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Abstract: The object of this paper is to introduce the double Cesatmtsequence spa@e#f,) using a Orlicz functio. Necessary
and sufficient conditions under which the double Cesal@Dsequence spacaeeﬁ) is nontrivial are presented. Itis proved that double

Cesaro-Orlicz sequence spaﬁkﬁﬁ) are complete. Finally, it is obtained thatgfe A,(0) then the spac@esﬁ) is separable and order
continuous.
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1 Introduction

As usual,N, R andR denote the sets of positive integers, real numbers and gative real numbers, respectively. A
double sequence on a normed linear spéds a functionx from N x N into X and briefly denoted by = (x(i, j)).
Throughout this work w andw? denote the spaces of all single real sequences and doubseceences, respectively.

First of all, let us recall preliminary definitions and nadais.

Definition 1. If for everye > O there exists pe N such that|x | —a||, < & whenever K > n, then a double sequence
{xc} is said to be converge (in terms of Pringsheim) te X [12].

A double sequencéka} is called a Cauchy sequence if and only if for every O there existsiy = ng(€) such that
X1 — Xpg| < € forallk,1,p,q> no.

A double series is infinity surfiy,_; X and its convergence implies the convergencé fjy of partial sums sequence
{Sm}, whereSym = 311 5% X« (see [, [6)).

Definition 2. If each double Cauchy sequence in X converges an elementafotding to norm of X, then X is said to
be a double complete space. A normed double complete spsaie i® be a double Banach spgdg.

Definition 3. A Banach spacéX, ||.||) which is a subspace of@ is said to be double #the sequence space if:

(i) forany xe w® and ye X such thatx(i, j)| < |y(i, )| for all i, j € N, we have x X and||x|| < ||y||,
(i) thereis xe X with x(i, j) #0foralli,j € N.

An element x from a doubledthe sequence space X is called order continuous if for agyesecex,) in X, (the positive
cone of X) such thatx< |x| for all n € N and %, — 0 coordinatewise, we hayg|| — 0.
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A double Kothe sequence spaXas said to be order continuous if arye X order continuous. It is easy to see tiatis
order continuous if and only ifx*|| — 0 asn,m— o, where

X(i, ) = X(i,j), if i>n+1land j>m+1
=1 o others

)

foranyx e X.

A double Kothe sequence spaXehas the Fatou property if for any sequerigg) in X,, and anyx € wt? such that
Xn — X coordinatewise and syfixs|| < o, we have thak € X and||x|| — [|x|| [2].

It is known that for any Kéthe sequence (function) space-dteu property implies its completene&§]|.

Definition 4. A functionp : X — [0,), where X is real vector space is called a modular if it is dagisthe following
conditions:

(i) p(x)=0ifand only if x=0;
(i) p(ax) = p(x) for all scalar o with |a| = 1;
(i) p(ax+By) <p(x)+p(y) forallx,ye X andalla,3 >0witha+p=1.

The modulaip is called convex if
(iv) p(ax+By) <ap(x)+Bp(y) forallx,ye X andalla, > 0witha + 3 = 1.

For any modularp on X, the space
Xp={xeX:p(Ax) »0asA — 0"}
is called the modular space. ffis a convex modular, the function
. X
= pl=)<
1] mf{)\ >o.p(/\) _1}
is norm on X%, which is called the Luxemburg norr].

Definition 5. An Orlicz function is a function M [0,e) — [0,e) which is continuous, nondecreasing and convex with
M (0) =0, M (x) > 0 for x> 0 and M(x) — o as Xx— .

