀aro-Orlicz sequence space Ces(2)
M is order continuous.
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