An Orlicz functionM can always be represented in the following integral fouix) = /3 (t) dt, wheren is known as
the kernel ofM, is right differentiable fot > 0, n (0) =0, n (t) > 0 fort > 0, n is nondecreasing angl(t) — « as
t — oo,

An Orlicz functionM is said to be satisfied th&,-condition at zero U € A;(0) for shortly) if there ard > 0 anda >0
such thatM(a) > 0 andM (2u) < TM(u) for all u € [0,a] [4], [9], [11]. For 1< p < o, the Cesaro sequence space is
defined by

Ces;):{xew.le<TiZ|x(|)|) <oo},

I = ( Ji(%ii'x“)') p) g

This space was first introduced by Shidd][It is very useful in the theory of matrix operators and other

equipped with norm
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The arithmetic mean mag is defined orw by the formula

T i)

J

ox= (ox(i))z, , whereox(i) =

for anyi € N andx € w. Given any Orlicz functiorM, the space
Cegy = {xew: pm(AX) < o for someA > 0},

where

puAN =3 M (?Jimm)

which is called the Cesaro-Orlicz sequence space. Thiespguipped with the Luxemburg norm
: X
Xlces, =inf {2 >0:pu () <1}

([2)). In the case, whemM(u) = |u|® ,1 < p < o, we get the Cesaro sequence spaces,. The topological and
geometric properties of Cesaro-Orlicz sequence spaakthair generalizations have been studieddh [3], [5], [7],

(13, [14].

In this paper, for double sequences, we introduce sequeprm@esﬁ) using a Orlicz functiorM and obtain its some
topological properties. The double sequence sp@e&ﬁ) is defined by follows;

Given any Orlicz functioM, we define ow(? the following two modulars;

2 l 2 2
W =3 M(x(nm))and pi(x) =1\ (a?)
n,m=1
where
1
(2D y — 2 2 _ = i
o X=\0 X(nam) 70 X(nvm)* |X(|aj)|'
(o). oo - 5§

Let M be an Orlicz function. The double Cesaro-Orlicz sequepaeeﬁeé? is defined by
Ceg? = {x ew?: p?(Ax) < o for someA > 0}

Wherep,f,lz) is convex modular defined as above. This double sequence spaciormed space equipped with Luxemburg
norm

Xy =inf {2 >0:p{" (/\5) <1}.

2 Conclusion

Theorem 1.The following conditions are equivalent:

(1) Ceg; # {0},
) In,m 3 Y M(L) <o,

Nn=n1 M=M
@) Vk>0,In,me T 3 M(:K) <o

n.m
n=n M=y
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Proof. (1) = (2). LetCeﬁ) #{0}. Thenthereiz e Ceﬁ) such thatz # 0. Sincez # 0, there exist$;, |> € N such that
Z(11,12) # 0. Thereforey = (y(i, j)) € Ceﬁ, where

(i), ifi=ly =1,
y(I’J)_{ 0 others

)

and consequently= (x(i, j)) € Ceﬁ), where

(1 ifi=lg, =1
X(I’J){O, others °

Hence there exists > 0 such that

) e e kK Mmoo e - k
SRS PL (mizy(um) “3 3w () <=

=

We consider two different cases for> 0.

(i) k> 1. Then we havel. < -K for all n,me N. Since the Orlicz functioM is nondecreasing, we ght (-1-) <
M (%) for all n,m € N. Hence

M <—) < M <—> < 0o,
2. 2Mam) = 2 2 Mam
So if we taken; = |, andmy = |, the condition(2) is satisfied fok > 1.

(i) 0 <k < 1. Then there existsc N such thatgl2 <k and so we hav%}Tn < %1 for all n,m e N. Since the Orlicz
functionM is nondecreasing, we get

Thus,

niwiﬁ”$%>,2hM<néw)+M(Ii:ﬁ)*MGmiiz)*m+M(a@i%?m>

n
H@éiﬁﬂ*M(H@@fﬁiﬁ)+“+M(n@u+5+@nQ+“}

fiilM(né@)+M(fég)+M(Eé5)+m+M(ﬁé5)
st )

n=sh m= le (m-(lsn))}
=S m;{s nmlM (m.(sl,2 n))} :Sz'mgznmlM (sz ;n)
<o
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If we taken; = sl; andmy = s, , the proof is completed.

(2) = (3). Let the condition(2) be satisfied. Then there exist,my € Nsuchthaty Y M (:x) < «. We consider

Nn=n1 M=mMg
two different cases fdk > 0.

(i) 0<k<1.Thenwe hav%— < == and

M[— | < M| — | < oo.
PIPRUCES ISR EL

Takingng :=n andmg:=mwegety Y M (%) < oo,
n=ny M=my :
(i) k> 1. Then there existsc N such thak < s. Let defineny := n;.sandmy := m;.s. Hence we have

BB A0 G- L A0)
-5 (o) (i) (i)
+M(n-(3(m1+1 )*“"(n m1+1+1>)+
e

-1)
gn%_s{s.M(n_ml))+ (s ) )
2

-3 i) 5 G

(3) = (1). Let the condition(3) holds. By assumption, there exist,m; € N such that E § M (1) < oo for k= 1.

n=n1 M=mM
Definex = (x(i, j)) such that
N 1,ifi:n1,j:m1
X(i.0) = {0, others '

Clearly,x ¢ w? and
P (k¥) =

" 2.2 () <

Ivrs

n

Hencex € Ceﬁ), which impliesCeé? # {0}.

Theorem 2Let M be Orlicz function. For the conditions:
(1) liminfi_o M(()) > 1,

(2) 3e > 0,3A > 0,3up, YO < u< up M(u) < Aulte,

(3) 3Ny, M § § M (L) < oo,

n=np M=m

we have the implicationd) = (2) = (3).
Proof.(1) = (2). (se€[2)).

(© 2018 BISKA Bilisim Technology
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(2) = (3). Let the condition(2) holds. Sincer%] — 0, there exist® € N such thatﬁ1 < ug for all n,m> N. Hence, we
get

This completes the proof.

Theorem 3.Let My and M, be Orlicz functions. If there existh 0, tp > 0 such that M(tg) > 0 and My(t) < M1 (b.t) for
allt € [0,to] then Ce%ﬁ C Ceﬁ;.

Proof. We may assume that> 1 and definingy = b.t we get
u
Mz () <Ma(u) (1)

forall u e [0,b.tg]. Letx € Ceﬁz. Then there existd > 0 such thap,f,lzl) (A.X) < . Define

A= {(n,m) e NxN: %n_iglw(i,m > b.to}
m& £

. The setA, is finite, because otherwise we have

(2) A<
Py (A X) > Mz <—
! (n,n%eAx n.m Z\

> Z M1 (b.to) > Z Mz (tg) = o

(n,m)eAx (n,m)eAx

by (1) and this gives a conradiction. Let také = £ for c enough, we get
PR (A" %) < g (€X) < pia (A.x) < oo
which impliesx € Ceg..

Theorem 4.1f x e W2, {x,} C Ces?, sup,|xn|| <  and0 < x, 1 x coordinatewise, then& Ces2 and [|xq|| — |||

Proof. Assume that, € Ceé,? sup|Ixn]] <o forallne N and  0< xq(i, ) T x(i, j) for eachi, j € N. Denote

A= sup,[[Xa]l. Itis known that|x,|| < A < o for all n € N and so we have @ % < .. Hencep,?’ (%) <1andsince

the modulaq),\,I is monotone, we gepM (K) < pM (Hx H) <1.

Sincexa(i, j) T x(i, j) for eachi, j € N, we havM — ( D for eachi ,] € N. By the Beppo Levi Theorem we get

o7 () = i (3) =iy (1) <

which means thak € Ceﬁ) and ||x|| < A. Since x T x coordinatewise and monotonicity of the norm, we get
sup, [[xall < [|x][ and soj|x|| = sup [[Xa| = liMn_e [[Xall-

(© 2018 BISKA Bilisim Technology
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By the above theorem, we have that the sp@e&ﬁ? has Fatou property. Consequently, the double CesarezOrli
sequence spa@eﬁ) is a Banach space.

Theorem 5.Define

00 ) nm
(2) _ ) xcced? : vk > 0,3n,, my M K5 (i, j)] | <oop.
An { in n:znkmzzrrk n.miﬁjzzl

Then following assertions are true:

(1) A<2 is a closed separable subspace of @es
(2 A< =cl {x € Ceﬁ j) # 0 for only finite number of,ij € N}

3) Aﬁ,, is the subspace of all order continuous elements okﬁ:es

Proof.(1) Itis easy to see thwt,(\f) is a subspace cﬁeﬁ). We will show thatA,(\f) is a closed subspace@éﬁ). Let take
{xs} C A,(\,?) such thatxs — x, x € Ceﬁ). We must show that € Aﬁ). Take anyk > 0. Sincep,s,,z)(k(x— Xs)) — O for all
k> 0, there exists € N such thato,f,,z)(Zk(xf Xs)) < 1. Sincexs € A,(vf) for all se N, there exishs, ms € N such that

pIAL (n; 3 |xs<i,j>|) <o,

i,]=1

We can take := ns, My := ms. Since Orlicz functiorM is convex, we have

R o o kK W 20x(,§) —xs(0,) | 2xs(i, )
nznsm:stM (nmz x ) n:znsrmzmsM <ﬁ'lzl 2 T D
o kW20, ) — xs(i, ) | 2%, )
:nznsn‘czmsM<miszl 2 ! ? D
® kW 120x(,§) = %, 0) || 2xs(i, )
<300 (a2, (Pt 2

|
M
M
—N—
NI
<
/N
D‘I\)
R
p=)
3
x
g
|
&
g
: —
+
NI -
<
/N DN
D‘I\)
R
>
3
&
g
~—
——

Sincek > 0 is arbitrary, we gex € A,(v?). This shows tha}l\ﬁ,zl) is a closed subspace Gés(,ﬁ).

(2) Letus defineB( ) = {x € Cesﬁf =0fora.ei,j€ N} We will prove thatAﬁ,, is equal tocIB< ) If B,(V? =g
thencIB,(v?) cA? LetB # @. Then there exists = (x(i, j)) € B,(Vl) such that

M -
Co L)) =(1,12)
X(I’J){O, others1 =

Takek > 0. By the Theorem 1, there exishy, mx € N such that

[«

z % M<%><oo_

n=ny M=my

(© 2018 BISKA Bilisim Technology
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We assume thaty > 1; and mg > I,. By the fact thatA,(\,2,> is a linear subspace (ﬁeﬁ), we getx € A,(\f) and so
cIB A,\,I

For the inclusiorA?) c cIB{?, let us takex = (x(i, j)) € A2 and define! = (X! (i, j)) such that

oo (), if i<kandj <!
X (I’J){ 0, others

for anyk,| € N. It is obvious thax®! € B{?. Take anyA > 0 ande > 0. Sincex = (x(i, })) € A?, there exisko,lp € N
such that

ko =] )\ n,m =) |0 oo <) )\ nm
Jo(X) = ML — > Ix(i,j)| |+ I, % ML — > [x(i,j)|
Rko, ° nzlm: o+1 n.m i,JZ:l n= +1r’rgl n ml le +1m=lp+1 n.m i,jZ:].
< E.

Then for anyk > kg, | > 1o, we get

o A (x=X) < o (A (x—¥e'o))

ko 00 AN m o0 lo A n m
< M{— |X(I7J)| + % Z M{— |X(|aJ)|
n=1m=lp+1 n.m< j=lo+1 n=kp+1m=1 nml: +1j=1
(<] <] A n m
+ M{ — g (i, )]
nforimTrr \"MMisfGr1j-T1
ko 00 A nom ) lo A nhom
< M — @, )|+ % M| — (i, )]
nZlm:0+1 ”-mi;,; n=" +1rrZ1 n.m;< jZl
+ M X(i, 1) | = Riglo(X) <€
n=Kko+1m=lp+1 <nmzlzl Rko,o

This impliesx! — x. Thenx ¢ cIB\Zand scA? c cIB{?.

(3) Letxe Aﬁ). We will show thatx is order continuous. Take aly> 0 ands > 0. Then there exist,, m, € N such that

Nk 00 k nm ] 00 0 k n,m o
- M| — N M M| — ;
Fam () nZlm:%Jrl <n-mi,121|X(l ) n nZkJrlle (n m; Z . ) n nzk+1n~p%<+1 <n-mi,121|X(l J)l)

<&
>

Assume thaks | 0 coordinatewise anxk < |x| for all s€ N. Let us denote

s )
wanon( )

and

(© 2018 BISKA Bilisim Technology
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Sincexs | 0 coordinatewise, we havgs(n,m) — 0 ass — o for all n,m € N. Thus, there exists; € N such that
ng—1me—1
h zl Ns(n,m) < % for all s> s;. Moreover,

n=1 m=
Nk 0 ) 1% 0 3 Nk 0 0 My
am+ Y S hm+ Y Y nm<3 Y nnm+ TS atm
n=1m=mg+1 n=ng+1m=1 n=n+1m=nmg+1 n=1m=mg+1 n=ng+1m=1

+Y S nim
N=n+1m=mg+1

&
=Ry, m(X) < 5

for all n > n,, m> mg ands € N. Consequently, we have
[ <] k nm
ML — % [x(i,j)| | <€
nZlngl <n'mi,le
for all s> s¢, which impliesph(,lz)(kxs) — 0 ass— . Sincek is arbitrary, we gefixs|| — 0.

Letx e Ceﬁ) be an order continuous element. Sifje&|| — 0, where

X (i, ) = X(i,j), if i>n+1land j>m+1
1) = 0, others

asn,m— oo, SO it is easy to see that cl {x S Ceé,zl) :x(i,j) =0fora.ei,je N}.
Finally, we show thaA,(\,zl) is separable. Define the set
C,EAZ) = {xe Ceﬁ) :X(i,j) =0fora.ei,j e Nandx(i, j) € Q}.
(2)

Then, the se@,ﬁ,,z) is countable and it is obvious tth,EAz) C cIBS\f). For the converse inclusion, take= (x(i, j)) € cIByy’,

where
. (x(i,j), if i<kand j<|
X(I’J)_{ 0, others

andxs = (Xs(i, j)) € C,S,,Z), where
[ xs(iy)), if i <kand j<I
xs(i.1) = { 0 others

3

such thais(i, j) — x(i, ) ass — . We will show that|xs — x|| — 0. Take anyA > 0. We have

k|
Ay Ielini)—x(i ) <1

i,J=1

(© 2018 BISKA Bilisim Technology
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for slarge enough. Thus, by convexity bf,

oy (A (% — X)) =

<A S el -xiDl S S ().

i,]=1 n=1m=1

Since E § M (L) < o, we getp,s,lz) (A(Xs—X)) — 0 ass — . By the arbitrariness of, we have||xs—x|| — 0 as
n=1m=1 '

s — co. This implies thatx € chﬁ,?. Consequentlyclcé,f) = cIB,(vf). SinceA,(v? = cIBﬁ,Z,) = cIC,E,f) and the spac@,f,f) is
countable, we ge@\ﬁ) is separable space.

Theorem 6.1f M € A5(0), then Aﬁ) = Ceﬁ).

Proof. Let x € Cesﬁf). Thus, there exists > 0 such thatp,s,lz) (ax) < . We will show that for anyA > 0 there exist

© =] n,m
m,m € Nsuchthaty 3 M(A leX(i,J)|> < oo,

nm.
n=n, m=m, I,

If A < a, by the monotonicity oM

A nm

PR (mi

i,]=1

|x<i,j>|> <3 3w (% 5 |x<i,j>|> <w

i,]=1

LetA > a. SinceM € A,(0), we haveM € A(0) for anyl > 1, whence foll := % there exisk > 0,up > 0 such that

n,m
M(l.u) < k-M(u) for all u < ug. By ph(,lz) (ax) < oo, there exists, such that:- 5 |x(i,])| < up foralln,m>s,. Then,
iz

0 o A nm o
5SS M(mi;'“'v”')

N=s, M=s)

we get

I

M jM s
M s

<

= ——

3 .
3“‘

M3

X
~

n mM=S), i,)=1
00 00 a nm
<k — > x(.])
n:zsA mZS,\ n mi,jzil 7
<

This implies thak € Aﬁ). Hence we ge&,(\? = Ceﬁ).
Corollary 1.1f M € A,(0), then

(i) the double Cewo-Orlicz sequence space (ﬁ%—lsis separable,
(ii) the double Cewo-Orlicz sequence space (ﬁ%sis order continuous.
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